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....... , .. , for bllb ......... (t •• ) 1 .... to aI,ebral-

oall, tH.uts' .. ' ..... 1 •• __ .Ile .,fM. of .. 01 ........ 

_.tte ft.ld le ..... t.,o _ ......... tM e'al_l 

.. _.'S .'s_ or"" 1i lA .. a j/. - t't A". • 'lid. - .... , 

bM ... tIl. '[~ ... , ......... 0,.,. .... _ 1 ••• 1' et 3_ 
dtla .... 0"" .... , .. 'hn •• 

[ 1T~ t:ri'" J -
(t.l8) 

wIa.... F 14" la tIl •• 1 ............ " •. flol •• _or. !'or b.t­

_ ..... (t.tl) •• (1.11) tor ap'" all wl'" .... lMl .te­

.......... t. I.' ..... tt ... iatl'OdDMd .... 

(t.lI) 

... tbe ...... ta..., .. fttltu .. ta DO le ... or 00 •• 1 .... ' wt. ... 

et. (l.It), .......... _. ot ... (1.11). ft. _ tIl,,, 
e. "',pea t. ta' ... r .,ta tt.l .. 11'1" apta • ~ t. 
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pt.rs and Pall .081 ••• " that tIl. aos .. expedl •• t 

• .,. Of naoln. tilt. 41ftl .. 1., I ........ p a Lac ..... t .. 

' .... Ifttloft ••• Ia the ..... t... ot _tt.. _ .. 11 ••• _.1-

41AJ7 00841ttoa toll .. ~ ... ftJI'lati •• ot tile ._ ........ S ... 

It .... SDteraoU .......... tDt ....... ft. the ~ ...... I .. t • 

.... 1IItl ..... & .. t ... ot aotl ..... tile ..... tdlU7 ooll4tttou 

will ..... at. thel ....... 1 eoa,stabillty. 

ID ,ODOraI to .. ht.har .piu D. Lagraql_ to.-a­

latlon nqtd..... tile IntrochlOtloD ot ._ -.stlla..,. ftrta1tl .. 

0 .. tl.l61. "- Lac ..... I ... far .pta 3/1 aDd .,ta I tl.l48 

11 .. D by rten aad }'»allll eoatal. ".1'118 dep .. dt. oa noh 

aaxtllary Ilel48 and tbe yaatshtnc ot tbeee tuncttone ••• 

result ot 'lb • ...tatl .. 18 ensured .y a proper oholce ot 

certala numerical ooefttoteat.. Lngranglaa to~latloD. 

alone tb ••• IIa ... er. d ... lop04 tor higher .,1 .. by FroD.dalll 

... cuaall to ... plu .pto .t _4.t lat., tbe •• baY. ,_ 

.d ...... to tteld8 ot a...,ltraJ7 .pla ltF !Ill ........ __ 14,11. 

The ClINIC Lacr .... l. tor a .plll 3/a tt.14 nth aD .. xiII..,. 

.p1a.. q; I. ,t ..... , 

(1.31) 

ud ool .. olae •• 1 tb tbe Lac ..... I-



13 

with aD .... ltr&17 .,.,....t ... dl • .,. ..... 4 __ Mo14.er and 

c.ell 
It 1'JA -) ~ Jot 1" ~ Y}4 ~. 8i.l1vl, , .. 1'1. ...... Paall 

Lacraaal.. tor .pia a tte14 with an aa2iltar.r ... lar fl.14 

la ... Iyale.t te tbe Laaraact- .. tat •• '" waDI'I. • ... ... 

.... tton. di •••• ea praYS •• I, _, aIlO la. tnat ... f .... a 

Lacr.,,- poSDt .t ri •• 

011 .. a Latraqt- ' ..... l.U .. ,. ,. It.a _oalo.l 

quaDtl_tlo ... t tile t'elt ..... 0"""' •• OIlt. IIIIt tor 11.1 .. 

of e,la 8 1 tltl. ytI'Oe ...... H.O •• IliSIal,. ... , ....... 

to the ..... oe .f .... '4'..,. .. a." ......... ___ •• , all 

OOIIPon .. 'a el .Ia. Ite14 _Ieall,. I •• ., ... t. ...... ... t ... 

b.~Gre at,..,tl~ qUAnti .. tl •• , tb ...... lcal1' lad.pen"" 

tl.14. ad _.enta IbISt .... ,. ... e«. S.IIw1 ... r· ... _tlon 
. 

prlaotpl. approaob wh.re!D q.aatl •• tloa foil ... ai-ply ~ 

'4 ... tlf1t.ac tbe g ... rator oorre.poll41111 to tII. 1»_4...,. 

.art.atloa with th. 1.ftDlt_tul ,.eraton ot aattaay VU ... 

to ... atloa 1. btlbl), ......a.. ID tbi. eoatut ... bu __ 

applied b,. MelcJaqer and cu.lt• Cb ... 13,2 ... d SI .... &Jut 

aaa •• 16 ,21 to quaDti •• h1&her .pla tl.lds. 

Aa alt.rIPtl •• , DO .... Lac .... ' .. , .pproaab ... 

pl .... red b)' u.e ....... Y~aba.b130,31. A •••• rall .. tl .. 

of tbe Yaq-Jl.ldllaasa _tbod. tbt. 0'" .... pplted to tll. 

quaatl .. tloD of • 11.14 0' ar'ttrar,r .pla If tbe ft.le ..... 

tl0D. an ot tile to ... 



Ad.p C~) Cf>cl ex) .. 0 (1.SI) 

pl'M't4e4 tb. 4Itt ...... 'I.! .,.r .... ., A •• ttatl .. oenal. 

Wltb 'Ile tatttal tUftl .. ltl ........... witboat 

too .ell .tto .... tile fl.14 , ...... , .t Ill' ...... pt. parttol .. 

r_al ... a _re 01ll'10111t, utll npen-_ MlBII to r .... al 

tbe ext.t ... of .......... of '"' ..... I •• lI' ldabe .. a.he. 

Ittort. '0 .... re'... th. 4,...1.8 ot btlber .,Ia partial .. 

wttld.a tIl. fr ..... " ot tt.14 theOr, 1 •• to ,Ite eboekt .. 

"allMtl_ tllat ,be tlleo..,. ... hll .t eeatndlett..e. 

Ot , ......... 11.. la ht~her .pin ttel4 tbeOr,r, the earlt .. t 

ODe to .. D." .... , .1I&t lae •••• to " _0_ ae .... J'obDa_ 

h48Nb .. IS .fteo'. 

WIItl. tile q ••• tt .. ttoa of tr .. ttel" 01 lat ..... .. 

