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INTRODUCTION

In this thesis ‘STUDY ON REGULAR RINGS- A BIORDERED SET
APPROACH’, we discuss various aspects regarding the idempotents of
a regular ring. The set of idempotents of a regular ring together with
two quasiorders is characterised as a biordered set and it is also shown
that the order ideals generated by these quasiorders called biorder ide-
als forms complemented modular lattices. Further the a coordinati-
sation theorem analogous to von Neumann’s coordinatization theorem

for complemented modular lattices is provided:

The concept of von Neumann regular rings was introduced by John
von Neumann in a paper ‘On Regular Rings’ in 1936. A ring R is
called a regular ring if for every a € R there exists b € R such that
aba = a. He used such rings as an algebraic tool for studying certain
lattices of projections on algebras of operators on a Hilbert space. A
lattice L is said to be coordinatized by a regular ring R, if the lattice L
is isomorphic to the lattice of all principal right(left) ideals of a regular
ring R. von Neumann proved that every complemented modular lattice
with order greater than or equal to 4 is coordinatisable.

It is obvious that the multiplicative reduct of a regular ring is a regular
semigroup and thus the study of regular semigroups play a significant
role in the study of regular rings. In order to study the structure of
a regular semigroup, Nambooripad in 1973 introduced the concept of
a biordered set. He characterized the set of idempotents E(S) of a
semigroup S as biordered set [25].

Here we extend the biordered set approach from regular semigroups to
regular rings by explicitly describing the structure of the multiplicative

idempotents Er of a regular ring R as a bounded and complemented



biordered set. The principal ideals generated by the left[right] qua-
siorder w'[w"] and their intersection w in the biordered set Ef are called
the biorder ideals of R and it is shown that these biorder ideals form a
complemented modular lattice €;(€2,). Subject to certain conditions on
the biordered set Er the lattice €2; will have properties like perspectiv-
ity, independence and order. We also consider the set of idempotents
with respect to the addition @ defined by a®b = a+b—ab of the ring R
and it is observed that every multiplicative idempotent in R is also an
additive idempotent. This set of idempotents is denoted by EY and as
biordered sets E'Y possesses certain interesting properties as that of E.

The converse problem of obtaining a biordered set from a comple-
mented modular lattice was discussed by Pastjin in case of strongly
regular baer semigroups (cf.[28]). He defined the normal mappings on
a complemented modular lattice L using complementary pairs.These
normal mappings is a semigroup P(L) and the set of idempotents
Epry of P(L) is the biordered set of the complemented modular lattice.
Here we extend successfully Pastjin’s approach of constructing regular
biordered sets of complemented modular lattice to regular rings. It is
observed that the set of idempotents of a regular ring Ey is a bounded
and complemented biordered set and we identify the conditions for the
existence of a biordered subset E%(L) so that the lattice L admits a

homogeneous basis.

The first chapter is a preliminary where we recall all the basic concepts
and definitions regarding partially ordered sets, lattices, semigroups,
biordered sets and regular rings which are used in the sequel. The no-
tations and terminologies used are in par with the references [2], [7],
[12], [16], [25], [23].

In the second chapter, we consider the set of all multiplicative idempo-
tents Er of a regular ring and discuss its properties. Here we extend



the concept of biordered sets to include the class of all idempotents of a
regular ring. As examples, the biordered set of the matrix rings Ms(Z,),
My(Zs3) and My(Zy) are given. We generalize this by considering the
matrix ring Ms(Z,) where p is any prime and describe its biordered
set. Further, we also study the additive idempotents in the regular
ring R by defining a binary operation & defined by a®b=a+b— ab
so that the set of all multiplicative idempotents are idempotents with
respect to this addition. Thus the set of idempotents with respect to

this addition become a biordered set of special interest.

The third chapter is a study on the biorder ideal of a regular ring. Here
we consider the principal ideals obtained from the quasiorders w” and
w' and their intersection w of the biordered set Eg of a regular ring
(R, +,-) which we call the biorder ideals. We define the join and meet
of two biorder ideals and show that they are closed under these two
operations and hence form the complemented modular lattice €2;. Con-
sidering the case when these biorder ideals coincide that is w" = w' = w
it is shown that the set of w ideals form a complemented distributive
lattice. Later, some properties of this complemented modular lattice
like perspectivity, independence and order are studied. The perspec-
tivity of two elements of this lattice ), is given in terms of E-sequence,

thus showing that

e Two biorder ideals w'(e) and w!(f) are perspective if and only if
the length of their E-chain of idempotents, d;(e, f) is less than or
equal to 3.

The condition e; w (1—e;) for i # j for idempotents ey, es, . . ., €,, asserts
that the biorder ideals generated by these idempotents are independent
in the lattice € with w!(e;) Vw!(es) V... w'(e,) = wheg +ea+.. . +¢e,).
Moreover a necessary and sufficient condition for the independence of

elements in the lattice €2; is given. Combining all these results regarding



perspectivity and independence in the complemented modular lattice
), we arrive at the following:

e Let R be a regular ring with e; w (1 — e;) for i # j, di(e;, e;) =3
and e; +e3+...+e, =1 then the complemented modular lattice

(), is of order n.

In the fourth chapter, we study the biordered set Ep(r) obtained from
the complemented modular lattice L[28] and see that this biordered
set Ep(r) is bounded and complemented. Further, we describe the
biordered subset E?D( L) of Ep() satisfying certain conditions, so that
the complemented modular lattice admits a homogeneous basis. Fi-
nally, analogous to von Neumann’s coordinatization we prove a coor-
dinatization theorem for complemented modular lattice by using the
biordered set of idempotents Ep(r,).
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Chapter 1

Preliminaries

In this chapter we recall all basic concepts and results which are used

in the sequel.

1.1 Partially Ordered sets and Lattices

Let P be a non-empty set, and let ¢ be a binary relation on P. The
relation o is called a partial ordering of P if it is reflexive, transitive
and antisymmetric. We usually write z < y for x ¢ y. The pair (P, <)
is called a partially ordered set(poset). A non-empty set P together
with a binary relation o is called a quasi-ordered set if o is reflexive
and transitive.

Posets can be depicted as graphs with vertices representing the el-
ements and edges extending upwards to indicate the ordering. These

graphs are called Hasse diagrams.

Let (P,<) be a poset, X C P and a € P. When a < z for all
xr € X, we call a a lower bound of X. The element a is called the
greatest lower bound or infimum of X if

forevery pe Pp<zanda<z=— p<aforall z € X.

1
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Analogous definitions for upper bound and least upper bound can be

given .

Definition 1.1.1. A subset I of a partially ordered set (P, <) is

an ideal(order ideal) if the following conditions hold:
1. I is non-empty
2. for every z € I, y < x implies that y is in I and

3. for every x, y in I, there is some element z in I, such that z < z
and y < z.

The smallest ideal that contains a given element p is called a principal
ideal and p is said to be a principal element of the ideal. The principal
ideal | p for a principal p is thus given by | p = {x € Plz < p}.

Definition 1.1.2. (cf.[9] page 179) If P is a partially ordered set
and & : P — P is an isotone(order preserving) mapping, then & will
be called normal if

1. @m® is a principal ideal of P and

2. whenever x® = y, then there exists some z < x such that & maps
the principal ideal P(z) isomorphically onto the principal ideal

P(y).

Definition 1.1.3. (cf. [9] page 179) The partially ordered set P
will be called regular if for every e € P, P(e) = im® for some normal
mapping ® : P — P with ®2 = & .

If P is a regular partially ordered set, then it is easy to see that
the set S(P)[S*(P)] of normal mappings of P into itself, considered as
left [right] operators form a regular semigroup under the composition

of mappings.
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Definition 1.1.4. A lattice is a partially ordered set in which
each pair of elements has a least upper bound and a greatest lower
bound.

Let a,b be elements of a lattice L. Then we denote their greatest
lower bound (meet) by a A b and the least upper bound (join) by a V b.
It can be easily seen that a V b and a A b are unique. The operations
thus seen above V and A are idempotent, commutative and associative.
That is, they satisfy the following:

L1 Idempotency:
aVa=a; aN\a=a.

L2 Commutativity:

aNb=bAa, avVb=>bV a.

L3 Associativity:

(anb)Ne=aN(bAc), (aVb)Ve=aV (bVc).

These properties of the operations are also called the idempotent
tdentities, commutative identities, and associative identities, re-
spectively.

There is another pair of rules that connect V and A.

L4 Absorption identities:
aA(aVb)=a, aV(aAb)=a.

An alternate definition treating lattices as algebras is the following:

Definition 1.1.5. An algebra (L; A, V) is called a lattice if and
only if L is a non empty set, A and V are binary operations on L, both
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A and V are idempotent, commutative and associative, and they satisfy
the two absorption identities.

The notations a V b and a A b are analogous to the notations for
the intersections and union of sets. Some properties of union and in-
tersection carry over to lattices but some do not. For instance, the

distributive law need not hold in all lattices

Definition 1.1.6. A lattice L is called a distributive lattice if any
of the following identities hold:

L.an(bVe)=(aAb)V (aNc),
2.aV(bAc)=(aVb) A(aVec).

Next we define the property of modularity, which is a weak form of
distributivity.

Definition 1.1.7. A lattice L is called modular (Dedekind lattice)
if the modular law holds in it:

a<c=(aVb)ANc=aV (bAc).

The two typical examples of non-distributive lattices with 5 ele-
ments are N5 and Ms. It can be seen that Mz is modular but Nj is
not. N is the smallest non-modular lattice.([2], Theorem 2.8)

1
N\
o/

0

Figure 1.1: Nj
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Figure 1.2: Mj

Theorem 1.1.1. (Dedekind, 1900) Let L be a lattice. The fol-
lowing are equivalent:

1. L is modular.
2. L satisfies (x ANz)Vy)ANz=(xAz)V(yA=z).
3. L has no sublattice isomorphic to Nj.

The following theorem is analogous to the above theorem for dis-
tributivity ([2] Theorem 2.10)

Theorem 1.1.2. (Birkhoff) Let L be a lattice. The following are
equivalent:

1. L is distributive
2. L satisfies (x ANy)V(x A2)V(yAz)=(zVy) A(zVz)A(yVz).
3. L has no sublattice isomorphic to either N5 or Mj.

A lattice is bounded if it has both a maximum element and a min-
imum element, we use the symbols 0 and 1 to denote the minimum
element and maximum element of a lattice. The notion of complemen-
tation in the sense of set theory can be generalized to an arbitrary
bounded lattice.
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Definition 1.1.8. A bounded lattice L is said to be complemented
if for each element a of L, there exists at least one element b such that
aVb=1and a Ab=0. The element b is referred to as a complement
of a.

It is quite possible for an element of a complemented lattice to
have many different complements. The lattices M3 and Ny illustrate
two ways an element can have multiple complements. Now we have the

definition of a relative complement.

Definition 1.1.9. An element x is called a complement of a in b
ifave=band aNzx =0.

Next we note a simple fact regarding the relative complement in a
lattice L. (see [23] Theorem 1.4)

Theorem 1.1.3. If x is a complement of a in b and y is a com-
plement of b in ¢, then x V y is a complement of a in c.

Now we proceed to define the notion of independence in lattice

elements.

Definition 1.1.10. The elements x1, s, --x, of a lattice are
called independent if

(k1 V- Vo, Vo V- Va,) Az, =0

for every 1.

The following proposition characterizes the independence of ele-

ments in a modular lattice( [33], Proposition 2).

Proposition 1.1.1. For elements z;: i = 1,2,...,n in a lattice L,
if (x1V---Va;) Az = 0 for every i, then xq, o, - - - z,, are independent.

Next we define the notion of perspectivity, that is closely related
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to the idea of complement of an element.

Definition 1.1.11. Two elements a and b of a lattice L are said
to be perspective (in symbols a ~ b) if there exists « in L such that

aVr=bVz,aNx=0ANx=0
such an element z is called an axis of perspectivity.

Following is the definition of a basis for a lattice (see[23]).

Definition 1.1.12. Let L be a complemented, modular lattice
with zero 0 and unit 1. By a basis of L is meant a system (a;: i =
1,2,...n) of n elements of L such that

(a;;1=1,2,...n) areindependent, a; Vas V... Va, =1
A basis is homogeneous if its elements are pairwise perspective.
a;~aj (i,j =1,2,...n)
The number of elements in a basis is called the order of the basis.

Definition 1.1.13. A complemented modular lattice L is said to

have order m in case it has a homogeneous basis of order m.

1.2 Semigroups

In the following we briefly recall some definitions and basic results in
semigroup theory. For details of the topic we refer to any book on
semigroup theory(cf. [3], [15], [8]).

A semigroup is a pair (.9, -), where S is a non-empty set and - is an
associative binary operation on S.

A subset T of S is a sub-semigroup of S if T' is a semigroup with
respect to the restriction of the binary operation of S to T. If T is a
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subsemigroup of S, then S is called the extension of T

If S is any semigroup, we can form the semigroup denoted by S
as follows: The set underlying S is same as the set S and the binary
operation of S° (denoted by o) is defined by

x oy =yx for every y € S.

It is clear that o is a binary operation and is called the left-right dual of
the binary operation of S is associative and hence S° is a semigroup.
We call the semigroup S as the left-right dual of S.

It should be noted that if P is any statement about a semigroup, then
PP is the statement obtained by replacing every occurrence of the
binary operation in P, by its left-right dual. If P is true in S then P
must be true in S°?. The relation between the statements P and P

is called the left-right duality in semigroups.

If S is any semigroup and A C S, an element x € S is called a left
identity of A if xa = a for every a € A. An element z in S is called a
right identity of A in S if it is a a left identity of A in S°?. An element
x in S which is both a left and a right identity of A in S is called a
two-sided identity of A in S.

An element z is a left (right, two-sided) identity of S if the equation
xa = ax = a holds with A = S. Note that a subset of a semigroup
may have more than one left(right) identities. However, an identity of
S, if it exists is unique. Given any semigroup S we can always adjoin
a new left(right) identity as follows:

Let T'= S U {e} where e is not in S. Extend the multiplication in S
to T" by

exr =x (ve = 1), € = e for every x € S.

Clearly this makes 7' a semigroup and e a left(right) identity of T'
having S as a subsemigroup. Similarly, a new identity can be adjoined
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to S by extending the multiplication in S to T by
ex = ze = x for every z € S, €2 = e.
Definition 1.2.1. A semigroup S with identity is called a monoid.

It is clear that any semigroup can be extended to a monoid by
adjoining a new identity to S. Given any semigroup S we denote by
S! the monoid defined as follows:

S if S is a monoid

T if S has no identity

St =

An element x in a semigroup S is called a left,[right, two-sided]
zero of a subset A C S if za = x[axr = z,ax = x = za| for all a € A.
When A = S, we say that x is a left,[right, two-sided] zero of S. Left
and right zeros of S need not be unique. But a two-sided zero (or just
zero for short) of S, when it exists, is unique and will be denoted by
0. As in the case of identities it is possible to adjoin a new left, right
or two-sided zero to S. Thus if 0 does not represent an element of
S, then T'= S U {0} becomes a semigroup with zero 0 having S as a
subsemigroup if we extend the multiplication in S to T by:

0z =20 =0, for every z € S and 00 =0

Again as defined above we define S° by

S if S has a zero

T if S has no zero

where T is the semigroup obtained by adjoining a zero 0 to S

Definition 1.2.2. An element e in a semigroup S is called an
idempotent if ee = ? = e.
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It is clear that the left identities, right identities, identities, left
zero, right zero and zero of a semigroup S are idempotents in S. If
every element of a semigroup S is idempotent, we shall say S is itself
idempotent, or that .S is a band.

In the following we give a list of examples of semigroups, for details
refer ([8], [15]).

Example 1.2.1. The semigroup of all partial transforma-
tions: Let &7 x denote the set of all partial transformations(single
valued relations) on the set X. A partial mapping of X into itself (usu-
ally called a partial transformation of X) is a mapping a: A — X
whose domain A is a subset of X. When a: A — X and f: B — X
are partial transformations, the domain of a5 is D = {x € A: za € B};
then z(af) = (za)p for all € D. Since composition of single valued
relations are single valued, 2.7 x s a semigroup.

Example 1.2.2. The semigroup Tx: The set T'x of all trans-
formations on X (all maps of X into X) is the full transformation
semigroup, the operation is composition of mappings; Tx is clearly a
subsemigroup of .7 x.

Example 1.2.3. Semilattices: A semilattice is a commutative
semigroup of idempotents (that is, a semigroup S in which every ele-
ment is an idempotent). Define a partial order by a < b <= ab = a
for a,b € S. Then S is a lower semilattice, in which the infimum(g.1.b)

a Ab of a and b is their product ab.

Ideals and Greens Relations

A subset I of a semigroup S is called a left ideal [right ideal] if for all
x€landa € S,ax € I [za € I]. I is called a two sided ideal (or simply
an ideal) if I is both a left as well as a right ideal. Or equivalently, I is
a left ideal if ST C I, a right ideal if I.S C I and an ideal if it is both
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a left and a right ideal.

Given any subset A C S, the set of ideal that contain A is non empty
since S itself is a member of this set. The intersection L (A) of all left
ideals on S containing A is the smallest left ideal of S containing A and
L (A) is called the left ideal generated by A. Similarly the intersection
R (A)[J (A)] of all right [two-sided] ideals of S containing A is the right
[two-sided | ideal generated by A. It is easy to show that

L(A)=SAUA=S'4A; R(A) = AUAS = AS"; J(A) = S'AS?

When A = {a}, as usual, we write L (a) for S'a is called the principal
left ideal generated by a. Similarly a.S' denotes the principal right ideal
and S'aS! denote the principal ideal generated by a.

Study of the structure of the set of ideals (both one-sided and two-
sided) via certain equivalence relations induced by them is an important
technique for analyzing the structure of a semigroup. These relations
were first introduced and studied by Green in 1951. The Greens rela-

tions on a semigroup S are defined by
L ={(z,y): SxS: S'z =5y}
R ={(z,y): SxS:aS" =yS'}
I ={(z,y): SxS5: 5'zS"' = 5'ys'}
D=LNXE
H =L NK

2 is the smallest equivalence relation that contains both . and Z. It
can be shown that the relations . and % commute. That is

LoK = HoL
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and consequently,

9 = LoXA.

For a € S, the Z-class, #-class, #-class, J-class and the Z-class
containing a will be denoted respectively by L, R,, J,, H, and D,.
Since .Z, % and _¢# are defined in terms of principal ideals, the inclusion
order among these ideals induces a partial order on the quotient sets

S/ L, S|%#, and S/ ¢ by
L, < L, <= S'aC S

R, < Ry < aS* C bS!

J, < J, <= StaS! C S'pS!t

The following proposition gives an alternate characterization of
these relations . and Z in terms of the "mutual divisibilty” aspect.
(see[16], Prop(2.1.1)).

Proposition 1.2.1. Let a,b be elements of a semigroup S. Then
aZb if and only if there exists z,y in S' such that za = b, yb = a and

ab if and only if there exists u,v in S! such that au = b, bv = a.

Definition 1.2.3. Let S be a semigroup. A relation R on the set
S is called left compatible (with the operation on S) if

(Vs,t,a € S) (s,t) € R= (as,at) € R,
and right compatible if

(Vs,t,a € S) (s,t) € R= (sa,ta) € R.
It is called compatible if

(Vs,t,s',t' € S) [(s,t) € Rand (s',t') € R] = (ss',tt') € R.
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A left [right] compatible equivalence is called a left [right] congruence

and a compatible equivalence relation is called a congruence.

Thus it can be seen that .Z is a right congruence and Z is a left
congruence. If a € R,, then a = ex for some x € S! and so ea =
e(ex) = e*xr = ex = a. Similarly, we can see that be = b for all b € L,.
Thus we have the following proposition([15] Prop(2.3.3)):

Proposition 1.2.2. Every idempotent e in a semigroup S'is a left
identity for R, and a right identity for L..

Every Z-class in a semigroup S is a union of .Z-classes and a union
of #-classes. The intersection of an .Z-class and an Z-class is either
empty or is an #7-class. However, by the definition of &

aPb <= R,NLy# ) <= L, N Ry # 0.

Hence a Z-class can be visualized as an egg-box picture, in which each
row represents an Z-class, each column represents an .Z-class, and
each cell represents an .7-class.

The main property of these Greens relations is that multiplication by

suitable elements induces bijections between #,.Z and J¢-class.

Lemma 1.2.1 (Green’s Lemma). Let a,b € S and u,v € S', such
that ua = b,vb = a, that is a.Zb. Then the mappings u : R, — R}
given by x — ux and v : Ry — R, given by y — vy are mutually
inverse .Z-class preserving bijections.

By Green’s Lemma, a.Zb implies |R,| = |Ry| and |H,| = |H,|.
Dually, aZb implies |L,| = |Ly| and |H,| = |Hp|. Thus any two J#-
classes contained in the same Z-class have the same number of elements
and similarly for .Z- and Z-classes.
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Regular and Inverse Semigroups

An important concept in the theory of semigroups is that of regularity.
The concept of regularity in a semigroup was adapted from an analo-
gous condition on rings, which was defined by J. von Neumann [23] in
1936.

Definition 1.2.4. An element a of a semigroup S is called regular
if there exists an element a’ € S such that aa’a = a. S is called a regular
semigroup, if all the elements of S are regular.

The following result describes the regularity in a Z-class ([16](Prop.
3.2.1))

Proposition 1.2.3. If a is a regular element of a semigroup S,

then every element of D, is regular.

Since idempotents e are regular (eee = e), it follows that every &
class containing e is regular. Conversely, every regular Z-class must

contain at least one idempotent.

Proposition 1.2.4. In a regular Z-class, each -Z-class and each
Z-class contains an idempotent.

Therefore, the following result is quite straightforward.

Proposition 1.2.5. In a regular semigroup, every principal left
ideal and every principal right ideal is generated by an idempotent.

An idea of great importance in semigroup theory is that of an in-
verse of an element. This idea was introduced by Vagner in 1952 and
Preston in 1954. Its relationship to Green’s relation was explored by

Clifford and Miller in 1956.

Definition 1.2.5. Let a be an element of a semigroup S. Then
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a’ is called an inverse of a if
ad'a = a and d'ad’ = d’.

Notice that if an element a has an inverse, then it is necessarily regular.
Conversely, every regular element has an inverse since if there exists x
such that axa = a, then define o’ = rax and it is seen that

ad'a = a and d'aad’ = d'.

Obviously an element a in a semigroup may have more than one in-
verses. In a semigroup, the number and location of the inverses of an
element a can be determined by the locations of the idempotents in the
P-class of a. The following theorem asserts the above statement.

Theorem 1.2.1. [16] Let a be an element of a regular Z-class D
in a semigroup S. If a’ is an inverse of a, then a’ € D and the two
FC-classes R, N Ly, and L, N R, contain, respectively, the idempotents
aa’ and a'a. Conversely, if a is an element of S and e, f are idempotents
in S with (e, f) € D then a is regular and there exists an inverse a’ of
a such that aa’ = e and a'a = f.

The following egg-box picture explains this result.

L, L,
R, | a aa’
Ry | da a’

The following theorem can be used to locate the products of elements
in a Z-class.
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Theorem 1.2.2. [12] Let S be a semigroup and a,b € S then
ab € R, N Ly if and only if Ry N L, contains an idempotent.

The eggbox picture is given below

L, Ly
R, | a ab
Rb € b

1.3 Biordered Set

In many algebraic systems like semigroups, rings etc., the set of idem-
potents are important in analyzing the structure of the system. For a
semigroup S, the idea of using the set of idempotents £(S) in studying
the structure has a long history. For example, in the case of inverse and
orthodox semigroups, the set of idempotents form a sub-semigroup of
known type. In 1966, W. D. Munn constructed the inverse semigroup
T(E) now known as the Munn semigroup from an arbitrary semilat-
tice E for which E(T(E)) = E. This implies that the structure of an
inverse semigroup S is determined by its semilattice of idempotents.
Note that a semigroup S is orthodox, if E(S) is a band. T. E. Hall(
1968) amd Yamada(1970) observed that when S is a regular orthodox
semigroup, the structure of S can be described in terms of E(S).

However, for any arbitrary regular semigroup S the set of idem-
potents E(S) is not a sub-semigroup and hence it is not clear, how
one can extend Munn’s theory to this class of semigroup and there are
different approaches to the use of the set of idempotents in the study



1.3. Biordered Set 17

of regular semigroups.

K.S.S Nambooripad introduced the concept of biordered sets as an
order structure to represent the set of idempotents of a regular semi-

group.

Let E be the set of idempotents of a regular semigroup. Namboori-
pad identified two quasiorders w” and w' and a set of partial transfor-
mations in the set of idempotents of a semigroup S satisfying certain
axioms [see the definition below] as a biordered set. A partial algebra
is a set X together with a partial binary operation. A partial binary
operation on X is a partial mapping from X x X to X. Let E be a par-
tial algebra and Dg denote the domain of the partial binary operation
on K. On E, we define

W={(e,f): fe=e} W ={le,f):ef =e}
V(e)=A{f:ef =f} w(e)={f:fe=f}

R=uw Nw")*
={(e,f): ef = fand fe=e}
L=unwWH™
={(e,f): ef =eand fe= [}
w=w" Nu'

={(e,f): ef =eand fe=c¢e}.
Then a biordered set is defined as follows:

Definition 1.3.1. Let E be a partial algebra and Dg denote the
domain of the partial binary operation on E. Let w",w!,R, L and w
be defined on E as above. Then E is a biordered set if the following
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axioms and their duals hold:

(B1) w" and w' are quasi orders on E and
Dp = (W Uw)U (W uwh)™.

(B2) few(e)= fR fewe.
(B3) guw' fand f,g € w'(e) = ge o' fe.

(B4) guw" fuw e=gf = (ge)f

(B5) gu' fand f,g € w'(e) = (fg)e = (fe)(ge).

Let M (e, f) denote the quasi ordered set (w'(e) Nw"(f), <) where
“ <" is defined by g < h < eg w" eh, and gf w' hf. Then the set

S(e,f)={h e Mle, f):g<hforall g€ M(e, f)}

is called the sandwich set of e and f.
(B6) f,g cw'(e) = S(f,9)e=5(fe, ge)

We shall often write F = (F,w! w") to mean that E is a biordered

! w". The relation w defined is a partial order

set with quasi-orders w
and

wNw ™ cw nNW)™=1g.

The partial binary operation defined on F by ef = e or ef = f or
fe=eor fe = f is called the basic product on F.

A biordered set E is called a regular biordered set if S(e, f) # 0 for
alle, f € E.

Example 1.3.1. Let S be asemigroup. On E(S) = {e € S: e? = ¢}
define
ew'f< fe=e
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ewf=ef=e

where the products ef and fe are the products in the semigroup S.
Let
Dpis) = (WU U (W Uwh)™

If (e, f) € Dps) then (e, f) € w"Uw' or (f,€) € w"Uw'. In the first
case either ef = e or fe = e. If fe = ¢,(ef)* = e(fe)f = ef and so
ef € E(S). Thus ef € E(S) whenever (e, f) € w"Uw!. Similarly it can
be seen that ef € E(S) whenever (f,e) € w” Uw!. Thus by restricting
the product in S to Dp(g) we obtain a partial algebra on E(S) .

Definition 1.3.2. Let £ and E’ be biordered setsand §: £ — E’
be a mapping. Then @ is called a bimorphism if it satisfies the following
axiom:

(e,f) € Dp = (€0, f0) € Dg

and
(ef)0 = ebfo.

Furthermore, 6 is called a regular bimorphism if
S(e, f)6 € 5'(eb, f0)

and

Sle, ) # 0 <= S'(eh, f6) # 0

for all e, f € E where S’(ef, f0) denotes the sandwich set of E’. Call 6
a biorder isomorphism if # is bijective and both § and ~! are bimor-
phisms.

We call F' a biordered subset of a biordered set F if F' C E and F
is a partial sub-algebra of E in the sense that Dp = DN (F % F') and
I satisfies the biordered set axioms with respect to the restrictions of
w" and w! to F.
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Definition 1.3.3. Let e and f be idempotents in a semigroup
S. By an E-sequence from e to f, we mean a finite sequence e¢qg =
€,€1,62,...,n_1,6, = [ of idempotents such that e; (L U R)e; for
1 =1,2,...,n; nis called the length of the E-sequence. If there exists
an E-sequence from e to f, d(e, f) is the length of the shortest FE-
sequence from e to f; and d(e,e) = 1. If there is no E-sequence from
e to f, we define d(e, f) = 0. For idempotents e and f, we define
d;(e, f) to be the length of the shortest E-sequence from e to f, which
start with the £ relation and d,.(e, f) to be the length of the shortest
E-sequence from e to f which start with the R relation.

The following theorem shows that if S is a regular semigroup, then

E(S) is a regular biordered set.

Theorem 1.3.1. ([25], Theorem 1.1) Let S be a semigroup such
that E(S) # ¢.

1. The partial algebra E(S) is a biordered set.

2. Fore, f € E(S) define

Sl(eaf):{heM(evf): ehf:ef}
Then Sy (e, f) C S(e, f).

3. If e, f € E(S) then ef is a regular element of S if and only if
Sl(e7f) = S(@,f) 7é Qb

4. If S is regular, then E(S) is a regular biordered set.

Nambooripad [1979] showed that any biordered set satisfying reg-
ularity condition is the set of idempotents of some regular semigroup.
Thus we have the following result from ([25], Corollary 4.15).

Result 1. Every regular biordered set is isomorphic to the biordered
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set of some regular semigroup.

David Easdown (1985) proved the converse of this result viz., that
all biordered sets arise as the biordered set of semigroup. This shows
that the biorder axioms of Nambooripad [1979] are both necessary and
sufficient in order that the resulting structure represents the set of
idempotents of a semigroup.