• pl. ,.... •• pro'l.. la_80_ _4 sadan.... la tll1 ...... . 

that a oo •• I.t_t .... tl_ttOD 0' _ lnte .... U." ball-tnt ... r 

lIPID neld .t .pt. •• > i le I-pertl .. It, tile PN8 __ ot 

GODs'raint relatlo... !he, pror.d • ,en era I tbeo~ whloh 

usert. tbat tor _ob tiel" tbe ,...llIt11', ot 00.81st.t 

quantl .. tloD requl .... tbat t ... equal-till. aU ... -..tator 



I • 

.. st _. twlotlo •• ot t .. e otb.r ttela. to wtal." t ... tl.14 

III q ... tioa I. ooupled. Tbl. renl t a41 be 111uatr:tte4 

wt tIa the __ ,1. ot tile Rar1 ta-SohwiDg.r tte14 t~ t. 

iDtersett .. wtt .. AB .xte~l el .. tro-acnetto tl.14 with th. 

Lqraqlq d .... i tF 

d... = [ii ~ (WO" lcr + ~) t~ - t~ ( If,. 2f}4 + 1fp J.,)~" 

(1.33) 

wher. lr,u Cl oJA - it. A~ • The tte14 equation obtEd. •• a 

fro- eta. (1.33) i. 

( It, to'" + W\) 'l'p - (If)l)',,, + 11",.. 1u) "1'" 

+ r,. (1f(, tf' - "'V t" +" a. 0 

Eq.(t.H) do •• not prHortbe the 8800l1li ttse-4.rtYatt •• of 

nl~the tle1d oOllpo .. ente anti tbe tOtll'th oOllpoDent ot eq. 
a 

(l.M) yields the pri .. , CCMurtraint 
A 

= 0 

Oettnt.nc tbat part ot t~ whio... VRDatOI'lU .. a 8p1ll 3/a 

objeot UDder .patlal rotation. It, 
(t.al) 

the ooD8tralat relatton (1.31) oan be WTttte. a. 



(t.3T) 

la Setnrt. .... , ... " •• ,n.eet,l. approaoll tile 

.qqal-tllle oo_tatloll relation • • t tile tbeOl7 are det.r­

.1n •• 1I, 

[. ~c.., I Gt ] 

where tbe generator G la obtaiDed tra.tbe tta"'eriyatl.e 

t ..... In £, • and bu tl1'. , .. 

Tbe .qaal-tt •• CoaNutatorw of ~,3/1 tollowtnl troB 

eqa.(1.S9). (1.38) and (1,3T) are 

(1.41) 

where R lA the ansaetlo tlel4. Yhe ooaalete.oy of tbe 

quantl .. tloa de,ea4. OD tbe poeltlYe-dettal' ••••• ot tbe 

e~reaelOD OD the ........ eq. (1.'1) nlob, 0 ... 10 •• 1". I. 

11 



., 
d.'e .. t ... b,. a •• t ...... _ of tbe _ ... tto ft.l" It will 

... ,..1 tlft _1,. It 1/1 \.R \ < .1. If tile .. _Usatto. 

I. oa ... l •• oat la • ola ... t .. _ ot r.t .... II •• t. aaU-

.... ta ... (1.'1) "oltle with tIl •• tr ....... ot t .. _aatto 

tte •• R ......... t. tlaat fr._. Bat tor • ao ..... t.1l1q 

estena1 tte14 a fr ..... al".,. 'be fcnm4 ....... a/I ,. RI > .-
&Dd aeoor41agl,. the oa.Dutatton re14tloD8 ... 14 4 ... lop ea 

Incon.tstenOF. 

JolaDaoa NI d Stadanhan hrtller 4_088 'rated tm t 

lb. Bbab~PtaS&·3a .... tlo. d.aort'l .. a partlol •• llb 

two ••• stat •• od .pln. 3/2 "Il .piD 1 alao .utters fr_ 

tbe type ot tao_lst •• o, d ... rtlte" _0.,.. Lat.r work 

broacbt to Ill" tvtbw ..-ples ot atlll1u patho10110al 

b.hanOll" t. bfolher .plD tIaOOJ7_ Por a apla I t.e14 ooaple cl 

to .. ezterDal e •• ot~ac •• ttc fl.14 thle .a •• "08.tra ... 

'" NathlT• tor a .pta 3/1 fte14 tDteraettag wtt, a aoalar 

field _, Hac .. 3'. and tor the lnteraetto. of a apln 3/1 

partlol. witb a ptOIl aDd DUGloo. b, Natll, Et ... 41 &a4 ~el3f. 

A .... tl .... to tit •• _la .. a ot tile ..... 'FP. 

ot .. tbOl., ....... tbe.. .. t t. a "",,_.0. of _ t.mpJ'Oper 

.. tilod of quaDti.tloD ... rat ••• flnt It,. G1apta _4 Re-.38• 

7be, note. that tile stapl.s' .hotoe of Ganoatoal ~&ble. 

oorr .... a41 ... to the OOElUtnttoll r.l~ttCll. (1.41) tal1e4 

to s8tt~fy the Bet ... , ... equation .t .otlon I. tbe tall, 

quanttzed .lIeo"_ To eay. tbe stwatlO11 tb., tatrodUoect 



a .r ... to~tl .. ID the oftDODloal .artabl ..... OD the 

...... tl.. tIl •• till. "..ld fteult la a _d11'0"tloD .t tile 

Jolm ..... SU4srtt ... aa'loo-.tatoJo. tbey oOajeotare4 tJaa' 

tbe J.ba.oa-sa .... b.. IDeo.elateaoy .1Ib' .. a .parloaa 

.... "'. laMr, Kt •• l aa4 Hatll
39

• ..1oa a l.eral1 •• " 

Y .... P.l.... approaa' 4"' ••• l"a'.. .be need fOr 'be .aao­

nloal "rlabl. , ..... ' .... '108 ., flUp" and aepJco bat tbey 

al ••• brnrod t1t3.t tbe Jobnaua-SUdanbaa antieor..-catatol' t. 

t ••• rl ... UDder tbl. 'rea.to~'toa. The equlyal.a .. of 

lb ...... ta.t •• re1atto .. Obtel.84 troa tbe ao.IOD priD-

otpl • .,proaeb ... ale ... tablteh •• tor a. oase ot a .pt.. 

a/a tt.14 t.,.reotl .. wttb • eoalar &ad otrae fleld,o.,t. 

De ...... tftl._ proof ....... bu •• ea perta"'att .. t ...... 

alq ... aad la tile won. al ..... ret.rred to, tile .... nt •• 

... pr .... 0111, up" ... 01Id 01'1 ... ln 'be ooupliDI OO •• '88t. 

soo·· ed .. 4e4 the Natb-nael _bod to t01lrtb .. 4... .... 

pro... tbe eqal~.nc. of tb. oo ... 'ator .btataet trea 'b. 

aottoa pl"iMtpl ••• y ..... Pit.l .... appronob t. thl. 0 ...... 