1.4 Regular Rings

The concept of von Neumann regular rings was introduced by John von
Neumann in 1936 as an algebraic tool for studying certain lattices [23].
There he described the regular rings which coordinatize complemented
modular lattices. A lattice L is said to be coordinatised by a regular
ring R if it is isomorphic to the lattice of principal right ideals of R.
As von Neumann showed, almost all complemented modular lattices
could be coordinatized by a regular ring.

A ring is a set R together with two binary operations '4+" and '~
with the following properties.

1. The set (R,+) is an abelian group.
2. The set (R,-) is a semigroup.
3. The operation - is distributive over +.

A ring (R, +,.) is called a ring with identity if the semigroup (R,.)
has an identity 1. A ring (R, +, ") is regular if for every a € R there
exists an element a’ such that aa’a = a, that is, the ring is regular if
its multiplicative semigroup is regular.

Throughout the thesis, we deal with rings that are von Neumann reg-
ular.
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Example 1.4.1. 1. A field is a regular ring, for if F' is a field
then for a # 0 in F there exists an ™! in F with aa™! = 1 so
that aala = a.

2. Let V be a vector space over the field F' and let R be the ring of
all linear transformations of V' to itself. Then R is a regular ring.
Let t be a linear transformation of V' to itself with range A and
kernel B. Let A" and B’ be complements of A and B in V and
let to be the restriction of ¢t to B’. Then ¢ty is a bijection onto A
and so has the inverse t;': A — B’. Let ¢’ be a linear extension
of t;! to V. Then tt't = toty 't = t.

3. For any field F' the ring of all n x n matrices over F' is isomorphic
to the ring of linear transformations of the vector space F™ and
so is regular. More generally it is proved that a matrix ring over
a regular ring R is also regular see([23]).

Definition 1.4.1. [23] If R is a ring, and if &/ C R, then &
is a right ideal in case * +y € &/, x2z € & and & is a left ideal if
x4y € o zx € & when x,y € &,z € R. Finally & is a called an
ideal in case 7 is both a left ideal and a right ideal.

Denote by Ry the class of right ideals and by L the class of all left
ideals.

Definition 1.4.2. A principal right ideal is one of the from (a,) =
{ar : r € R}. Similarly, we can define a principal left ideal. The class
of all principal right [left] ideals will be denoted by Rp [Lg].

Proposition 1.4.1. ([23], Corollary 2) If X C Rp is any class of
right ideals, there exists both a smallest right ideal (join or least upper
bound of X) containing every element of X and a greatest right ideal
(intersection or greatest lower bound of X)) contained in every element
of X. Thus Rpg is a lattice with C and the operations thus defined.
The zero element of Ry is (0), = 0 and the unit element is (1), = R.
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Definition 1.4.3. [24] Let A, B € Rg. Define AVB = g.l.b(A, B)
and AN B =1lu.b(A, B), A, B € Rg. Then (Rg,V, A) is a lattice with
universal minimum 0 and maximum R. Two right ideals A and B are
inverses, if AV B =R and AA B = 0. (Similarly for left ideals)

Clearly, AV B is the set of all x + y such that x € A and y € B.
In [23] John von Neumann describes the structure of principal ideals

of a regular ring.

Lemma 1.4.1. Let R be aring, e € R, then
e ¢ is idempotent if and only if (1 — e) is idempotent.
e (¢e), is the set of all z such that x = ex.

e (¢), and (1 — e), are mutual inverses.

o If (e), = (f), and if (1 —e), = (1 — f), where e and f are

idempotents, then e = f.

Theorem 1.4.1. Two right ideals a and b are inverses if and only
if there exists an idempotent e such that a = (e), and b = (1 — e),.

This property characterizes uniquely the idempotent e.
Next we give some equivalent conditions for a ring R to be regular.
Theorem 1.4.2. The following statements are equivalent
1. Every principal right ideal (a), has an inverse right ideal.
2. For every a there exists an idempotent e such that (a), = (€),.
3. For every a there exists an element x such that ara = a.
4. For every a there exists an idempotent f such that {a); = (f);.

5. Every principal left ideal (a); has an inverse left ideal.
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Definition 1.4.4. The ring R is said to be regular in case R
possesses any one of the equivalent properties of the above theorem.

Next we give the definition of an annihilator of an ideal.

Definition 1.4.5. For every right ideal o C R, we define
' = {y:yz=0for every z € &7} ;
for every left ideal 8 C R we define
B ={y:zy=0 for every z € B} ;

/' is a left ideal, and #" is a right ideal. 7' is called the left
annihilator of the right ideal &/ and A" is called the right annihilator
of the left ideal A.

von Neumann showed that if for every principal right ideal &/ C R,
there exists a right ideal % in R which is inverse to 7 then Ry is a
complemented lattice. Thus we can state the following theorem.

Theorem 1.4.3. Let R be a regular ring and Rp, the set of all
principal right ideals of R then the set Ry is a complemented modular
lattice, partially ordered by the relation C, the meet being N and the
join U; its zero is (0) and its unit is (1),.



Chapter 2
Biordered Sets and Rings

The concept of biordered sets was introduced by K. S. S.Nambooripad
in (cf. [25]) to describe the structure of the set of idempotents of
a regular semigroup. This biordered set has a significant role in the
study of structure theory of regular semigroups. Here we extend the
concept of biordered sets to include the class of regular rings. We
describe the set of multiplicative idempotents of a regular ring and
discuss its properties. Further we also define an addition on the regular
ring so that the set of idempotents with respect to this addition will

also become a biordered set of interest.

2.1 Multiplicative Idempotents of Regular Rings

The study of idempotents play an important role in describing the
structure of a regular semigroup. Since the multiplicative part (R, -)
of a regular ring R = (R, +, -) is a regular semigroup, the idempotents
of (R,-) is a regular biordered set and we denote it by Eg. Further
R being a ring (with unity), the biordered set Er possess some more
interesting properties which we discuss in this section.

Throughout this section, R denotes a regular ring with unity and Eg,

25
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the set of all multiplicative idempotents in the ring R. Clearly 0 and
1 belongs to Er. In the following we prove a series of lemmas that
describes the properties of Fg.

Lemma 2.1.1. Let R be a regular ring with unity, if e € E then
(1—e)e Egpand e(l —e) = (1 —e)e=0.

Proof. For e € Ep,
(1—e=1-e)(l—e)=1—-e—e+e’=1—c.
That is, (1 — e) is an idempotent and
e(l—e)=e—e*=c—e=0

and

2

(1—ee=e—e"=e—e=0.

O

We have already seen that the set of idempotents of a regular semi-
group is a regular biordered set(see 1.3) and since for a regular ring R,
the semigroup (R,-) is regular Fg is a regular biordered set. Also it
is easy to see that 0 w e and e w 1 for every e € Eg. Thus 0 is the
least element and 1 is the greatest element in the partially ordered set
(ER,w).

Lemma 2.1.2. Let e and f be idempotents in the regular ring R,
then ef = 0 if and only if e w' (1 — f)[f w" (1 —¢)].

Proof. Suppose ef = 0. Then
e(l—f)=e—ef =e.

Thus e w! (1 — f). Conversely, if e w' (1 — f) then e(1 — f) = e that is
e —ef =e, implies ef = 0.
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Also, if ef =0, then (1 —e)f = f —ef = f implies that f w" (1 —e)
and conversely, f w" (1 — e) implies ef = 0. [

Lemma 2.1.3. Let R be a regular ring and e, f € Eg, then the
only idempotent in M (e, f) is 0 if and only if e w' (1 — f).

Proof. Suppose e w' (1 — f). Then by above lemma ef = 0. Let
g € M(e, f). Then by definition,

ge =g and fg=g.

Hence

9=9"=9-9=1(9¢)(fg) = g(ef)g=9g0=0
Therefore, M (e, f) = {0}. Conversely, suppose M (e, f) = {0}. Since
R is regular, the element ef € R has an inverse a € R so that

(eflalef) = ef

alefla=a

Let ¢ = fae. Then ¢?> = faefae = fae = g and ge = g = fg, so
g € M(e, f) hence g = 0, by hypothesis. Hence

ef = (ef)alef) = e(fae)f =egf =0
Thus the proof. O

Proposition 2.1.1. Let e and f be idempotents in a regular ring
R. Then the following holds:

1. ew! fif and only if (1 — f) w" (1 —¢)
2. ew” fif and only if (1 — f) w' (1 —e)
Proof. Let e w' f. Then,

l—-e)(1=f)=1l—e—f+ef=1—e—f+e=1—F.



28 Chapter 2. Biordered Sets and Rings

Thus (1 —e)(1 — f) = (1 — f) implies, (1 — f) w" (1 —e).
Conversely, suppose (1 —e)(1 — f) = (1 — f) then

AI=e)d-fl=1l-e—fref=1-f

That is,
e—ef =0sothat ef =e¢,

hence e w' f.
Proof of (2) follows similarly. O

Lemma 2.1.4. Lete,f € Eg withef = fe=0. Then e+ f is an
idempotent and e, f €w (e + f).

Proof. Given e, f € Er with ef = fe =0, then
(e+f=e+ef+ fet+fPf=e+f,
and
elet+f)=e*+ef=et+ef=¢c, and (e+ fle=e>+fe=c+ fe=c.

Thus e ' (e + f) and e w” (e + f). Therfore, e w (e + f).
Also,

fle+f)=fe+f?=fetf=fand (e+f)f=ef+f =ef+f=].
Thus f w” (e + f). Therefore, f w' (e + f) and f w (e + f). O

Let e, f be in Eg then the element e + f in Fr can be represented
in terms of the sandwich set. Recall that if e and f are idempotents of
a regular semigroup S then S(e, f) = Si(e, f) where

Si(e,f)={h € Er: fhe=h and ehf =ef}.

Lemma 2.1.5. Let e and f be in Egr with ef = fe = 0. Then
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1 — (e + f) is the unique element belonging to both the sets S;(1 —
e,1—f)NSi(1—f,1—e).

Proof. Since ef = fe = 0 the element e + f is in Er and so k =
1 —(e+ f) is also in Eg. Also

1—fil—e)=1l—-e—f+fe=1l—e—f=1—(e+f)

and
l-e)I-f)=1-f-etef=1-f—-e=1—(e+f)
so that
k=1-(etf)=0-e)0-f)=00-/f)1-¢)
Hence

I=PE(l—e) =1 =1 -fA-e)d-e)=0-f)1—-e) =k

and

=)kl =f)=0-e)(M =)A=/ =f)=A-e)(1-F)

so that k € S;(1 —e, 1 — f). Similarly, it is easy to show that k €
S1(1— f,1—e) also.

Now we show that k is the unique element belonging to both these
sandwich sets, let g be an idempotent in the ring R belonging to both
these sets. Then

(1—-e)g(1—f) =1 -e)(1-f)
since g € S1(1 —e,1 — f) and

(I-e)g(1-f)=yg



30 Chapter 2. Biordered Sets and Rings

since g € S1(1 — f,1 —e). Hence

g=1-egl—fy=(1-e)(1—f)=k
This proves the result. 2

The following properties of the idempotents Eg of the ring R are
easy to observe:

l.1-(1—e¢)=e
2. fw!eif and only if (1 —e) w" (1 — f)
3. fw' (1 —e)if and only if M(f,e) = {0}
Further it is obvious that the map 7: Fr — Eg defined by
Te)=1—¢e

is a complementation and so the biordered set Fr of a regular ring is
a bounded and complemented biordered set.

On the other hand, given a biordered set E it can be enlarged to
a set F by including two elements (symbols), 0 and 1 such that 0 w e
and e w 1 and for every e € E there is an element e¢ € E with 0° = 1,
(e°)¢ = e and ee® = ee = 0. Then F satisfies the following conditions:

e cuw fif and only if f¢w" e fore, f € E
o fuwetif and only if M(f,e) = {0}

Then call £ together with these properties as a bounded and comple-
mented biordered set.

Example 2.1.1. Biordered Set of the Matrix Ring M(Z,)
Consider the matrix ring Ry = Ms(Zs). This ring has 16 elements of
which there are 8 idempotents. The idempotents of R; denoted as Eg,
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are listed below.

0 0 10 00 (1 1]
0= , €61 = , €0 = , €3 = ,
0 0 0 0 0 1 0 0

0 0 10 0 1 (1 0]
€4 = , 65 = , €6 = 71: )
11 10 0 1 01

It can be easily seen that for each e € Eg,, 1 — e € Eg,. The w" and
w' class of these idempotents are:

w'(0) = 0 and w'(1) = Ep, w"(0) =0 and w"(1) = Eg,

w'(er) ={0,e1,e5} w'(e1) = {0,e1,e3}
w'(ey) = {0, ez, e6} w"(ez) = {0, ez, €4}
w'(es) = {0, e3,e4} w"(e3) = {0, e3, €1}
wh(es) = {0, eq, €3} w(eq) = {0, eq,e2}
wh(es) = {0, e5,e1} w"(es) = {0, es5, €6}
w'(eg) = {0, eq, €2} w"(eg) = {0, ep, €5}
Clearly w'(e;) = w'(es),w'(e2) = w(eg),w!(e3) = wi(eq), similarly,

e1Les, exLeg, e Les

and
€1R63, 62R€47 65R66.

It can viewed that in this ring R,
Ww=wW)t=Landw = (W) =R.

Also it is seen that the cardinality of the w!(w") class is 3. The egg-box
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picture of the idempotents is the following:

1]

€6 | €5
€2 €4
€1 | €3

0]

The M-set M(e, f) = w'(e) Nw"(f) for the ring R, is as follows:
)
)

M ey, e3) = M(eq,e1) = M(ey,eq) = M(eg,e1) = M(ea,e3) = M(es, e2) =
M ey, e5) = M(eq,e6) = M(es,e4) = M(es, e5) = M(es, e6) = M(eg, €3) =
{0}

M(ey,e3) = M(es,e3) = M(es,e1) ={0,¢e;}

M ey, e1) = M(es,e1) = M(ey,e3) = {0,e3}

M (eq,eq) = M(eg, e4) = M(eg, €2) = {0, €2}

M (es,eq) = M(eq,e5) = M(eq,eg) = {0,e5}

M (es, e3) = M(eq,e3) = M(es,eq) = {0, €4}

M (eg,e5) = M(ea, e5) = M(eq,e6) = {0, €6}

r#

The sandwich set of two idempotents e and f is the maximum element
in the set M(e, f) = (W'(e) Nw'(f),<) where g,h € M(e, f), g <
h <= egw" eh and gf W' hf.

Hence the sandwich set of the idempotents in M(Zy) are:

S(ey,e2) = S(ea,e1) = S(er,eq) = S(eg,e1) = S(ea,e3) = S(es, e2) =
S(eq,e5) = S(eq,e6) = S(es,eq) = S(es,e5) = S(es,e5) = S(es, €3) =

) = S(es, e1) = S(es, e3) = {
S(ea, eq) = S(eg, e2) = S(es, €4) = {e2}
S(es,e1) = S(eq,e1) = S(es, e3) = {e3}
S(er,es5) = S(er, e6) = S(es, e6) = {es}
S(es, e2) = S(eq, e2) = S(es, e4) = {ea}
S(ez, e5) = S(ez, e6) = S(es, 5) = {es}

From the above computations, it can be seen that the set M(e;,e;)
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can contain at most 2 elements. That is |M(e;,e;)| < 2.

The elements in the sandwich sets can be obtained from the egg-box
picture of the semigroup. It is observed that the elements in the sand-
wich set S(e;, e;) is that idempotent element in L., N R, and 0 in the
case the class L, N R.; has no idempotents.

Example 2.1.2. Biordered set of the ring M,(Z;)
Consider the matrix ring Ry = Ms(Z3). This ring has 81 elements out
of which there are 14 idempotents. The idempotents of this ring Fr,
are listed below.

0 0 10 11 1 2
0= , €2 = y €5 = , €8 = )

e__lo_e_' 0—6__00'6_'10'
11 — 10 , €20 — 20 , €28 — 01 , €29 — 01 )
[0 1] [0 2] [0 0] [0 0]
e = 76 = ,6 = ,6 = s
3 o1 | 01| 117 2 1
- - }
e = ,e =
69 12 81 22

The w™ and W' class of these idempotents are:

w'(0) = 0 and w'(1) = Eg, w"(0) = 0 and w"(1) = Eg,

wh(ey) = {0, ez, €11, €20} w"(eg) =40, e9,€5,e5}
wh(es) = {0, es5, es7, €81 w"(e5) =40, e, €5,e5}
wh(es) = {0, es, eqq, €60+ w"(eg) =40, ez, €5, €8}
wl(en) = {0,6276117620} w"(e1) = {07611, €31, 681}
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It is easily observed that

whey) = wh(err) = w'(exw), w'(ez) = w'(es) = w'(es)
whes) = wh(esr) = w'(esr), w'(e11) = w'(eg1) = w(es1)
wh(eg) = wh(eqs) = w'(ego), w(eg0) = w'(e34) = W (€ep9)
wh(ex) = w(esy) = w(ess), w(e2s) = w'(ez7) = W' (eap)

Also it can be seen that every w!(w”) class has equal number of elements
each and the cardinality of the w!(w") class is 4. The egg-box picture
of these idempotents can be drawn as follows:

1]

€11 | €81 | €31
€g €2 €5

€69 | €20 €34
€46 €37 | €28

0]

From the above computations, here also it can be seen that the set
M ((e;, ej) contains at most 2 elements. That is |M(e;, e;)| < 2.
The elements in the sandwich sets is obtained from the egg-box picture

as given below.
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L., N R, ., whenever L., N R.. € Egr
S(Gi, 6]') = ’ ’

0 otherwise

Example 2.1.3. Biordered set of the ring Ms(Z,)
Consider the matrix ring Ry = My(Z,4). This matrix ring has 256
elements, of which there are 26 idempotents. The idempotents are as

follows:
. 0 0 10 11 1 2
—= 7e: ’e: 7e — s
00/ "? o0l ool Joo
(1 3] (1 0] (1 0] (1 2]
e = e = (& fd e f—
14 00 5y €18 1 O y €34 20 5 €42 20 )
6_'1'6_'00'6_'10'6_'01'
50 — 30 s €65 — O 1 s €66 — O 1 s €69 — O 1 )
e_'o'e_'ozfe_—oo—e_—o_
73 — O 1 s G717 — O 1 ; C81 — 1 1 , €97 — 2 1 )
[0 2] (0 0| [ ] (3 1]
(& — (A = & — e g
105 21 ,» €113 3 1 ; €156 12 s €168 22 )
(3 3] (3 9] [ ] [ ]
e17g = , 188 = , €219 = , €931 = ,
176 22 188 32 219 13 231 23

2 3 2 2
e — s & =
239 2 3 251 3 3

It can be clearly seen that for each e € Eg,, (1 —¢) € Eg,. The w"

and ' class of these idempotents are:

w'(0) =0, and w'(1) = Eg,, w"(0) =0, and w"(1) = Eg,
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From the above w'-classes, it can be easily observed that

w'(ez) = w'(ers) = w'(eas) = w'(es0)
w'(e2) = w'(eg) = w"(e10) = w'(€14)
wl(%) = wl(esl) = Wl(€176) l(€251)
w"(e18) = W' (es9) = W' (e188) = W' (€239)
wl(em) = wl(€42) = Wl(€156) = Wl(6188)
w"(es4) = w'(e42) = w(e168) = W' (€176)
wl(€14) = wl(€113) (6168) (6219)
w'(es0) = w'(err) = W' (€156) = W' (€231)
w'(egs) = w'(egy) = wW(ers) = w(err)
w"(egs) = w'(es1) = w'(egr) = w"(e113)
wl(€97) = Wl(6105) = wl(€231) = wl(€239)
w"(er3) = w'(e105) = w'(€219) = W' (e51)

Also it can be seen that every w!(w") class has equal number of elements
each and the cardinality of the w!(w") class is 5. The egg-box picture
of these idempotents can be drawn as follows:

(1]
€97 | €113 €81 €65
€168 | €34 | €176 | €42
€239 €18 €188 | €69
€14 €2 €6 €10
€231 €50 €156 | €77
€105 | €219 €251 €73 4‘

0

From the above computations, here also it can be seen that the set
M (e;, e;) contains at most 2 elements. That is |M(e;, e;)] < 2.
The elements in the sandwich sets is obtained from the egg-box picture
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as given below.

L., N R.., whenever L, N R, € Er
S(ei,ej) = ’ ’

0 otherwise

Let R be the ring of all 2 x 2 matrices over a finite field then we
have the following theorem:

Theorem 2.1.1. Let R = My(Z,) and Ep denote the set of all
idempotents in R. Then for E;, E; € Ep,

1. All the idempotents in R other than 0 and 1 are in the same
D-class.

2. |M(E;, E;)| <2, that is M(E;, E;) has at most two elements.
3. Each w!'(w")- ideal has the same number of elements

4. The elements in the sandwich set can be characterized as:

Lg, N Rg,, whenever Ly, N R, € K
S(E, Ej) = E; E, E; E; R
0 otherwise

Proof. 1. In M5(Z,), all the idempotents other than 0 and 1
have the same rank. Therefore, from Lemma(2.1)([17]), all the
idempotents with same rank are Z- related. Therefore, they lie

in the same same Z-class.

2. Now we prove that | M (E;, E;)| cannot exceed 2. For that suppose
there exists two idempotents Ej, and Ej in M (E;, E;) other than
0. We prove that Ej = E.

In the ring R = Ms(Z,), E; ' E; implies w'(E;) = w'(E;). Thus
we have w'(E;) = w'(Ep), w'(E;) = w"(Ep) and w'(E;) = w!(E}),
w"(E;) = w"(Ey). Therefore, w'(E;) = w'(E),) = w'(E)) and
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W' (E;) = w"(Ey) = w"(E)). Hence
By = E;EyE; = EyE;EWE By = EyEyE By = EyERE), = By
3. We know that in this ring R, w' = (w')™!' = L. We have by
Greens lemma, that any two L-classes contained in the same Z-
class have the same number of elements. Here any two w!(w")-
class generated by idempotents other than 0 and 1 are in the same

P-class. Therefore, any two w'(w")-class in this Z-class has the

same number of elements.

4. We show that

Lg. N Rg., whenever Ly, N Rg. € E
S(EnE)=q nom e
0 otherwise

Since F; and E; have the same rank, E;ZFE;. Therefore, there
exists M;; € E such that E;, ZM;;ZFE;. Therefore, by definition
of £ and Z classes, there exists matrices X, X', Y, Y’ such that

XEZ = MU and E]X/ = Ml]

YMZ‘J‘ = Ez and Mi]’Y’ = Ej

Suppose M;; € Er. Then
EiM;; = (Y Mi;)My; = Y M2 =Y My; = E;

ME; = (XE)E; = XE? = XE; = M,

Similarly, MZ]EJ = E] and E]M” = Mz] AISO,
Mij(EiEj)Mij - (MijEi)EjMij = MijEjMij = EjMij = Mij
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Thus M;; € V(E;, E;). Moreover,
ME; = (XE)E; = XE? = XE; = M,

and
EjMij - Ej(EjX/) = E]2X/ == EjX/ == M,L

Therefore, M;; € S(E;, E;).

Suppose M;; ¢ Er. But M;;E; = M,;; = E;M;;. Since the ring

R is regular, S(E;,E;) # 0. But 0 € M(E;, E;). Therefore,

S(E:, E;) = {0}

Conversely, if H € S(E;, E;) then H ' F; and H w" E;. But

in this ring My(Z,), H W' E; implies HLE; and H w" E; implies

HRE;. Hence H € Lg,NRg, and if H = 0, then S(E;, E;) = {0}.
[

2.2 Additive Idempotents in Regular Rings

In general the only idempotents in a regular ring which are idempotents
with respect to addition are 0 and 1. Hence the biordered set theory
for the set of additive idempotents in a regular ring collapses to trivial.
However, if we define an addition @ on the ring (R, +,-) by

a®b=a+0b—ab for every a,b € R

it is easily seen that @ is an associative binary operation on R and the
additive reduct (R, ®) is a semigroup.

Let e be an idempotent in R. Now consider e as an element in (R, ®).
Then

ebe=e+e—ce=ce.

That is, e is also an idempotent in (R, ®). Thus every multiplicative
idempotent in the ring (R, +, ) is an additive idempotent with respect
to & in R. We denote the idempotent set in (R, ®) by Ef. As sets
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the multiplicative biordered set Fg coincides with E, further it is seen
that the biorder structure on E% is determined by the biorder structure
on ER.

Lemma 2.2.1. Let R be a ring and e, f be idempotents in R.
Then

l.ew' fin Y <= fw"ein Fkg,

2. ew” fin Ef < fuw'ein Fg.
Proof. Let e w' f in EY then e ® f = e. Therefore by definition,
edf=cet+f—ef=e

That is, ef = f therefore, f w" e. Conversely, let f w” e in Eg,
then ef = f. Therefore,

ebf=e+f—ef=e+f—f=e

Thus e® f =e. That is e w' f in Ef. Similarly, assume that e w” f in
EY then f @ e = e. Therefore by definition,

fde=f+e—fe=e

That is fe = f, therefore, f w' e. Conversely, let f w' e in Eg, then
fe = f. Therefore,

f@e=f+e—fe=f+e—f=e.
Thus e w” f in Ep. O

Let
Dpe = (W Uw)U (WU wl)_l
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For (e, f) € DE;‘% either (e, f) € w" U W or (f,e) € w" Uw!. In
the first case, either f e = cored f = e If fde = e then
(edf)=(df)®(cdf)=cd(fRe)df=cDedf=ed [ and so
e®fe€Ey Thuse® f € EY whenever (e, f) € w” Uw'. Similarly, it
can be seen that e ® f € E whenever (f,e) € w” Uw' also. Thus, by
restricting the operations in the ring R to (Dg,, &) we obtain a partial
algebra on E. Let Ex denote the biordered set with the relation w”
replaced by (w!)~! and w! by (w™)~!. Thus we can say that as biordered
sets, Er is same as Ep.

For e, f € B} the set M(e, f) of e and f in that order is defined by

M(e, f) ={g : ew"gand fw'g}.

For g, h € M(e, f) we define g < h if and only if h < g in M(f,e).
The sandwich set of e and f (in that order) in E} is defined as follows

S(e, f) = {g € M(e,f) such that g < h for all h € M(e,f)}.

If £ and F are biordered sets, a bimorphism ¢ : £ — F'is called a
biorder isomorphism if ¢ is bijective. That is,

ew" f if and only if epw” f¢ and (ef)p = (ed)(f)
ew'f if and only if epuw!fé and (fe)p = foed.

If £ and F are biordered sets a bijective map ¢ : E — F which
preserves product and satisfies

fw"e if and only if e¢w'f¢ and fw'e if and only if egw” fo

then ¢ is called a biorder anti isomorphism. Two biordered sets E
and F' are said to be anti isomorphic if there exists an anti biorder
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isomorphism between them.

Theorem 2.2.1. The biordered sets Er and EY derived from the

ring (R, +,-) are anti isomorphic.

Proof. Consider the map ¢ from Eg to Ey defined by

(e-flo=ep® fo, foralle, f € Eg

clearly ¢ is a bijective homomorphism. For f w” e in Eg, we have

(€)@ (f)o

Il
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—~~
.
-

|
—
™

—
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That is, e¢ w! f¢. Similarly it is seen that if f w' e in Eg then
(e)p w" (f)¢ in E. Thus Er and E are anti isomorphic. O

Example 2.2.1. Consider the ring (R, +, ), where x -y =z Ay
and z+y = (x Ay) V(2 ANy), clearly z -2 =z and = + x = 0, that is
(R,+,-) is a multiplicative band in which z = —z. Thus (R, +,-) is a
Boolean ring. Define @ in R by

rdy=c+y+x-y, forallz,y e R

then Ep = Ej'% = R and since R is commutative we have w" = w! = w.

Thus the sandwich set of e and f in Eg is S(e, f) = {ef} and if ew'f
S(e, f) = {e} and in B}, S(e, f) =e @ f = {f}.

In the following example we consider the semigroup ring Zs [Rs],
(see cf.[6] page 47).

Example 2.2.2. Let Ry = {x,y} be the two element right zero
band. Consider the ring Zs [Ro] = {0, z,y,z + y} with operations ‘+'
and ‘" defined by
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+ 0 x Y r+y
0 0 x Y r+y
x x 0 T+y Y
Y Y T +y 0 x
r+y | x+vy Y x 0
0 x Y r+y
0 0 0 0 0
T 0 T Y T+y
Y 0 T Y Tty
z+y | 0 | 24y | x4y 0

clearly Er = {0, z,y} is the set of idempotents with respect to ‘- and
with respect to the addition & defined by

r@y=x+y+ax-yforall z,y € Zy[Ry]

the idempotent set Ef coincides with Er. The biorder relations in the
semigroup ring Zs [Rs] are 2Ry, 0 w 2,0 w y, w'(z) = {0,2},w"(y) =
{0,2,y} and

M(z,y) = (W' (z) Nw'(y),<) = {0z},

S(z,y) being the maximum of elements in M (x,y) with respect to <,

we have
S(z,y) = {z}.
The quasi ordered set M (z,y) = {y} and additive sandwich set S(z, y) =

{y}-

Example 2.2.3. Consider the ring Z, [R}] where R} is 1 included
to Ry in the previous example. Thus Z [R}] ={0,1,z,y,z +y, 1 +x, 1 + y}
with operations + and . defined by
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+ 0 1 T y 1+ 14y z+ty
Y 0 1 i y 1+a 1+y z+y
1 1 0 1+ 1+y x Yy l1+x+y
x x 1+x 0 x4+ y 1 l1+x+y Y
Y Yy 1+y 4y 0 l1+z+y 1 T

1+ =x 1+ x 1 l1+z+4+vy 0 T+ vy 14y
1+y 1+y Y 1+z+y 1 z+y 0 1+z

z+y z+y 1+z+y y T 1+y 1+z 0

. 0 1 T y 1+z 1+y T+y
0 0 0 0 0 0 0 0
1 0 1 T y 1+z 1+y Tty
T 0 T T Y 0 T +y z+y
Y 0 Yy @ Y z+y 0 z+y
14z 0 14z 0 0 14z 14z 0
1+y 0 1+y 0 0 1+y 1+y 0
T +y 0 T+y 0 0 T+y T +y 0

The biordered set is {1,0,z,y,1 4 x,1 + y} with biorder relation
rwl, ywl, 2Ry, (I1+2)wl, I+y)wl, 1+2)L1+y), Ow
z, 0wy, 0w (1+2), 0w (1+y). Thus w'(x) = {0,2},w"(y) =
{0,z,y}. Hence

M(z,y) = {z,0} and S(z,y) = {«}.
Since, r € W' (y), y € w'(y) and x € W' (1), y € W'(1), we have

M(m,y) = {1,y} and since y w 1 S’(x,y) ={y}

Example 2.2.4. Let B = {e, f,ef} be the three element band
whose biordered relations are defined by e w” f,eRef,ef w f. Now
consider the semigroup ring Z [B] = {0, ¢, f,ef,e+ f,e+ef, f +ef}.
Then it has the following biordered set {0, e, f,ef, f +ef,e® f} with
relations defined by O w e, 0w f, 0w ef, 0w (f+ef), ew (e®d f),
eRef,ew” fiefw f, (f+ef)wf, (e® f)RSf. Consider idempotents
e® f and f. Then w'(e ® f) = {0,e® f,e, f+ef} and W' (f) =
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{0, fe,ef, f+ef,e® f}. Hence,
M(e® f,f) ={0,e,f +efe® f}.
We have Owe, 0w f+ef,0wed f, frtefwed f,ewed f. Thus
Sed f.f)={ea [}

Now, since e ® f € w"(f) and f € w!(f), the additive sandwich set is
given by
M(e® f,f) = {f} and S(e& f, f) = {f}.