Fol1_lJIc till. tllao~t Ha,. ... n •• l'S ••• n.trate4, wt tit 

,be .1Ilpt • ..,.,18 ftt a apl .. 0 - apt. ... apt ••• t •• t .... 

lb. patbolo,t ••• t htlb.r .pl. tt.lda. the equl.ale.oe ot 

Yanc-F~tlSa .... sotl0. prlaolple qaaattsatloa wttbOGt 

iayOkinl ". ... ,.&tto" "' .. .,.. 'l'bey ... j" ..... that tIl. 

8a1le Ilay be tne of otber JlftthOlogteal tbeort .. as ".11. 



I. 

"be .. aptotoD tlla" tile .... tS .. t1 •• 1 •• dllll to 

the o_ts'lSOD nlatt ... (1.41) _, ......... ftriut ... 

null,. •• ttl •• It,. Natal ... and StUlanb .. " b,. .' ..... 1' 

ftrifFIaa "bat .... neta.be .. equaU .. Sa eathttee. ,.ut .. 

tbe ..,ltott d.pea4 ... e ot the est .... l 'S.ld .D .,... ~nI 

.t •• ooordtaat .. tMy pron4 tIlat .Iae ReI._"1'I ..... 'S_ 

t. a.'S.tl .. la tile , .... 1 t .... 

(1.4.) 

wile .... 0 4n." tIl. total .. ta. 4.rt ..... tl .. aa4 Co tbe 

parttal deny. u... S1Ib ...... '1,. ... ,. a olart" ••• t_ ot 

tIl. _I.. .t Potnoari Illft"'''. ...... estena1 nel48 

..... pr .... t ad 1JF ea oxpllo1 t .. 1_1atlen et tbe ea_atato ... 

0' tbe apt .. s/a ,t.ld wt.tlt tll., •• rat .... , __ ktlona 

ut .......... 1.0 .... ,. trauto ..... I_. Matnl ... aad SlId ... 

abaD ahowet that the tt81ds tranatOJ'll oonl"l ant 1,." • la 

lb. oa.. of a spia 3/a tteld luteracting witb a sOAlar tiel • 

• atmllar co.etu.ton "". reached hy nag .. ". ".. It 

MOO._ ahadaatl, olear tlaat the app ...... o of aa lad.flat-

ten."s In 'lbe .atlOO1llllUtlltor .u.t 1Ht the ...... It .t ...... 

faD,,-.tat fl_ in tJae Uaaory and not 'lto ..... It of Doa-

oonriant qauUaatloa • 

. , laadaark t~ ... ~ of patllolO1teal blabe ... 

apia tto14 theory 18 the wer1r et Vel. &lid z .. ua' •• r"·" 
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ne ...... trat .. tb.'lt .erl •• dtltt.l tl.. are P ...... t la 

the lateroe'l .. hi ....... ,ta tt..l" _. oo .. t ........ t tile 

bute o-a_' ... 1 ... 1 tt •• lf. Applri .. tile atiae4 of 

ettaracterle t108.s .. tbe baeSo tool, tla., .b .... tit., la hr­

aatt .. bl,ber .pta fl.14 equation. Interpreted a. 01 ... 10al 

waft e .. atio. PH •••• 01atl ... tbat eltbw dO Itot pro,..." 
or propacate ,,1t.b a velool t, .... 41. tbAt of light. 

To appreciate the Bttare of the dtfficultl •• 

law 1vtt4 It .. ay be prott table to ., ort wltb tl look at tbe 

.~themotioal desoriptlon of waye propacatioa48• ~ ... 

dl.persl •• wave prop~atioa I. a8eoolated with bJPerbollo 

."'~f partial differential equat1.... Por .8.b equa­

tlona an tnitial value probl .. aa, be posed on a ola.s et 

fJUrtAO\~ called "apace-like- uitb respeot to tbe .... tl_. 

aa' the" po ••••• soluttollS wt th wa •• front. tbat traftl 

510" ... ,. at flnlt ••• I08ltl ••• 

•••• nttalIY. tbe obareotu1.stlo .art .... "-:tbe .,.t. ot 

_quat!... Cbar .. t.rl, tl0 8.rt40 •• are tbO" •• ' .... lta 

surf.... tor whlo.. the 111! tlal ".1 •• pro..,l_ laae DO ul •• 

lolutlon. Altera~tt •• l,. tbey .a, .. oharaetert ••• ae 

I ... tao •• so ..... whlob dt.oontiDaitt •• aaD .0 .... ID tlae 

Tb ... obaraotert~tlo eurfae •• 

are d.t~tn.. _, *be ... ttloleDta of tbe bigbee' Order 

dart .. tl ... ~ .... t. ..... rap thrOqb u" potat t.... • 
ra,..... whieb ~alD I. detera!.e. _, tbe oo.ffloteat. .t 
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the blgb ... ord ..... rl •• tl.... In a b".rboll •• ,.t .. It 

.000pll111 1. Intro_o •• tbroqJa low.r or4.r 4ert.a'I .. 'b. 

ra, 0." will ..... 1. a •• ttMted, tba' t., th. aa"' ... • t ,_ 

wa.. , .. o, ... ttoa wt.ll .. tIl •• _ ta tbe free aa4 t. tb. 

lat ... aetID. ..... ftl. 1 ..... , la.., ... I. tile .~pl_ 

ot ,be n.'a-oercton and Dtrao .... '1... (b.th IIIP",,011 • 

• ,..ta) wlleD tile,. a ...... pled, .. le ••• al, ....... 1"1 .... 

, .. I, or tit ..... lowe .. dertnU.... I •• 1''''r •• e tile 

....,-00 ....... 1_ tbe Illb'-OOIlO. 

OD tIl •• tla.r .... 4. I. the ... or'ptl.8 of btab_ 

.plD tl.148 wl tla r.4uD4aat OOllpo ••• t. tile Bul .............. I_ 

.,.atlo .. will Dot fo ... bJPerlt.lt •• ,..... .. ..... ot 

oo •• tral., OODditl" ... ., will •• 1,. .... 'Ita'. ad ... .. 

• r.' •• ,.,... ROW" •• , t.~be tr.. tt.14 ou., tile, • .,. 

'e .b ... ,. , •••• I .. I .. t '0 •. hIP.~ollo .,. ....... ri-
111111 waft ,roPAI.tl.. tOI.ther wt'la ••• pl.ent.1? •• , of 

".'rala' .quatl ... wbloll .... P ..... rye4 1a ,t... la, 
th ..... ow art ... tb. posltblll. ,bat It la Idab .... plll 

IAI .. _'''. I., ..... 'lou an Intl"O"." ' ....... b ....... 1"1-

yatt •• 0 .. I ..... order .... , .. tl •• '.rae tbe ..... ltll1l BD1 ..... 