Chapter 3

Lattice of Biorder Ideals on

Regular Rings

In this chapter, we consider the principal ideals obtained from the
biorders w”, w' and their intersection w of the biordered set Eg of a
regular ring (R, +, -), which we call the biorder ideals. We discuss sev-
eral properties of the biorder ideals and it is shown that the collection
of all biorder ideals €; obtained from the left quasiorder w! and the
collection of biorder ideals €2, obtained from the right quasiorder w”
are complemented modular lattices. Many of the result included in
this chapter has already appeared in the paper entitled Biorder Ideals
and Regular Rings, Algebra and its Applications, Springer Proceedings
in Mathematics and Statistics, ICSAA, Aligarh, 2014 Vol 174, ISSN
2194-1017, 265-274.

3.1 Biorder Ideals of a Regular Ring

Let R be a regular ring with unity and Ey is the bounded and com-
plemented biordered set discussed in chapter(2.1).

47
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Then for e in Er define

wl(e):{f:fe:f}; w'e)={f:ef =f}

where w” and w'! are quasiorders defined as in [25]. Then w!(e)[w"(e)]) is
called the left[right] principal ideal in E'z and are called the left[right]biorder
ideals. The set w(e) = {f: fe = ef = f} is the two sided biorder ideal
generated by e.

Denote by €2, the class of all principal w"-ideals and by €2; the class
of all principal w'-ideals. For e, f € F with e w' f then w'(e) C W!(f).
Hence we can define a relation < on the set of all principal left biorder
ideals in Fg by

w'(e) < WH(f) if and only if e W' f.

Also by the definition of <, it is obvious that < is a partial order on
Er. Similarly we can define a partial order < on the set €2, of the
principal right biorder ideals in Ez by

w'(e) <w"(f) if and only if e w" f.

The following proposition shows the relation between the biorder ideals

of idempotents and their inverses in a regular ring.

Proposition 3.1.1. Let e and f be idempotents in the ring R.
Then the following hold.

1. wi(e) = W!(f) if and only if w™(1 —e) = w"(1 — f)

2. w"(e) = w"(f) if and only if W(1 —e) = W!(1 — f)

Proof. Suppose w'(e) = w!(f). Then from the definitions of e w' f
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and f w' e we have,

(l—-e)(l—f)=1l—e—f+ef=1—e—f+e=1—f

and
AI—f)l—e)=1—f—e+fe=1—f—ct+f=1—-c
Hence (1 — f) w” (1 —¢) and (1 —e) " (1 — ). Thus,
w'(l—e)=w"(1-f).
Similarly (2) can also be proved. O

Proposition 3.1.2. Let e and f be idempotents in the ring R, if
w'e) =w'(f),w (1 —e) =w"(1 — f), then e = f.

Proof. Suppose w"(e) = w"(f). By above proposition w"(1 —¢e) =
w"(1 — f) implies w!(e) = W!(f). Thus we have w(e) = w(f) implies
e=f. O]

In the next lemma, it is shown that the biorder ideals of idempotents

in a regular ring R is closed under the operation join and meet.

Lemma 3.1.1. Let R be a regular ring, let e, f € Er and choose
h € Si(e,1 — f). Then

We) VW (f) =W (h(1 = f)+ f) and w'(e) AJ'(f) = w'(e(l = h)).
Proof. By hypothesis, we have h € Si(e,1 — f) so that h is in Eg

with
he=h = (1— f)h and eh(1 — f) = e(1 — f).

Let k = h(1 — f), then

K= h((1— )1~ f)=h-h(1— f)=h(1 - f) = k.
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Therefore, k is an idempotent in R. Define ¢ = k + f then
kf =h(l—f)f=0, fk=fh(l-[f)=0.
Hence g = k + f is an idempotent with
eg=clk+f)=ek+ef=eh(l—f)+ef=c(l—f)+ef=c.

Hence e w' g and

Also,
fg=fk+[f)=fk+f=F

so that f w! ¢ and

Thus,

But

g=k+f=nh(l—f)+f=he—hf+f=he+(1—h)f

Thus
g €w'(e)vu'(f).
Therefore,
w'(g) Cw'(e) v u'(f)
and so

w'(e) VW'(f) = w'(g).

Next we find an idempotent ¢’ € Er and prove that

w'e) N (f) = u'(g).
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Let ¢ = e(1 — h). Then
(¢)?=(e(1—h))>=e(e—he)(1 —h)=e(e—ch)=e(l—h)=4g.

and
de=e(l—hle=e—che=c—ch=c(l—h)=¢

implies, ¢’ € w'(e). Thus
w'(g') € w'(e).

Also,
gf=e(l—h)f=cf —ehf

and since eh(1 — f) = e(1 — f), we have eh — ehf = e — ef from which
we have ehf = eh—e+ef,soweget g f =ef—eh+e—ef =e—eh =
e(1 —h) = ¢ implies ¢’ € W!(f). Thus

W'(g') CW'(f).

Hence
W'(g') Cwi(e) A (f).

To prove the reverse inclusion, let = € w'(e) A W!(f), so that xe =z =
xf. Hence

xg =x(1—=h)=zf(l-h)=2(1—-(1—f)h)=z—=z(1— f)h
and since of = z,2(1 — f) = 0, so that
rg =z —x(1— flh ==
That is = € w'(g'). Therefore,

w'e) N (f) = ' (g).
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]

In the light of the above lemma, we have the following theorem.

Theorem 3.1.1. The set of all w'-ideals € is closed with respect
to the operation V and A defined in €. Thus (€, V,A\) is a lattice.

Next we introduce the notion of annihilators in the principal w" and

w'-ideals.
Definition 3.1.1. For every w"-ideal we define
(W (e))r = {y: yz =0 forevery z € w"(e)}
and for every w!-ideal,
(W'(e))® = {y: 2y = 0 forevery z € w'(e)}.
Then (w”(e)) is a left ideal and (w'(e))® is a right ideal.

Using the concept of annihilators of biorder ideals in Er we can
show that the lattice of all principal w!-ideals ; is isomorphic with the
dual of the lattice of all principal w"-ideals (2,.

Proposition 3.1.3. For e € Fj, (w'(e))? is a principal w'-ideal
and (w”(e))! is a principal w'-ideal. In fact, (w!'(e))® = w"(1 —€) and
(w(e))t =w!'(1—e).

Proof. We have by definition,
w'(e) = {g:eg=y}
= {9: (1-e)g=0}

= {g:u(l —e)g=0; forevery u € Er}
= {g: hg =0 forevery h € wh(1 — e)}
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where h = u(1 —e). Since h(1—e)
have h € w'(1 —e) . Thus w"(e) = (w
by 1 — e we get,

u(l—e)(l—e)=u(l—e)=hwe
(1 —e))f. Therefore, replacing e

W'(1—e) = (W(e)"

The proof for left annihilators of principal w”-ideals is similar. O

Lemma 3.1.2. Let e, f € Eg and w'(e) and w"(f) be ideals
generated by e and f then

L w'(e) Cw'(f) = (w(e)" D (' ()"
2. w'(e) = (w'(e))" and (w'(e))* = (w"(e)) "

Proof. 1. Let g € (w"(f))F then gh = 0 for every h € w"(f). If
w"(e) C w"(f) then gh = 0 forevery h € w"(e) thus g € (w"(e))*
and so

(W' ()" C (W)™
2. By above Proposition,
(W' (€)= (W'(e)) = (W'(1-e)f =" (1= (1~e)) = w(e)

and

]

Lemma 3.1.3. Let R be a regular ring and Er the set of idem-
potents in R. Define  and p on €2; and 2, by

0(w'(e)) = (w'(e))" and p(w(e)) = (w'(e)".

Then 6 and p define a one-one correspondence between (2; and €2, and

hence they are inverse anti-isomorphisms between these sets.
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Proof. Let e be in Er with w!(e) € Q; then
0(w'(e) = (W' (e)F =w'(1—¢)

Thus 6 maps the lattice €; to €).. Now for idempotents e, f € Eg
suppose w'(e), w!'(f) € @ such that w!'(e) C W!(f). But from the
above lemma w'(e) C w!(f) implies (w!(f)F C (w'(e))? and O(w'(e)) C
O(w!'(f)). Similarly, p is an order preserving map from ©, to ;. More-
over, for w'(e) €

p(0(w'(€)) = pw'(1—e)) = (W' (1 =€) =w'(1 = (1~ ¢)) = w'(e).

Thus for w'(e) €  we have pf(w'(e)) = w'(e) and similarly for
w'(e) € Q,, Op(w"(e)) = w"(e). Hence 6 and p are mutually inverse
anti-isomorphisms between €2; and €2,. O

For any idempotent e € Eg, w'(e) Vw!(1 —e) = w!(he + (1 —¢)) =
we+1—e) =wl(l) = Fr and w'(e) Awl(l —e) = w(e(l —¢))
w'(0) = {0}, since h € S(e,e) = {e} . Thus w!(e) and w'(1 — ) are

complements of each other in the lattice of all principal left w-ideals.

Similarly, w"(e) and w"(1 — e) are complements to each other in the
lattice of all principal right w-ideals of Fg.
Thus we have the following theorem.

Theorem 3.1.2. Let R be a regular ring and Er denote the set of
idempotents in R. Then €); the set of all principal left biorder ideals in
FE'r is a complemented modular lattice with respect to the order defined
by

w'(e) < W'(f) if and only if e ' f

and the join and meet are given by

W'(e) V() = ' (h(1 = f) + f) and w'(e) Aw'(f) = w'(e(1 = h))
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where h € Si(e,1 — f) its zero being 0 and its unit is w!(1). Dually,
the set Q, is a complemented modular lattice and the map w'(e) —
w"(1 — e) is an anti-isomorphism of €; onto €Q,.

l

Now we consider a special case when w' = w” = w and we describe

the structure of the w-ideals.

Lemma 3.1.4. Let e and f be two idempotents in Er and w(e)
and w(f) denote the w-ideals generated by e and f respectively. Then
w(e) Vw(f) and w(e) Aw(f) are both principal w-ideals.

Proof. Suppose Si(e,1 — f) N Si(1 — f,e) # (. Choose an h €
Si(e,1— )N Si(1— f,e), so that h is in Er with

he="h=(1— f)h and eh(1 — f) = e(1 — f),

h(1—=f)=h=ehand (1 — f)he=(1— f)e

Define g = h + f. Then
F=h+fHh+f)=h+hf+fh+f=h+f=g

Hence ¢ is an idempotent satisfying

eg=elh+ f)=ceh+ef=ech+e—ch+ehf=c+ehf=ce,
since ef = e —eh+ehf and

ge=(h+ fle=he+ fe=he+e—he+ fhe=e+ fhe=¢
since fe =e — he + fhe Therefore,

eg = ge = e, implies w(e) C w(g)

that is,
w(e) C w(h+ f)
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Also
fo=Ffh+f)=fh+f=Ff
and
gf =(h+f)f =hf+f=71
But
fg=gf = [ implies w(f) € w(g)
and
w(e) Vw(f) € w(g).
Thus
g=h+ f=che+ fecw(e)Vuw(f)
and so
w(g) € wle) Vw(f).
Hence

we) Vw(f) =wh+ f).
Let ¢ = e(1 — h). Then

(@) =e(l —h)e(1 —h) =e(e—he)(1 —h)=e*(1 —h) =e(l —h).

with
ge=e(l—h)e=e(e—he)=(e—eche)=¢e(l—h)=¢
eg =ee(l—h)=e(l1—h)=¢
thus
g w e hence w(g') C w(e).
Now

gf=el=h)f=e(f—hf)=ef—hf
and since eh(1 — f) = e(1 — f) we have eh — ehf = e — ef and
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ehf = eh—e+ef soweget ¢'f = ef—eh+e—ef = e—eh =e(1—h) = ¢
Also,

fg = fe(l—h)= fe— feh=fe— fh= fe— fhe

and since (1 — f)he = (1 — f)e we have he — fhe = e — fe, and fhe =
he—e+ fesowe get f¢' = fe—he+e—fe =e—he =e(l—h) = ¢'. Thus
¢ w f and so w(g') C w(f). To prove the converse, let x € w(e)Nw(f).
Then xe = x = xf and ex = x = fx. Then

rg = ze(1—h) = xe—zeh = x(1—-h) =z f(1-h) =zf—xfh=xf ==z
and

Jr=e(l—hr=ex—chr=x—chr=x—hr=x—hfr=x

that is
xg' = ¢gx = x hence v w ¢’
Therefore,
w(z) C w(g)
Thus

Denote the class of all w-ideals of Er by Q(R). Then Q(R) is a
partially ordered set with the usual set containment.

Lemma 3.1.5. Suppose ¢, f be elements in Ex. Then Si(e, 1 —
FINS1(1—f,e) # Qif and only if e(1—f) = (1— f)e. Further, in this case
h=e(l—f)=(1— f)eis the unique element in S(e,1— f)NS(1— f,e)

Proof. Suppose that Si(e,1 — f) N Si(1 — f,e) # 0 and let h €
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Si(e,1— f)NSi(1— f,e). Since h € S(e,1— f) = Sy(e,1— f) we have
eh(1—f)=e(l—f): (1= Phe=h

and since h € S(1— f,e) = Sy(1 — f,e) we have
(1= fhe = (1= fle; eh(1—f)=h

From these equations it follows that h = e¢(1— f) = (1 — f)e and there-
fore, ef = fe.

Conversely suppose that h = e(1 — f) = (1 — f)e then
(1= fHhe= 1= A= feje= 1= f)e =1~ fle=h

and

eh(l—f)=ee(l—f)1-f)=e(1-f) =e(l-f)

hence h € Si(e,1 — f) = S(e,1 — f). Similarly, h € S(1 — f,e). Thus
heS(e,1—f)NnS(1— f,e)and S(e,1 — f)NS(1— f,e)#0. O

Using Lemma(3.1.4) it follows that
W) Vw(f) =w(h+ f) = wle(l— ) + ) =wle+ [ —ef)
and
w(e)Aw(f) = wle(1—h)) = wle(1—e(1 - ))) = wle—c+ef) = wlef).
Now we proceed to show that the lattice Q(R) is a distributive lattice.

Lemma 3.1.6. Let e, f,g € Eg. Then

(wle) Vw(f)) Awlg) = (wle) Awlg)) V (w(f) Aw(g))-
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Proof. By Lemma(3.1.4), we have

wle) Vw(f) =wle+ f —ef).

Therefore,

(wle) Vw(f)) Awlg) =wle+ f—ef) Awlg).

Again by Lemma(3.1.4), we get

(we) Vw(f) Aw(g) =w((e+ f—ef)g) =wleg+ fg—efg)

and
(wle) Aw(g)) V (w(f) ANw(g)) = wleg) Vw(fg)
thus
(wle) Aw(g)) V (w(f) Aw(g)) = wleg + fg —egfg)

Since gf = fg we have
(w(e) Aw(g)) vV (w(f) Aw(g)) = wleg + fg —efg).

Thus the distributive law holds.

For any idempotent e, f € Eg, w(e) and w(f) are complements if
and only if

w(e) Vw(f) =w(l) and w(e) Aw(f) = w(0).

Since
w(e) Vw(f) =w(e+ f—ef) =w(l)

and

w(e) Aw(f) = wlef) = w(0)
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we have

e+ f—ef=1landef =0
that is

e+ f=11implies f =1 —e.
Hence

wle) Vw(l —e) =w(l) = Eg
and

wle) ANw(l —e) =w(e(l —e)) =w(0) ={0}.

That is w(e) and w(1l — e) are complements of each other and w(1 — e)
is the unique complement of w(e) in the lattice of all principal w-ideals
in E'r. Thus we have the following theorem.

Theorem 3.1.3. Let R be a regular ring with unity, then the set
of all principal w-ideals Q(R) of Eg is a complemented, distributive
lattice with its zero being 0, and its unit being w(1).

3.2 Order of the Complemented Modular Lattice

In the following we discuss the properties of the complemented modular
lattice [€2,.] such as perspectivity, independence, order etc.
The following lemma characterizes when two w' ideals are complements

to each other.

Lemma 3.2.1. Two biorder ideals w!(e) and w!(f) are comple-
ments in Q; if and only if there exists an idempotent h € S(e,1 — f)
such that w!(e) = w!(h) and W!(f) = W'(1 = h).

Proof. Suppose there exists an idempotent h € S(e,1 — f) with
wW'(h) = Wl(e) and w'(1 — h) = W(f), then wi(e) V W (f) = w!(h) Vv
w1 —h) = w!(1) and W(e) A W'(f) = W'(h) Aw'(1 —h) = 0. Hence
w'(e) and w!(f) are complements of each other.
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Conversely, suppose that w!(e) and w!(f) are complements of each other
in €;. Then

w'(e) vw'(f) =w'(1) and w'(e) Aw'(f) = {0}
and there exists h € Si(e,1 — f), so that by lemma 3.1.1
w'(e) V' (f) = ' (h(1 = f) + f) and w'(e) Aw'(f) = w'(e(1 — h))
Therefore,
W'(h(1 = f)+ f) = w'(1) and w'(e(1 — h)) = {0}

and so by definition, (h(1—f)+f)1 = h(1—f)+fand 1(h(1-f)+f) =1
and e(1 —h)0 =0 and 0(e(1—h)) =e(l —h). Hence, h(1—f)+ f =1
and e(1 — h) = 0 so that h(1 — f) = (1 — f) and e(1 — h) = 0, thus
(1 — f)w" hand e w! h so that w"(1 — f) C w"(h) and w'(e) C w'(h).
Since h € Si(e,1 — f), we have h w" (1 — f) and h ' e, so that
w'(h) C wl(e) and w"(h) C w"(1 — f) hence w"(h) = w"(1 — f) and
w!'(h) = w!(e). Now, since w"(h) = w"(1—f), we have w'(1—h) = J'(f).
Thus w!(h) = w!(e) and W'(1 — h) = W!(f). O

Similarly two w”-ideals, w”(e) and w"(f) are complements if and
only if there exists an idempotent k such that w”(e) = w’(k) and
W (f) = (1= k).

Two elements of a lattice are said to be in perspective if they have a
common complement.

Now, we describe perspectivity of two members of {); in a regular ring
in terms of the E-sequence as follows:

Lemma 3.2.2. Let w!(e) and w!(f) be biorder ideals in ;. Then
w'(e) and w!(f) are perspective in € if and only if 1 < dj(e, f) < 3.

Proof. Suppose that w!(e) and w!(f) are in perspective. Then there
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exists a common complement w'(g) of w!(e) and w!(f) in €. Since w!(e)
and w'(g) are complements of each other in €2, there exists h in Eg by
lemma 3.2.1 with

w'(h) = w'(e) and w'(1 — h) = w'(g)

Again, since w'(f) and w!(g) are complements of each other, there exists
k in Eg such that

Wh(k) = W!'(f) and W'(1 — k) = w'(g)

But w'(e) = w!(h), so that e £ h and since w!(k) = w!(f), we have
kL f. Also, w(1—h)=uwl(g) =w(l—Fk)so (1l—nh)L(1—k)and
hence h R k. Thuse L h R k L f, so the E-sequence from e to f is of
length 3.

Conversely, suppose 1 < d;(e, f) < 3, then there exist g and h in Eg
with e L gR h L f. Since e L g, we have e w' N(w!")"1g, so e w! g and
g w'e. Thus w'(e) C w!(g) and w'(g) C w'(e). Hence w'(e) = w'(g) and
so w!(1 — g) is a complement of w!(g) = w'(e). Also, from g R h, we
have (1 — g)£(1 — k) so that w'(1 — g) = w'(1 — h) and so w'(1 — g) is
a complement of w'(h). Moreover, from h L f, we have w'(h) = w'(f).
Hence w!(1 — g) is a complement of w!(h) = w'(f), thus w!(1 — g) is a
complement of both w'(e) and w!(f). O

Definition 3.2.1. Let {; be a complemented modular lattice with
zero 0 and unit w'(1). A basis of ; is a collection
{w'(e;):i=1,2,...n} € Qp such that {w'(e;): i=1,2,...,n} are in-
dependent, w'(e;) V...V w!(e,) = w!(1). The number of elements in a
basis is called the order of the basis. Further, a basis is homogeneous

if its elements are pairwise perspective.

Proposition 3.2.1. Lete, f € Er and f w (1 —e) then

We) Vu'(f) =w'(e+ f), w'(e) Auw'(f) = {0}
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in the lattice €);.

Proof. Since f w (1—e), clearly e+ f € Fr and e+ f € w'(e) VW' (f).
Thus
wWi(e+ f) Cw'(e) vw'(f).

Also, since e(e + f) = e and f(e + f) = f, w'(e) C wi(e + f) and
WH(f) C wletf), and so w'(e)Vwi(f) C wl(e+f). Hence w'(e)Vw'(f) =
we+f). Let g € w'(e)AW!(f), then ge = gf = g,50 g = ge = gfe = 0.
Thus w!(e) A w!(f) = {0} whenever f w (1 —e¢). O

The above result can be extended to a finite number of idempotents.
Let ey, e9,e3 € Ep with e; w (1 —¢;),4 # j, then

e1+eg +e3 € we) Vwey) Vwies).

Hence,
wh(er 4 ey +e3) Cwher) Vw(er) V w'(es).

Since e; w! (€1 +ea+e3),i=1,2,3
w'(e;) Cw'(er + ez + e3)

and so,
wher) Vwhey) Vwh(es) C wher + ey + e3).

Thus
whe) Vwl(ey) Vwles) = wher + ey + e3).

Since ew(l — e;) we have e;e; = 0 for ¢ # j, 4,5 = 1,2,3. Thus
e1e9 = egeq = 0 implies e; + e; € Ei and therefore

(wh(er) Vwh(es)) Awl(es) = wher + ex) Awl(es).

Now let e; +e2 = k. Then since e;e; = 0 for ¢ # j, we have kez = 0 and
esk = 0. Hence k w' (1 —e3) and k w” (1 — e3). Therefore, k w (1 — e3)
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and by above lemma 3.2.1
(! (e2) V et (e2)) A w!(e5) = w(e1 + e2) A w!(e5) = w(0) = 0

Thus generalizing the above result for n idempotents, we have the
following lemma.

Lemma 3.2.3. Let ej,e,...€, € Eg with ¢; w (1 —¢;) for i # j
for any i,7. Then w'(e;),w!(es),...,w!(e,) are independent elements
in the lattice € with w!(e;) Vw!(es) V... w!(e,) = wher +ea+.. .+ ¢e,).

Lemma 3.2.4. Let ej,e9,...¢, € Er. Then
w'(er),w'(ez),. .. ,w!(e,) are independent elements in the lattice € if
and only if ; w (1 —e;) for i # 7,4, =1,2,... ,n.

Proof. Suppose e; w (1 — e;). By above lemma
wl(er),w(ey), ... ,w!(e,) are independent. Conversely, suppose n = 1,
then the statement follows trivially. Suppose w'(ey),w!(es), ..., w!(eny1)
are independent. Then by definition

(Whe)) Vwl(es) V... Vw(en)) Aw(enyr) = {0}

Now by corollary to Theorem (1.4)(part 1)[23], there is a complement,
w'(ex) of w'(e,y1) such that

wher) > wher) Vwles) V... Vul(e,).

By Lemma 3.2.1, there exists an idempotent e such that w'(e;) = w'(e)
and w'(eny1) = w'(1 —e). Since w'(ey),w!(eq),...,w!(e,) are indepen-
dent, by induction hypothesis, there exists idempotents ey, eq,...€,
such that e;e; = 0. Now define €] = ee;(1 = 1,2,...,n) and e,41 =
1 —e. We show that eje; = 0 for i # j. Since e; € w'(e;), we have
/

)2 = eciee; = eeje; =

e; € wl(ey) = w'(e) and so e;e = ¢;. Therefore, (€

ee; = e;. Therefore, € is idempotent for i = 1,2,...,n and obviously
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eny1 is an idempotent. Now e} € w!(e;); also ele; = (ee;)e; = ee; = el.
Thus €, € w'(e;) and hence w'(e}) C wl(e;). Also €] = ee; € w(e;).
Now e;el = e;(ee;) = (ee)e; = ee; = e;. Therefore, e; € w!(e}). Hence
w(e;) C wi(el) and so wi(e;) = wi(e}) for i =1,2,...,n.

Finally for 7,5 =1,2,...,n,1 # j,

ens1€; = (1 —e)ee, =0

and

eieni1 = ee;(1 —e) =ee; — ee;e = ee; — ee; = 0

therefore, this result holds for ¢ = n+ 1. By induction this result holds
for every n. O

Lemma 3.2.5. Let ey, ey,...,e, € Eg with ¢; w (1 —e;) for i # j.
Then d;(e;, e;) = 3 for i # j.

Proof. Suppose all these w!(e;)’s are perspective to each other. Then
for each ¢ and j with ¢ # j, there exists a common complement w'(e;;)
of w'(e;) and w'(e;) in . Since w'(e;) and w'(e;;) are complements of
each other in the lattice ), there exists some w'(ej;) in € such that
e;Le;iRejiLe; and so di(e;, e;) < 3.
Since e;e; = 0 for @ # j, e; and e; are neither L-related nor R re-
lated. So, di(e;,e;) # 1. Again if there is an idempotent f € Ep
with e;LfRe; then e;Re;e; = 0, by Clifford Miller Theorem, so that
e; = 0 which is not true. Therefore, it follows that d;(e;, e;) # 2. Thus
di(e;,ej) = 3. O

In the light of the above Lemmas and Propositions, we have the

following theorem.

Theorem 3.2.1. Let R be regular ring with e; w (1 — e;) for
i # j,di(e;,e;) =3 and ey +ea+ ...+ e, =1, Then the complemented,
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modular lattice §; is of order n.

Proof. Since M (e;,e;) = {0} we have by above Lemma(3.2.3) that
wl(er),...,w(e,) are independent elements in € with w!(e;) V w!(es) V
. Vwle,) = weg + e+ ... +e,) and since e; +ea + ... +e, = 1,
w'(er)Vwl(ez) V. .. wl(e,) = w'(1). Since di(e;, e;) = 3, by Lemma(3.2.2)
we have w!(e;) and w'(e;) are perspective to each other. Therefore by
the definition of homogeneous basis, €2; admits a homogeneous basis of
rank n. Thus €); is a complemented, modular lattice of order n. O

Example 3.2.1. Consider the matrix ring R = M(Z,). Clearly,
this ring R is a regular ring with |M3(Zsy)| = 16. The idempotent set
E'r has 8 elements and are listed as follows:

0 0 10 0 0 (1 1]
0= , €61 = , €0 = , €3 = )

0 0 0 0 01 0 0

0 0 10 011'10'
6: ’6: ’6: ’: b
4 1 11]°° 1 01]° 0 1 0 1

The biorder ideals generated by the idempotents in this ring is as fol-

lows:

whier) = {0,e1,e5} w(er) = {0,e1,e5}
w'(e2) = {0, ez, 66} w'(ea) = {0, €2, €4}
Wies) = {0,e3,ea} W'(ez) = {0,e3,e1}
wheg) = {0,eq,e3} w(es) = {0,e4, €5}
w'(es) = {0,e5,e1} w'(es) = {0, e5, €6}
W' (es) = {0, 5,62} W' (e5) = {0, 6,65}
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It can be observed that
e1Les, exLeg, esLes.

and
€1R€3, €2R€4, 65R€6.

It can be seen that w'(e;) and w!(e,) are complements to each other,
since there exists an idempotent, e such that w'(e;) = w'(es) and
w'(eg) = w!(1 — e5). Similarly, there exists an idempotent, eg such that
w'(eg) = wl(eg) and w'(ez) = w!(1 — eg). Therefore, w'(ey) and w!(es)
are complements of each other. Also, w!(e3) = w'(es) and wi(ey) =
w!(1—e4). Therefore, w!(e;) and w!(e3) are complements of each other.
The complemented modular lattice 2; of this ring is as shown below:

Eg
AN
e1) wle) w(es
NIZ

Thus it can be seen that (Eg,0), (w'(e1),w!(e2)), (w'(er),w!(e3)),
(wW'(ez),w!(e3)) are the complementary pairs in the lattice €; and the
pairs (w'(e1),w!(es)), (W(e1),w!(es)), (W(ez),w!(e3)) are the perspec-

tive elements in this lattice €2;.

w(

)

The egg-box diagram of elements of My(Zs) is given by

1]

€6 | €5
€2 €4
€1 | €3
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Also, it can be seen from the egg-box picture that M(ej,ey) =
M (e, e1) = M(ez, e3) = {0}. Thus we get {0,w'(e1),w'(e2)} is a basis
of this complemented modular lattice ; and d;(e;, e2) = 3. Thus this
lattice 2; has a homogeneous basis of order 2.