Lacr ..... "'atlo •• llb' •• 10DC." 1te .... 1 .. 1.' to a la,.., ... 

ltoll •• pt. wt'la tbe lip, OOD. .. 'Ile ra,. 0... 1'.1. 

u. z .. al,.r<&·,<&T f_4 ....... 1 lDat .... ",bere tIl ...... 

troa' pro pea at •• aeroee tbe Il1b' OOD.. C8aaaltt, .10-

MI •• , la tbla •• a •• , WIl8 t'ra' 4_ou' ... ' •• wt, .. the ....,1. 

of • .,Ia 3/2 partl.l0 t. .. .... ..-1 .1 .. troaaa •• 'I. tt.ld 



an" ... 1"'4Iate1, extended to .... ra! lateraetlo .. of 

a .pla 1 nelt. 

I1 

".. Vele-zwaastlv nea1 t -J' be 111 •• trateci b, 

the ea.p~ ot a ohaqe" y .. tor PRrttol. ooapl." to 8ft 

extend .,...trio t.eor poteatlal tbroqll tbe Lacraclaa 

.... n . GrJAv - opq" - ~CP}l. '!'be Daler-Lacrance eqaattoa 

that '011_ le 

and tte teartb eoapoaeat oonetltut .. tlae prtaary ... tratat 

(l.j.) 

The eeooDdaJ7 .GMtralat le olttalae4 " tMt. tbe c1lyer­

..... ot eq.(I ••• ) 

= 0 
(I ••• ) 

'I'M tn. eqaatloa ot aotloD that reeulte n • .,. eq. (I.") 

t ••• 'etttate4 b&Ok la e •• (1 ... ) I. 

0f-0,.~" - A ~2.0)l~,4L ( T}A~ cp~) 

- A T,u)l CP", = 0 



IS 

1'be eq.(t •• ,) prnorlb •• tbe ."oD4 ttae 4.rt .. tl .... t 811 

the •• po.ea. aad I. Dot tlel_erat.. ...... till. it ia 

.,pana .. tbat ...,. •• luUo. ot ... (1 ... ) aatian .. tII. 

oonatrata'. (I.'.) and (t.,.) and tbe eqg.'I •• (t.ta). 

COJI.en.lF I' -er , •• erttte4 tlta, eftrF .0111ttOll ot 
. -

041.(1 •• ') •• ,t_tt .. e •• (1.'.) a4 tIlat I' tile ooutrat.a 

are eatt-fte4 at • pant_la .... i •• tb. will b •• 8ti.tl04 

al • .,.. 

'l'O -&lh .. the .at ..... ot tteld ,1'O,..&tlon. 

Velo .. et ,.....ta ... __ ... ot tb. t .. ,- tbat tbe .. l .. t.,. 
ot propagati •• t •• et.I'III_4 by tb ... JIII&1. t. tll •• bar .. 

otorts'i •• urta.... Tb ... an toa4 -F .... I8Ot .. 

0". -., Y\}A- I. tile 1lt,It •• ' ord.r 4erS fttt.,.. t.... u4 

•• al .. ttDl tile .. ' .... taa.to(.) of ,be 1"_1' ........ Ift­

al •• , _tnx. ID 'b. , ..... t 0 ... 

D (\1\) (I.'.) 

!be .0 .... 1. to tb. obaraet.riatl ..... tao.. are et ..... i ••• 

b,. .... ,'. th'. 4.' .... ' ... , tit .. ... 
= 6 (1 ••• ) 

.1 .... t_ tor .t.pltel I,. 'u' oal,. the '00 ooapoa.at 01 

T~lI le ........ t.bt .... OIIe _tat •• 



H 

(1.10) 

.,.t. ...... to be hyper1toll •• It 
. ~ 

o < .A~ 160 < I • 
tile .... tl ....... h"e"olto, _t ,_ lIonal. are u..­

like .. 4 buoe tile eba.raotertaUo eart ........ apee .. ltke 

aDd tbe propacattoa _eoo.a uau.al. ODe OaD turther 

abow tIlat tbe _.al raT t. aot el_iaatod lty tile 00.0" 
rall1u. 

Pollowtna tbe .-rprt.tn« 4t.e~e" of Velo ea" 

zwuat.er. ext .. ai.e tfty.tf«attoa. a1 •• ~ tbe.e I1n .. by 

later wo .... ,. broacbt to Il1bt .a, aor. t •• talloe. ot 

uteraa1 GOupli,,8 88~_1 tatereotlou ot .pla t 4"'8&. 
a.... a/a'I-"T _4 .,1. .11 .. boOri.. nttertlll fl'Oll tb • 

• ttllettoD ot aeaaeal propa,atloa. Madore ead ,aitSO 

4e .. lop04 _ alternat •• ttb04 to 4."e .. l.e tb. n ....... t 

flel4 '"Pacatlo.. ftlia .ho" wan tonali_. wIllob t • 

• qutyal." .. tlae .... b ... , obaractert.tlo •• le b .. e4 .a 

tlte f&et tltat tbe Olaaraoter1R tl0 svf..,. 1. tbe •• rt .. e ot 

41 .... tl_l.,. t. tbe blab .. t or4e .. "erlft'l ... ot tteld 

tuaott ••• 

A_.a11t, ot pro,aeatl0D •• It •• ta Itself ID tile 

quaatl ... theor" 'broach tbe Doay .. l.bl .. ot·tbe tte14 .... 



I1 

.. tate .. tor .' .... lta •• paratto... tba, tilt. w .. tnele •• 

tb. 0" .... tUr •• tl, "rlfted la, Rortao .. 80 tor a .pt. a/a 
pantol. ta 8a .1 ......... 0.tl. tle14 1 •• 1 + 1 4111 ... t_a! 

.04el. setaroer. Setle .. a4 Swi ... • t Ud .... 11.1' aote4. 

fol1 __ ca, ... I'. tba' tile .. ant .. ,rolal_ In ext.nal 

potenttal wttb tbe .0 ..... It •• ar t. the fle14 t. reduetbl. 

t. • di ..... lo. of tb ..... re.ponat.. ol ... toal prolal ... 

~ ..... ttOD wbether the .. tbod of oharaotert.tles 

.... fflotont to d.teet tbe .lol.tlO11 ot 0 ... a11t,. ... 

rat •• d la,. Matb ..... a s •• t.....--U • tile,. 01» •• "04 t ... t 

wIII1. to .. a ob ....... ,t. 1 partl01. wtt .. ___ lOll •• 000 .. t 

ooapltDl t. aB .xt.rnal .1e.t~D .. t. tt.ld t'- propasa'loa 

1. 0 .... 1 .... .-.t .. to tb ••• tbod .t ObaraOt.rt8tt ••• It ba • 

• taobJ'Onle .. d. wtth tIl ••• 1001,,. ot It.cllt .. tb •• 1.1_ 

... loot t,.. ..... tb.,. a ...... ,bat the _bod ot 0 ..... ' .... 

t.tt .. ,t ... onl, a ...... ar,r oOftdttioa bat DOt ... ttt-

01 __ ea. for ea.al pl'Opac.tioa. la, Rac_M ball pol.' .. 

oat tbat tbe ' .. ..,.al. aoct. I. tbe .pta 1 tt.ld 0_1"8 oal, 

I. tb ..... ot _ .xt.nal .1 .. VG., •• tlo tteld ... ,be 
.... 11,. In'.raetlac ... .,. .f ... 1. 1 .... tlol. wltIl _ 

_ .aI. .... _ •• '1. __ t with ea .l ........... tlo tteld at 

the quan,l ... lenl I. bl1, __ al • 

• ) C ••• trala t .... aktlowa 

Velo 884 banal.e .. '" iD etu4,t .. 0 •• a11t, no­
latloa In blab-r .P1D fl.ld tbeorl.. 0'" aoroe. another. 



.e 

Md _oil ...... to ... ot patbolOCF 1. tIl. al.f.Iua1 .1 ....... 

.... eti. eoapltnc ot ..... lv. .pln a fi.ld. Tb.F obe.rYe" 

'" = "f' JI ". • two ot 
the _.tratDt. " ..... " , .... t.M Bal ...... ~ ........... atloD 

tol1owl .. ~roa .,.(t.lt) tara lat ..... tio •• of aotioD ea4 

tbe tt.ld aequt,.. e la4.,.a.ent· ... ree. ot tr ..... 1 •• tea. 

o t the ..... ln4 I. Tbl. 1. a .t....... pbe..... to wIIlo .. 

atte.tt.. bad been dr ... -F p ... ~.el • tew ,.... .arll.r. 

Fed.rba.1a _d •••• 01 a ftnt-Grd.rlor_ll •• ul., a SO­

OOIIpo.", wa.. faRO,I.. ( • .,.-..so tu.or 'f'P\I aDIl • tblrd 

rtt.nk , ... or r",VA· r",,~.A ) to ""blt tbe 1a .... I.' •• ,.. 

aDl bad al.o found tbat the IntrodaotloD ot aD 84dl'10 .. 1 

t .... ( .... oa1184 tbe -r.4.rb1a." , .... ) eorn.peJldllll to • 

dlnot ID t.raottoD wt tb tile .1"'l''0II8I88'10 fl.l. ,. ,be 

OD1, •• oat ot tb.i. imp.... u., ..... lat.r .b.84 tbat 

the '.4.rbu.b eqaatloa. wbe. to~lat.4 la a seooad ord.r 

tora are Identloal to the Dlrao-P1ers-P~ll equation. tor 



IT 

.ptD I tt.lel. Tbat tbe CIa88, tlleol7 fer a ao-... ,.. .. , 

.a" ta.tloa wt tb -Sa""" ... ,1181 ,. al.o ... t .... l_t to 

tb. r ......... tb.OI7 .08 ... o •• , ... te. esplloltlF by Bee". 
,.be OD .......... r I_Sly ot ......... 1_ obtal ••• laF .. tIllf 

and ,. ... ,., ......... ll .. tloae 01 tile 0I ...... " ...... Paal1 

Lacr-,'" P .... n-e tbeJ PI'OP. n_hr of 00.8"'atat. tor 

alat .. l .1.0 ......... tl0 ooa,1181. '!'be oontll.t b .... .. 

• tDlaalt t,. .. cl tIl. cI ..... _ .t 'ree •• b .. Ha tr .... to 

tJl •• btauttF .t 4.rlft,l .. orelm .. wb_ .. 00II. 4.1"1 ...... 

tt~ .... ,.... .. , ... 

Apart troa .pt __ • tH017 ...... 1_' .... tor , ... 

ooeurrea •• ot ........ tUe ••• ect patlaOl •• , .... pl"OYtdecl 

'" •• rtal •• 'apl. tor.. of 1.t.rae"' .... tw ... a .pta S/I 

PArtlol ... 4 a aaol .. a aDd pl .. SI,,,. Tbere are .pta t 

tIleod_ al ••• a.rtac this 4tttteal,,.e •• 

!file NI ....... • t th. pheD._DOD ot ooastrata' 

breakclowa ID relation to tbe ~.Stl0D ot relatlvietlo . 
taftl"l ... will b. die .. aa" below. 

(cl) tfoaooftriao. 

Whll ........... Initial 40ula' tbat ,be Lo .... . 

• oYarl... of a theory al,ht h ....... "4 .. , tile oaur ..... . 

ot the Jo ........ swtanllaa IDOO_l.,..,33. Malalaact _4 Sa4aP­

e ... "·41 later esplloltlF 4_on8trat .. the PJIO,." ooYBri­

aD. • t a .pla 3/a tt.ld wl tIa ataillal .1eo'roII._ tio 



ooapll... lIDw ......... tll.r kid .f oOYartanoe p ... bl_ 

.ttlletlll bi,blr .pla ... ort.. b.. b... hllbll,bte4 'p 

".kl •• TO, Tt. ftt. bu to .. wt. "la tile oCWU'l.... p ..... 

perty et e. s-aatrls 'a tIl. lnte .... tlo. plotue ... , .... 

1tp 

s 
(t.SI) 

wit... StI'X) , ..... late .... "I •• RaIII1"al .. la tbe latU'-

... 'oa pi....... NOW. tbe ........... "d prodtlot ot two 

• 

opel'at ....... la •• oral, OODtal .......... IA11. t..... I. 

theort ........ tll. Mattaen ... 1. Ta IaOlc1. tIlo etteo. ot nob 

......... I .. t t..... .e.. .aaeeI1 .. wt. tIl .e' .tt ... ot ot ..... 

........ _t t .... pr .... t la tile I ....... ttoa BaIIllt •• i .. 

I .. e .. " order ot per ..... '108 tl1..-,. With tbe esampl. 

0' _ lnter8O"l ...... t ..... to .. tiel. "e.i •• pro." that 

.be Matlane .. 1. I. n.la'" ad tile s-.ll1trlx la Doaoo.-nallt 

.... .1Ie ,..,.._tt.a of tbe tt.ld 1. .. .... 1. 