Example 3.2.2. Consider the matrix ring R = M3(Z,). Clearly,
this ring R is a regular ring with |M3(Zs)| = 512. The idempotent set

E'r has 58 elements and are listed as follows:

000 100 110
0=100 0 ,eo=|000],ea=1]00 0],
(000 (00 0 00 0
[1 0 1] [1 1 1] 100
es=1000]|,es=]000]|,e0=|10 0],
00 0 (000 000
[0 0 0] (1.0 0] [0 0 ]
€17 — 010 , €18 = 010 ,€19 = 010 y
|0 0 | 000 00 0
1 0 1 [0 0 0] [ 1 0 1]
€99 = 010 , €25 = 1 10 , €46 = 1 01

000
(1 0 1
€19 = , €50 = sesa =10 1 1
000
(1.0 0
€55 = , €57 = e66 = [ 0 0 0O
100
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€317 =

€345 =

€386 =

€449 =

e300 = | 0

se361 = | 1

vezss = | O

, €458 =

—_ =

€512 =

—_

, €337 =

, €385 =

, €391

, €467

It can be seen that in this ring the w' ideals satisfy
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= w'(e10) = w'(ees) = w'(en)

w'(ey)

= wl(625) = Wl(€196) = Wl(6217)

w'(eyq)

= w(eqs) = w'(esa1) = w(eser)

w(eg)

= w'(es7) = w'(earn) = w'(es12)

wl(eg)

= w'(e19) = w'(ews) = w'(e1ar)

wl(617)

= w'(eg2) = w'(ewss) = w'(e210)

wl(elg)

= Wl(6152) = wl(€337) = wl<6467>

u}l(€22)

= w(ess) = w'(esgss) = w'(esqr)

(,L)l(649)

= Wl(em) = wl(€386) = wl(€45s)

wl(e50)

= wl(6239) = wl(€345) = wl(esss)

wl(e54)

(110)

= Wl(e%l) = Wl(€289) = wl(ezgs)

wl (6257)

(111)

= wl(e%o) = Wl(€296) = wl<€281>

wl(€317)

(112)

= Wl(€266) = Wl(€290) = Wl<€298>

w' (6258)

(113)

= wl(€275) = wl(€277) = wl(€279)

w' (6273)

(114)

and it can be sen that

[17[27[5 g I6
137[47[5 g I7
Iy, Iy, Iy C Iro

I, 1y, Ig C I

Iy, I3, Ig C Iy
Is, Is, Iy C L4

I, I3, 1 C I3
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72

The w" ideals satisfy

= w'(e4) = w'(eg) = w'(es)

w"(eq)

= w"(e25) = W (ea9) = w'(e57)

w"(e17)

= w'(e19) = w'(es) = W' (es5)

w"(e1p)

= WT(€196) = u17”(6261) = cUr(ﬁ’?,gﬂ

wr(egﬁ)

= w"(e22) = w'(e50) = w'(€54)

wr(elg)

= LL}T(€147) = Cdr(6293) = wr(€512)

wr(674)

= wr(€122) = WT(6277) = wr(€317)

wr(esg)

= wr(€217) = wr(6289> = WT(6361)

u)7“(6145)

= w'(e152) = W' (€290) = W' (€296)

WT(6146)

= wr(€239) = WT(€279) = WT(6298)

w"(emo)

= w'(e321) = W' (e385) = W' (€aa9)

WT(6257)

wr(€275) = WT<€458> = WT(6467)
WT(€258) WT<€386>

WT(€266)

wr(esss)
uJT(~93453)

w"(e%o)
w"(ear3)

WT(€281) = WT(€337) =

The complemented modular lattice €2; of the biorder ideals is as follows:
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Er

wl(6258) wl(€50) wl(€54) wl(els) wl(€22) wl(€317)wl(€273)

w!(eq9) W(easr) wiles) wl(

eq) wierr) wheg) w(es)

e}

It can be easily seen from this diagram that this lattice has a homoge-

neous basis with 3 elements. For example the set {w!(es), w!(e4), w'(eg) }

is a homogeneous basis of this latt
of order 3.

ice. Thus we can say the lattice is
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Chapter 4

Biordered Sets and
Complemented Modular

Lattices

In [28], Pastjin has constructed a biordered set Ep(y from a comple-
mented modular lattice L. In this chapter, we discuss the properties
of this biordered set Ep(r) and it is shown that the set of idempotents
Eg of a regular ring R is isomorphic to Ep(r,).

4.1 Biordered sets of lattices and homogeneous

basis

In the following we briefly recall the construction of the biordered set
Ep(ry of the complemented modular lattice L. It is shown that this
biordered set is bounded and complemented. Some interesting proper-
ties of the biordered set Ep(;) are also discussed. Finally we describe
the biordered subset satisfying certain conditions as Eg( L) SO that the

complemented modular lattice admits a homogeneous basis.

Let L be a complemented modular lattice and (n;v) be any pair of

75
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complementary elements of L
Let (n;v) : L — L, be the map defined by

r—vA(nVe)foralazin L
and (n;v)": L — L defined by
xr—nV(vAzx)forall zin L

are idempotent order preserving normal mappings. We let the map
(n;v) act on L as right operator and denote by P(L) the subsemigroup
of S*(L) which is generated by these idempotent normal mappings
(n;v), n,v € L. Analogously the mapping (n;v)" is an order preserving
idempotent mapping of L onto the principal ideal [1,n] of (L, V); hence
(n;v)’ is a normal mapping of (L, V) into itself. Letting (n;v)" act on
L as left operators, denote by P(L)’ the subsemigroup of S(L) which
is generated by these idempotent normal mappings (n;v),n,v € L.

Let
Epuy={(nyv):n,ve LnVv=1nAv=0}

and
Epuy ={(n;v) :n,ve Lnvo=1nAv=0}

we refer to the elements (n;v)[(n;v)] as idempotent generators of
P(L)[P(L)]

Theorem 4.1.1 (cf.[28], Theorem 1). Let L be a complemented
modular lattice. Then

1. P(L) is a regular subsemigroup of S*(L) and
Epiry ={(njv) :n,ve LnVv=1nAv=0}.
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2. In (Ep(p),w',w") we have

(n1;v1) W (ng;ve) <= vy <wg in L

and then

(no;v2)(ny;v1) = (N2 V (V2 A ny);vp);
we have

(ny;v1) W' (ng;vy) <= mng <mny in L
and then

(n1;v1)(n2; v2) = (N1 v A (g V vy))

3. Let (ny;v1) and (ng; v9) be any idempotent of P(L). Let n be any
complement of v1Vngy in [ng, 1]; let v be any complement of v1 Angy
in [0,vy]; then n and v are complementary in L and (n;v) is an
element in the sandwich set S((ny;v1), (ne;v2)). Conversely, any
element in the sandwich set S((nq;v1), (ng;ve)) can be obtained
in this way.

The above theorem provides a biordered set Ep() from a comple-
mented modular lattice L.
The zero of P(L) is (1;0) and the identity is (0; 1), obviously (1;0) and
(0;1) are in Epzy. For any (n;v) in biordered set Ep(r), (n;v) w (0;1)
and (1;0) w (n;v).

The following lemma is immediate.

Lemma 4.1.1. Let (ni;v1), (n2;v2) € Ep(ry then

1. S((nq;v1), (no;v2)) = S((ng; v2), (n1;v1)) = {(1;0)} if and only if
v; < ng and vy < ny.

2. For v; < ng and vy < ny, (v1 V v9;n9 A ny) is the unique element
in S((vi;n1)(v2;12)) = S((v2;12) (V15 10)).
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Proof. 1. Let (ni;v1), (neo;ve) € Epy with v1 < ny. Now let
(n;v) € S((n1;v1), (ng;ve)). Then by definition of sandwich set
as in [[28], Theorem 1] n is a complement of 1 in [ng, 1] and v is a

U(ny;vy) and (nyv) w"

complement of vy in [0,v]. Since, (n;v) w
(ng9; vq), it follows that ny < n and n V ny = 1 implies n = 1 and
v <wv; and v Avy = 0 implies v = 0. Thus S((nq;v1), (ng;ve)) =
{(1;0)}. Similarly, S((ng;v2), (n1;v1)) = {(1;0)} if v < ny. The

converse follows immediately.

2. For v; < ny and vy < nq, by definition,
(v1;n1)(v2;m2) = (V1 V (ng Avg);ne A (vaVny)) = (v1 Vug;ng Ang)
and
(va;m2)(v1;my) = (V2 V (N2 Av1);ny A (v Vng)) = (va Vo ng Ang).

Thus (vy;n1)(v2;n2) = (v9;n2)(v1;n1). It can be easily seen that
(v1 V v9) is a complement of vy V ny in [ve, 1] and (ng A nq) is
a complement of vy A ny in [0,n;1]. Thus (v; V ve;ng A ny) €
S((v1;m1)(ve;ng)). Similarly, (v V vg) is a complement of vy V ngy
in [vq, 1] and (ne Anq) is a complement of v; Ang in [0, ny]. There-

fore, (v1 V vg;ng Any) € S((va;n2)(v1;n1)).

Now it remains to prove the uniqueness of this element. Suppose
there exists another element say (a;a’) € S((vi;n1)(va;n2)) N
S((ve;ng)(v1;n1)). Then vy < a,d’ < ny,ve < a,a < ny and
from the definition of sandwich set as in [28] it can be seen that
aVn,=1,dANvy=0,aVny, =1, Avy =0and aAn; < vg,nq <
a' Vg, aAng < vi,ng < a' Vo, Thusa =wv Vs and a’ = ny Ang
and (a;a’) = (v1;n1)(ve; n2) is unique.

]

Thus Ep(r) has the following properties:
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For each (n;v) € Ep(r) there exists an element (v;n) € Ep() such
that (n;v)(v;n) = (v;n)(n;v) = (1;0). The element (v;n) is called the
inverse of (n;v).

o (ng;v1) W (ng;ve) <= (v2;n9) W (v1;M1).

o v} < ny <= S((ny;v1)(n2;v2)) = (1;0)

Hence the biordered set Ep(;, is a bounded and complemented biordered

set.

From here onwards we consider the biordered subset of Ep() sat-
isfying v; < n; for all (n;;v;), (nj;v;) and @ # j.

For (n;;v;), (n;;v;), with @ # j in the biordered subset we have (v;;n;)(v;;n;) =
(vjini)(vi;ng) = (v; Vvj;n; An;). Now define

(ng;v;) & (nj;v;) = (N Ang;v; V)

Lemma 4.1.2. For the biordered subset of Epy with v; < n;
for i # j and let (p;q) = (n;;v;) @ (nj;v;). Then (p;q) satisfies the
following properties:

L. (ni;vi), (ng;v5) € w((p; q))

2. If (r;s) € Epy with (n:;v;), (ny;v;) cw! ((r;s)) then (p;q) €
((r35))-
3. If (r;s) € Epry with (ng;v;), (nj;v5) €w” ((r;s)), then (p;q) w"

((r; 5))-

Proof. 1. Note that (p; q) € S((n;;v;)(nj;v5))NS((nj;v5)(ng; v;)).
Therefore, (¢;p) w' (vi;n:), (¢:p) W™ (vjin5), (¢;p) W' (vjiny) and
(¢;p) W (vizn;). Thus p < mny,p < ny,v; < q,v; < g and (ng;v;) w
(p;q) and (nj;v;) w (p; q).
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2. Let (r;s) € Epry with (n;;v;) w' (r;s) and (nj;v;) W' (r;s), then
v; < s and v; < s. Then as seen above in lemma 4.1.1(2),

(¢;p) = (vi;ni) (v5 ;).

Thus, v; < simplies (s;7) W (vj;n;), that is (vj;n;)(s;7) = (s;7).
Similarly, v; < s implies (s;7) w" (v;;n;), that is (vi;n;)(s;r) =

(s;7).

Therefore,

(@:p)(s;7) = (vi;na) (v53m5) (s;7) = (7)),

that is (s;7) w” (¢;p) also (p;q) W' (r;s).

3. The proof follows similarly as above.

The next lemma shows that the addition defined is cancellative.

Lemma 4.1.3. Let (n;v;), (n;v;), (ng;vr) € Epy with v; <
nj,v; < n; and v; < ng,vp < n; fori # j # k. Then (n;v;) B (ny;v5) =
(ni;v;) @ (ng; vg) if and only if (nj;v;) = (ng; vg).

Proof. If (nj;v;) = (ng; vk), then in Epp)

(ni; v)®(ny;v;) = (njAng; v Vu;) = (nEAng; v; Vo) = (15 0;) B (g o).

Conversely suppose that (n;;v;) & (n;;v;) = (n;;v;) & (ng;vg). Then

(nj A v Vo) = (n; Ang; vV o) = (ng Ang; v Vog) = (n; Ang; v, V ;).
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Also since v; < n; and v; < ny;

(5 v5) (vg; ) =

Therefore, S((n;;v;)(v;;n;)) = {(1;0)} and so v; < v, and

Uk nk)(vu n;) (nﬁ Uj)

vg; 1) (v 10) (1255.05))

(vx; k) (55 v;5)
v V vy A ng)(ng; vj)

Vg5 Ty )(Ujﬂnj)(nj;vj>
vi;ni)(1;0)

(

(

(

= (v; Vvj;n; Ang)(ng; v))
(

(

(1;0)

Therefore, S((vg;ng)(n;;v;)) = {(1;0)} and so n; < ny. Interchanging
(ng; vg) and (nj;v;), nj < ng. Thus n; = ny and v; = v,. That is,

(5 v5) = (ng; vg).- O

Corollary 4.1.1. Let (n;;v;), (nj;v;) € Epy with v; < n; for
i # j. Then

(ni;vi) @ (nj;v;) = (0;1) if and only if (n;;v;) = (vi;ny).
Proof. By Lemma(4.1.1) we have

S((ni;vi)(visni)) = S((vi; na) (ni; vi)) = {(1;0)} .
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Therefore,
S((ni; i) (visna)) O S ((vis i) (nis vi)) = {(1;0)} -
That is, ((v; V ni;n; Av;)) = (1;0). Thus we get
(ng;v;) ® (visng) = (ng Ay v V) = (0;1).
Conversely, suppose (n;; v;) @ (n;;v;)

= (1;0). Since (n;;v;) ® (vi;n;) =
(1;0), it follows that (n;;v;) = (vi;n;), by above lemma. O

Lemma 4.1.4. Let Ep() be the biordered set with v; < ny,
v; <y, v < g, v <Ny, U5 < g, v <y for @ # j # k. Then for
elements (n;v;), (n;;v;), (ks vk), 4, j,k =1,2,..., N with ¢ # j # k in
Epy, the collection {vy,vy,...,vn} are independent elements in the
lattice L.