Anotlle .. 11.. of eODn •• 'IOIl It..... tlae na ... e ot 

tteld ,ro,...tI08 _d the ooyarl .. e Pro' .... F ... alao ob ...... 4 

lty "eaJd •• 't whO 0 •• 14 ...... t.plll tJaeort .. of ,.t ...... , .. 
-HI ... pla 1 Md .pta all tt..lde, aad •• ta1tllabed hat It 

tile" .... _eal .od .. of PI'OPfllaUon, It .111 'e aeo __ 

p~led b, a ltreakdowa of Lonat. o .. art...... .,h18 et •• 

tr~ tbe l~po.stbllit' otdeter-intol tbe In4.pea ... t tl.14 

OO.pOD8at. In all fr~a at.altaneousl'J OODwtl'atnt. 108' •• 



It 

._r t. a Do •• OYSrt .. t fuldoa. !'bat tb ..... tld .. t. tn. 

ot· a IIPla • parttol. t. a 1Ma ............ tt. f'.ld ... lat.r 

ao'" It, •• b .... s .. tba .... and Prab ....... 'I. 

C.) A',. .......... ,1_ •• 1'1)' .t ... Yal ••• 

ADotber .at',,'a"o •• t .... ,a.I&OI .. ,...-I4408 .a ..... ot Id,Hr .pta tt.ld , .... ..,. ............. It, CIoI .... . 

" ... Md I'tI4l.' .... " 1I'be .tnt .... It_4 .ba. tIl ...... .... 

ot ...... ,. .t •• nal... 01 a .pt.a .. paniol. wt... .. .... aloa • 

..... , ... ,It. to _ .xt.nal ........... a .. etio tt.l • 

.. ,. t.olal1. oo.,l.x yal ••• tt ............ Ia ot ,lie ...... 1. 

tt.14 .xe .... a .,eottt •• Yale.. ExpI.t'l .. tbe eo .... 'loa 

b."", ,be ,rebl ... t • -baWl" ,arti.l. la ...... '10 ,t.14 

ud .he laanoalo o.olll.tor, Ma .... '" 4 .... 10.,.. ....... b04 

of obtalat., tla. ".ra,. .110llY8l... la tb. pne_o. ot • __ 

a.tl0 fl.14 1I'hl" la.. tb. 41.ttaot ..... ,... tbat It ... 14 

... 11, b •• xten"ed to .pta a/I 884 .pI. I pr.ltl.... s •• , ... 

raaa. Pr.bakaraa ...... , ..... , ••• 41 •• tu ".1'&)' .Peo, .... 
ot • .pl. a/I partlol. ta a bo.o....... ", •• ,t. .1.14 .. d 

tOtlll4 .ba. 0011,1_ ftl... appear .b.. tl.1d .treactll .n .... 

a o~'Io.1 y&1.. R • whlo b t. al.o the 

,he .... 1 t .. S.bw1 .... r _n faDetlOll b_ea. la4.tt.l t. t •• tea 

tor .... e'te tt.14 atreac''- "J084 tbe ortttoal Y&1 ••• 

.... ,. beo __ ",ISM' tbat ,be 10 ..... S.4an"" .tt .. , 

bB. It. root. ta tb. troaltl •• at ... ol88.teal 1 ... 1 '' •• It. 



ao 

and ,ba, tII. _ ... no • • , _pIn .tc-ftl... t. tII. -.sF 

.pee'" t. a .,..,. of tb ... _1 ...... 

• P"~ ,Ita, tld. t",. of tIIllt_l.,. t. ••• 4t .... tl,. related 

to tb ••• ta .... t ,t.14 P"PftI.'toa .... .. ..... 1'11 ... la 

~ ... I ............ _pl_ ...... the n.l. ' ....... atl .. t. 

o ... al, III tII ...... 0' •• 1 .... zwaa ........ 1Nt ...... ,. .Ia" 

.. 111.. tan ... ."t... d.,,_a ... a tIl •• d ..... l tt.l .. 

Oecurr ... of o .. pl __ lW' •• 1 ••• I •• be .... of " .pta I 

partl.l. I. " taoaos ..... _ .. tt. ft.l .... d_n.trated 

b,. Pralthabrall. s .. t~_ &lid MathenT •• 

(t) tutabt It t, 
'ftae tu"'11It,. phenoaeaoa _ ... ori1tet! It, 

W'.b ... 80 t. a_tb .. pi ttall tor bIS" ••• p,+-on ... 
WlIbtBan, la bl8 eadevour to understand whetber tb.,dObDeon­

S.danbaa Ineonel_ tonc, tor • paril01. of hllber .ph In _ 

.xte ... al tl.14 I. a S-..t pbeD ___ or a eo ....... o •• , 

._ .poolal a .... ptl.... tauael tbat DOt all ... pr __ utt ... 

of ~L(2t c) an .quall,. nlt.'l. to, d ... rtltl .. Illlber .,ta 

'1.1... f! •••••• trateel wttb ~pl .. that tbe,.. .,. 

' •• stabl.- ... , •• -_tatl._ wtllGb oanno. 1te ...... 4.41 iD a 

pb,..1 .. 1I,. .... Utl. tb .. .., .... re ea ........ 1 tt.ld t. Inolu-
, 

d.4. Por ... b ... P ..... taUo. th. 'lIIolac aD4 outaot .. 

,t.l48 40 aot ••• t.t, tbe ..... et 01 ooa.atnttoa ... latlo .. 

sad Ia_" tbe pb,.loal t.,erpretatloa of the tbeG" tat 1 •• 



at 

Ja tIl. _,1_ •• tar ...... eI" " .......... ,t 
........... 1 ............. t ............. 11_ .t t ....... 

•• t." ..... Ile ._all' .. et ........... a. tIUt __ Of 

V.l .... --de- ........ dlF .. 1_lw at"'_,_. ,..... 
tbe ................. 11 ..-u •• tor ..... 3/. ,....101. le 

.t.1tle wIlll. tlte JIIrt.,. .... U_·-. tor .rttltraay .pta 

.111 ... do 80t .ff. ,.. _ •• llt, an ... ",le. 

i.1 • .,. to ..,..Id p .... l •• I .. 

WhIle, ••• 1' tile ,. ...... "1'. &IM1 .re .. ladl .. 

• tf110tl .. b"her .pta tbeod .. h .. 1tMa tl.OOft .... , ... 

... p1 .. 01 .... alibi ..... ,-1 •• , ... 1",lied, ,be" le, 

a. '.'. 80 d.rta". tlDd.aratua ... t. tile fall.,. of tie14 

tbaol7 to It .. a oo.slet., .... ripUea .t .... her .pta parti-

cl •• ud tbatr lateraotloae. Ho .... r. 'a reo •• ' 'I ... 

• 'teapt. of ....t.d aort. b... -.en .ad. to rid ht«ber .pl. 

t'"" ot It. aftl1ett ... _4 .. oon.t",ot ,.'1101011'-11'. 

t ..... l.tl0.. Tb ... r ..... ,.- .... 01' "'111o:l)tt ... in 'l1Ie 

In'.raetioa ..... to al'a,..'. ror-ql~'ton. wt"OIt ..... -

dinry eoru1ttt01l8 ead tu lnelut .. of ,,,,,"3",, _4 .up.-­

.,.!Sot..". 

,. ....'1. of ta .... '1 ... 1Iul.. ap' ....... of 

.041 fly1., .be In ...... 'lea uta b aa .tt...... .. •• t .... . 
,atbol., trII8 41_ •• 8" t. s ... l .... Il .... 't _ ... tl .... 
that tbe t~eba.'_ 0' a 'e6e""'1l 'e ..... 11 .... tM .,i •• 

' .... 17 01 ,... Ultto.l,,. of oou'ralat 1.... , ... won ., 
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9 .... &1' -d Caprt It la "'art to t. __ all ty .t tlMt 

' ....... Id-P.lIIw·· .ph t tt.l. _pled to ••• 1 •• t"'_.D."o 

ttol. t.. _tlaer 'utan. wIl .... till. appJ'Oaola I ... oo ... tal. 

, ... , .Ilowed tbat tile __ d , .. ,...'1.. ot tIlo .'aiaally 

••• pl •• ,.... .... bl.Pal_r tt.ld a,. .... ...u .. 1tr t .. laela-

.'on .f aD .... 1 ....... t ooa,11111 with a .peoift .... l_ 

ot ........ al0 ..... t. Ill' till. ·oouter ...... alPproa"', 

•• Sb-.I,. aa4 Ca"" S1 oMomd, t. 0' ao ayall ID eartq tbe 

aoau.~1 propqa'loa 01 •• pta 1/1 '1.14 iD .lDiaal lD ...... U .. 

ODo ~t the earll •• , .. ,gORtloa. r.,ar41n& a , ... be-

1000-t.... to .... laUoD .t bllher .. ph tbOO.., ne ••• b, 

Ve10· wIlo ~ oonst4ertllC • au1 tlple' of aa •• l" vector ... _ 

la iDternctlon _t&bltebed tltat the 4ttftcnal tl. 01 ooas .. ..... 

lat I... aa4 ....... 1 propagatton ..., h. Byold •• b,. cllo08t ... 

4 Lair.nalaD of ,be 'l'ang-MII1. tn. Md tapostne a 80t ot 

reatriotloDs o. the ooapllnc oODstraint •• 'l'bough the yatl-

41t1 otV.lo'., oonjecture r.aiD8 yet to ba lDv.stlga .... It 

.... beo01le ol.ar clD.ftJII reout tt... tbat • bopeM wa,. of 

...-olriDl tbe VGuhl. _" be t....,..h _ltl-118 ••• '.Itl­

.pta tlleOri ••• 

A parae.l .t tb. t8008818teaot.. .t ~o.. kla48 

•• rYe.re. la •• 0. 1.1 reYOAI. ~t tbelr .... ~o. 11 •• 

'.t'a.toly tl •• wltll tbe oxS.teno •• t ooaatraiat rolatt .... 



A way .. ' of tbe p,... •• t oonfa •••• taatloD ."y, Mne., 

Ba tural1y be 80ugbt ta tlaeOrt_ tbat .0 not ......... -'1-

dtar.r oondttion •• 

b.lo~ 'le thla ellte,ory, and tD\'ere.t ta 81uabba eqaa'toa ..... 

b ... rerlYed tn , .. bope ot o,t.'III ... oo •••• t __ ."17 

of 'tnteraottons of htgber .ptn parttol... ~ ..... ISt' 

of proP"Wn'ton of ht«bar IIIptn Bha'ha tt.lde W8II a.dte. by 

Bala1887 and N8Ipal18,·· aD. by Kr~.'. 8D4 NI.,.tl t. ,be 

o_ra. of their .xt .. I •• 1 ..... t .. atlO11. In'o ••• t ........ 

of Dbab_ ttelu. 

1.nl, Md O88.al,..,. .t u. , ........ 1 .... 1 ea '"' ........ 

It ...... 1 .... w't' ea Ind.fldte •• wto. A' .... tl"Oll the 

_It""' •• , _ltl-.pl ..... tare of tIl. tt.ld, tile lata •• 

.. ,t_ of .egatlye prolaullltl .. I. tile .... 1 prio .... that baG 

to It. pal4 t. aoIIlne eo •• tet •• " la tIl. p ........ ot iD"." 
.. 'lone, _d It .,J)eIlI'8 tllat 'lb .... I. DO W., to .11.I.at. 

tbe .... tl ... ao ...... 'at .. t..- tile tJllOIY. 

~Dotber formulation ot arbitrar,y .pia theor.y tbat 

doe8 not oall for 8ubsldtar,r oODdltton. t. due to Harl.,! ..... 

Thl. la b ... 4 ." 'Ile "pr ... tatto. 

of ~L(atC) where a i. aa, noa-a .. ati" lat ...... ot ball-

odd i.t .. er. Equation. ., thta type were oonald.red a 1081 

tllle bet~"90-9a .... It was .... 11 ... tta, 'H, d •• ortM 



parity 4 ... bl.t •• f partlol. of.... m aD •• pl. •• Of 

tbe _" .... of tbe 4.,.lt1.t OD .... all It •• ta ... of poel-

tl ....... an4 ... otb ••• f .... t' ... 0.... flbtl.,.·. _ tlaOA 

of .1hl •• 'I .. tIl •• 'ate. of nea.tl •• DO" b. tile a4Y811tSC. 

that tile Intredllotl .... t a'.laal latersetlOll wttb .. estena1 

ol •• '.I.-C •• tlo fl.1d ...... t ...... , tb ..... &1lt' .t pro-

peastlon .t tbe tt.ld. fIow ... r ... " .. Dot .. In see.l.lt, 

Hare1,'. ....tl... are ... ta.l., la tb. • .... of ~'.b"". 

an. b •••• u .. ot b. ,I ............. 1. ,anld. ta..,,"t-

att .... t tbe .-.. 1 .... 1. 

ADotb.. t .... latt.. .t .... trai ... ,... .... tloa. 

tor anlt..., .pla tt.l" ..... 1 ......... t ntter ,.... tile 

troubl. ot ...... ltt' b .. It ........ tl' .......... , a.r-
ward'S. ftb "'''17. "".""'tlll partlo1 ••• t ul ... .... 

aact .pl., .tart. tr. a deftat t ... pr ..... tattoa ot tM la ... 