Proof. We have the set {(n;;v;):4=1,2,...,N} in Ep( so that
the elements vy, vo, ..., vy are in the complemented modular lattice L.
We show that the collection {vy,vs, ..., vy} are independent elements
in the lattice. Since v; < ny and v; < ny, for @ # j in Ep(r), we have
(v; Vuj) < mny fori # j # k.

Then
(v; Vuj) Ao, <mg Av, =0

Thus for any such pairs (n;;v;), v;’s satisfy this property. Hence the

collection {v;: i =1,2...,n} are independent. ]

For any biordered subset of Ep(y) consisting of N elements, with v; <
nj, i, =1,2,...,N, 1 # j, the collection {vy,vs,...,vn} are indepen-
dent in the lattice L.

In the following we assume that the biordered set Ep(z) has elements
{(ni;v;): i =1,2,..., N} satisfying the following properties:

1. v;<njfori#j
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2. (n1;01) B (n2;09) B ... & (ny;vy) = (051)
3. di((ni;v;), (nj;v5)) = 3 for i # j.
and denote this biordered set as E?)( L)

In the light of (Theorem 6, [28]) stated below,

Theorem 4.1.2. Let L be any complemented modular lattice,
let v1,v9 € L and let ni[ny| be any complement of vy[vs] in L. Then
vy ~ vy in L if and only if (ny;v1) and (ng;ve) are connected by an

E-sequence in Ep(r).

From the fact that the perspectivity in the complemented modu-
lar lattice L is transitive if and only if any two elements (ny;v;) and
(ng2;v2) are connected by an E-sequence of length 3 (see[28], page 218),
it is easy to see that the complemented modular lattice L with the
biordered set E?D(L) having elements {(n;;v;), : i =1,2,... N} the col-
lection {v1, v, ...vn} in L satisfies, v; V vy V... vx = 1 and each v;’s
are pairwise perspective. That is, the complemented modular lattice
admits a homogeneous basis of order N that is L is a lattice of order
N (see definition in [23]).

Example 4.1.1. Consider the complemented modular lattice
Q = {w'(e;): e; € R} of order n (See Chapter3, Theorems 3.1.2, 3.2.1)

where
W'(e) VW' (f) = w'(h(1 = f) + f) and w'(e) AW'(f) = w'(e(1 — h))

The maps
(W1 —e);wl(e)), (W1 —e);wi(e))': Q — O defined by

(W1 —e);w'(e))(z) — w(e) A (W1 —¢€)Va)
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and
(W1 —e)w(e))(z) — (1 —e)V (J'(e) A2)

are idempotent order preserving normal mappings. We denote by P(£);)
the subsemigroup of S*(€);) which is generated by these idempotent
normal mappings (w'(1 — e);w'(e)) defined as in [28]. Then

Ep) = {(wl(l — e),wl(e)): wl(l —e) \/wl(e) = 1,wl(1 —e) /\wl(e) = 0} )

Ep(q,) is the biordered set of the semigroup P(€) and it can be eas-
ily seen that Ep(,) has elements (w'(1 — ¢;);w'(e;)): 4 = 1,2,...,N
satisfying all the properties of E%( L)

The next lemma gives a biorder isomorphism between the biordered

set of idempotents in the ring R and the biordered set Ep(q,).

Lemma 4.1.5. Every idempotent e in a ring R is associated with
a pair (w!'(1 — e);w'(e)) of complementary biorder ideals in Er. The
map €: Ep — Ep(q,) defined by e(e) = (w'(1 — e);w!(e)) is a biorder

isomorphism.

Proof. For each e € Eg, (W'(1 — e);w'(e)) is a complementary pair

in the lattice €2; and the mapping
e: e — (W1 —e);wi(e)) forall e € Ep

is a map of Er into Ep(,). The map ¢ is clearly injective. It follows
from the definition of biordered set [[25], Definition 1] and the equation
1 in Theorem(1) [28] that the map e preserve basic products and hence
€: Er — Ep(q,) is a biorder isomorphism. Also, it can be easily seen
that this map e is a regular bimorphism. ]

Thus we have Ep(q,) and Eg are biorder isomorphic. Now we show
that there exists elements eq, eq,...,en in ER satisfying all the condi-
: 0
tions of EP(Q,)'
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Consider E%(Ql)' Then there are elements ((W'(1 — e;);w!(e;): i =
1,2,...,N) such that

Lo w1 —e;) < whe;) fori #j

2. (w(l—e1);w(er))®(w(1—eg);w'(e2))®. . . B(w (1—en);wi(en)) =
(0;1)

3. di(W'(1 = e;);w'(eq), (W'(1 — e5);w'(e;))) =3

Since Ep(q,) and Eg are biorder isomorphic, corresponding to each

(W1 —e);wl(es): i =1,2,..., N), there exists elements e, es, ..., ex
such that

L. w'(1 =€) < wie;) for i # j implies (W'(1 — e;);w!(e;))(w(1 —

ej);w'(e;)) = {(0;1)}. But w'(1—e;) < w'(e;) implies 1 —¢; w' ¢

thus e; w" (1 —¢;) and so e;e; = 0 for ¢ # j.

The second condition implies

2. (W1 —e);wl(e))®... @ (W1 —en);w(en)) = (0;w!(1)) which
implies w'(e1) V w!(ez) V...V wi(ey) = w!(1). But we have from
Lemma 3.2.3, e;e; = 0 for i # j implies w'(e;) V wl(eg) V... V
w'(en) = wl(eg+ex+. . .+ey) = w!(1) and hence e +ep+. . .+ey =
1.

3. di((W(1 — e);wl(ed)), (W1 — €;);wl(ej))) = 3 implies there ex-
ists elements (w!'(1 — €;);w!(e;))L (W1 — ep);w(en))R (W1 —
er); w'(ex))L(w!'(1—e;);w!(e;)). Therefore, by definition of £ and
R, w!(e;) = wl(en) and w'(1—ep) = w'(1—ep) and w'(er) = w'(e;).
But w'(1—e;) = w'(1 —e;) implies w”(ey) = w"(ex). Thus we get
e;LepRe,Le; and hence dj(e;, e;) = 3.

Since EO( o s a biorder subset of Epq,), and corresponding to each
element in Ep(q,), there exists elements in Er satisfying all the con-
ditions of EIOD(QZ), as shown above, we have EP(QI) and Er are biorder

isomorphic.
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4.2 Von Neumann coordinatisation Theorem and

its analogue

A coordinatisation theorem is a statement that expresses a class of
geometric objects in algebraic terms. See for example the classical
coordinatisation theorem of Arguesian affine planes(cf [1], page 101).
This idea was extended to the coordinatisation of modular lattices by
regular rings due to von Neumann [23].

Von Neumann’s Coordinatisation Theorem:

Theorem 4.2.1. If a complemented modular lattice L has a span-
ning finite homogeneous basis with at least four elements, then there
exists a von Neuman regular ring R such that L is isomorphic to the
lattice of all principal right[left] ideals of R.

In the previous section, we have shown that if a complemented
modular lattice L admits the biordered subset E?D( L consisting of N
elements, then L has a homogeneous basis of order N. Thus analogous
to von-Neumann’s coordinatization theorem, we have the following the-

orem:

Theorem 4.2.2. Let L be a complemented modular lattice admit-
ting a biordered subset with at least 4 elements, having the following

properties:
1. v <njfori#j
2. (ny;v1) @ (no;va) & ... & (ny;vy) = (0;1)
3. di((ni;vi), (nj;v5)) = 3 for i # j,

then there exists a von Neumann regular ring R such that L is isomor-
phic to the lattice of all principal left ideals of R.
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In the following, we provide some examples of complemented modu-
lar lattice L with biordered set E'p(ry admitting biordered subsets E%( L
having 2 elements.

Example 4.2.1. Consider the lattice M3 = {0, 1, ay, as, as}

The biordered set

E(Ms) = {(a1; a2), (az; as), (a1; as), (as; a1), (as; az), (as; a1), (0;1), (1;0)}

and the biorder relations are as follows:

(a1;a2)ﬁ(a3;a2), (GQ;G1)£(G3;CL1)7 (al;a3)£(a2;a3)

and
(al; CLQ)R(G1; a3)7 (a2; 613)72(@2; Gl), (as; Gl)R(a:a; Gz)

The egg-box picture of this biordered set is as follows:

(a1;a2) | (a1;a3)
(az;ar) (az;az)
(az;ar) | (as;az)

This lattice M3 has a homogeneous basis of order 2, since the
biordered subset E?D( 1) has only 2 elements {(a1;az2), (as;a1)}. Recall
the matrix ring M(Z,) as in (Chap.2, Example 2.1.1). The egg-box
picture of the idempotents of this ring is the following:



88 Chapter 4. Biordered Sets and Complemented Modular Lattices

1]

€6 | €5
€3 €1
€4 | €2

0]

It is easily seen that these two biordered sets E(Mj) and E(My(Zs))
are isomorphic. As seen in Chapter 3, Example 3.2.1 that the w'-ideal
of the ring Ms(Zs) is the complemented modular lattice Ms. Therefore,
the lattice Mj is coordinatised by the ring My (Zs).

Example 4.2.2. Consider the lattice My = {0, 1, ay, as, as, as}

VAN
V4

The biordered sets of M, is the following:

(a1;a2) | (a1;a3) | (a1;a4)
(az;a1) (az;az) | (az;as)
(as;ar) | (as;as) (a3;ay)
(as;a1) | (as;a2) | (as;a3)

It can be seen from the biordered subset E?)( /) that the lattice My
also has a homogenoeous basis of order 2. Consider the ring M(Z3)
and the biordered set of My(Zs3) is
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1]

€11 | €81 | €3l
€46 €37 | €28
€69 | €20 €34
eg | €2 | €5

0]

Here also it is easy to observe that the biordered sets E(M,) and

E(M5(Z3)) are isomorphic.

Ms(Zs3) is the lattice My given below:

AN
Ny

Thus M5(Z3) is coordinatised by M.

The lattice of biorder ideals of the ring

Example 4.2.3. Consider the lattice M5 = {0, 1, ay, as, ag, a4, as}

ai a2

1

Qy as
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has a homogenoeous basis of order 2. The biordered sets of M; is the

following;:

(ai1;a2) | (ar;a3) | (ar;a4) | (ar;as)
(az;a1) (ag;a3) | (ag;a4) | (ag;as)
(a3;a1) | (a3;a2) (a3;aq) | (a3;a4)
(ag;a1) | (as;a2) | (as;a3) (as; as)
(as;a1) | (as;a2) | (as;a3) | (as;aq)

Consider the ring My(F,) where Fy is the field of order 4 defined
by F, = {0,1,3,8+ 1} where 8 is a root of 22 + x + 1, z € Z,. The
idempotents of this matrix ring is as follows:

00
00

|
s

6122[
616:[

o
o

00
11

1 B2
0 0
62
1

1
B

o |
-

]’6”’:[6

and the biordered set of My(Fy) is

1 0] 00
00 ’62:[0 1]’63:[
03] 0 3]
01 ’66:[0 1 ’67:[
11 10|
00]’610:[10 o=
10 10
017614:[52 0176152
s, &
ot s B
MES N
2 y - T 9
B B 01

o]

01
01

|

1]
],

BB
BB

51
1 B

|
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1]

€14 | €18 | €15 | €5

€3 €4 €7 | €2
€19 | €10 €20 | €3
€16 | €13 | €17 €6

€11 €1 €9 €12

0]

Here also it is easily seen that the biordered sets that E(M;) and
E(M;(F,)) are isomorphic and the lattice of biorder ideals of E'(M(Fy))
is A45.

Example 4.2.4. Consider the following lattice.
1

ay Q9 as ay as Qg ay

ag g Q10 G111 A12 A13 Q14

0

The complementary pairs of this lattice are:
(a1;ag), (as; ag), (as; as), (as; ag), (a1; arr), (az; ai1), (az; a11), (as; ai1),

(al; CL12), (a2; Cl12), (a3; Clm), (GG; a12)7 (a1; a14), (Cl3; (l14)7 (04; a14), (a7; a14),

(ag; ag), (as; ag), (ag; ag), (as; ag), (az; a13), (as; ais), (az; ars), (ag; ai3)
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(a3; a10), (as; a10), (as; a10), (az; a10), (as; a1), (as; as), (as; as), (as; as),
(a115a1), (a11; az), (a11; az), (a11; as), (a12; ar), (ar2; az), (a12; as), (a12; ag)
(a14; al), (a14; as), (CL14; as), (a14; az), (ag; CLQ), (09; G3)7 (ag; as), (ag; as)
(a13; az), (a13; a), (a13; az), (a13; as ), (a10; as), (aio; as), (ao; as), (aio; ar)

and the eggbox picture of the biordered set of this lattice is given in
page 93:

Consider the elements {ajg,a11,a13} in the lattice L. It is easily
seen that these elements are independent in this lattice and hence the
biordered set Ep(r) has a biordered subset

E?D(L) = {(as; aw), (a1;a11), (as; a13)}

Thus this lattice has a homogenoeus basis with 3 elements and so the
lattice L is of order 3. Also from Example 3.2.2, it is evident that this
lattice is coordinatised by the ring Mj5(Zs).
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Abc wwﬁcv A«?c Wjdv ch mwﬁcv Aﬁc wvﬁdv
?3 wmﬁcv Awd wmﬁ@v Qﬁc Wm:ov Amd wm:d
Ams wmﬁﬁv Amd mm:& Amd mmﬁcv A:v wmﬁdv
(4 (TIp) (%p {TIp) (en‘Tip) | (T ‘TIp)
(4p:0Tp) | (9p:0Tp) | (%p :0Tp) (&p {0Tp)
($pi6p) | (VYpi6p) | (€pi6p) | (Tpi6D)
(9p :8p) (9p i8p) (¥v :8D) (Tn i8p)

(vIpilp) | (€1p ilp) (01p tip)
(€1p {9p) (01p t9p)
(0Tp (p)
(VIp ¥p) | (€Tp ¥D)
(Vv €p) (0Tp (€p)
(€Tp Tp)
(Vp {Tp)

4.2. Von Neumann coordinatisation Theorem and its analogue
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Scope of Further Study

In this thesis the biordered sets (both additive and multiplicative) of
a regular ring are described. But the converse problem of constructing
a regular ring from the biordered set of idempotents was successfully
done only for some very special class of rings. So one can look into this

problem for various classes of rings.

It is shown that the biorder ideals of a regular ring is a comple-
mented modular lattice and an analogous theorem to von Neumann’s
coordinatization theorem is provided. But the actual construction of
the ring coordinatizing the lattice using biordered sets (independent of

von Neumann’s construction of L- numbers) is yet to achieve.

In chapter 4, we provide some examples for biordered sets of lattices
of order two and three. But the existence of the biordered set does not
guarantee the coordinatization of the lattices of order less than 4. This

demands further study in this direction.
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