• _._. Lenat. area .... ,. " ... fmIotlo. t ... • pia .... 

I •• ..-po...... ft ........ _ • .-p_at ••• t .1t.I ..... . 

aotby _ .... t .. '.lftal7 .oDdi tlo ... 1nIt tbroqb t ....... . 

t .... d_ tbat I. ..etlabl. f.D tIl. , .. ....,.. ..... l.tJIGdlletlo. 

ot .. ladetta'te •• trio ... • .... 'Ial to till. to .. ll_. 

CUoaloal qaaatl .. tloa ..... 0' won tor .pla • ~ a/I 

ea. , ........ of 'Ile .J.blllIO .. sa ....... I ........... , •• 

otbw 'roabl •• at ttao ... _tt ... 1 ... 1 .... t. to .. 4 .. __ 

.tra .... 



ror a ttnt-ordw .pt. of 'Ile a.ltM4-Teel. 

type", will .... ID01.de tblt BIlabbe .... 'S .... a. tbe flUl'l • 

... att.... .. .... 1.1 _. t AIIar aM Do __ Io'l. I. dert ... 

• _Iflet., •• Vlz OO84ltl ... ba. tb ....... tl ...... tata 

oau •• ll" under .ta~l 0011,11... "-y t0GB4 tbat .~ 

ori,t. of 0 ••• 11" ftolattoa .... truecl to tll ..... t .... 

ta.. tDb .... ' ,. 'b. '''017'. Whetber" ••• d , .. rie. 

tba ldeatlft •• OM .,. ... 0 ... f1a11, .... tl .. cI Md .... , ... 

• 11 .t ... r '''' ••• t .. tbololF .... alao aN_I la tll •• 

t ............. qa ••• I ••• _, r.ata to .. lay .. tlc.Md. 

Aao..,. app .... b to • DOD ••• o •• tral.t 'b-17 tor 

b ........ pla tt.I... 41 ....... ftn' 1t)' Muo_.". ... 
atlllad It, ", .. ,.. ... Y __ 'o91 to to .... l .... _el .. 

t .... 'blol7 of t.' ...... I .. ept.a S/I tt.leI. 

~ ... a'. .... .11al8.t.41 be ... , ., th. cl..... of ...... 

,be ...... ot tbI ...... ,. .. t .. partl.l •• t.fiaS'.. tbl. 

t. aD est_tOD ot tIl. I -ltll1'tll. P .......... propo .... ,. 

Loo aD4 y..,11I tor ta.eraott.. apla t par,t.l.. aad tbe 

.......... ften4 It,. .Ill. to ..... 'toa ta 'llB' I' anl4. botla 

th. 'o .... _s. .. nbala pr •• I. end _.al pro,...U.a • 

...... 1'. _ .. ,.I.tabl. t ...... 01 tilt •• ".," ..... la, apart 

lro. ,Ile lallat' •• as...... '1Ia' tbe _salt..,. ot p""JNII.'loa 

....... 0 .... tloal1, oa .e .a, tile lut' t. tall.. Al ••• 

It •• , •• Dot .. ,bat tb. tatrodlle'toa ot • a ... tl ... etrtc:. 

t. owaolal '0 tble "bOI. 
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ften .... a _pi. ot ... ple. ot ..... rt .. wblob 

..... eo.traln"' _4ttloa. 1nIt .... tree ,.... _ •• ll,y. 

OD.ot .... ,. 'b .... 1t~pta .... tt.H ••• tor •• 1_4 

apl8 3/1 - apla I t'e14. 

la .......... lapta Leer_,I ............... 1 fI.ld pro.-

, •• tl.. tor al .... l ... pltlll t ,be ._ oboto. ... .. en ,_ 

total ella .... ot tbe free tb.o.." Ind.ttntt.. !'bat .... total 

oh...,. I. Id.tlnt t. I. tile ••• all, pro,...'lDc ..... Iltl. 

tbeo.., prop ••• lty pt.1I aa4 \'at,lOO ,... .1.. • .... ..,. ...... 

_tit..... ne,. ..... t.rttt .............. be p ..... ~.toa 01 

..... llt' 'at,- ..ab ..... , .. tto14 wt" .t.t .. l ... ,11 .. I. 

Dot a tor tat th. renl t _4 , .. , .... ,...,...'108 ot 'Id. 
ft.14 ......... _.d wile_ .oapl .. to 8.al ... t'elel8 .r ..... . 
, ....... t.tt ... l ooaplt .. t. ooa.ldere4 alo .. wltla .1 .. .... 

...... 1. l.teraotlo.la9.tSO. I' ........ fl"Oll',t ....... pl •• 

tbat oalJ' .. ,. .tartl. wt tb a reduotbl. tbeo..,. wblob will ••• 4 

an ladottalt ••• trt ... a8tl .. tloD. _, •• _allt,. ot proN.tt-

lie pree ..... 4 t. .. ........ ot later .. tloa.. ftd. I. .... 

tJaplle. tbat It 0" I. to .11_ tb. t .... • t "'. ___ 1 Ill .... 

apt. fl.l48, 080 will.... to reooaotl ..... 1' to .. l.de'l­

.lte .. trt. tbe0l7. 

R .... 'l'. • 01.. .. to tile orllta of blgber .pla 

pat.lo.t ..... .report •• b,. caprl 8114 8 ..... 1,.101 wbo , ... 



, •• t • tr ... ,Ia 3/1~ 'I.ld ot tb. Dt .... Fl.~P~.11 '''' 

... el1 .. a .Pla I tle14 witb an .1 .. trI. q ..... pol. 

- .. at ...,ltq to .......... 1 tl.14 aId'lt a aoal ... 1 

.t ... ota.... 'l1d. 1. la aea ..... ' to tile _. of .pta o. I 

If 

ad '1 tt.lc1e whlob .. aot .... any a-leoall'F .... la .. 

pna .... t .Inlllal .1"""aa.e,lo _pll. aDd It 1 •• tta_ 

t •• ,..late 'bat tile ' .... 1. ot -..&1 're .... 't. .. la .,la 
3/. Ma .ph I tt.l .... y ...... '0 , ... " 844Itloa.l ...... 

o,are. BDw ... r. co •• IOI whll ..... n.'ratl.' lb ....... llty 

ot t ... a.poel t. Rarleb-Cllutlra .... U •• tOS for a .pb. al. -
.ph I tt.14 lau .xp,. •• ed ".bt .... tile 00 •• 1 •• '. ot 

Ca," &Bd 8 .... 1'. 111 polat. _t , .. , h tbe 1IaJ1..b-Cbaa .... 

• ,aa'loa ..... allty _ .. trao .. to tile ooft.traln' .'1'80." 
and so, t. t_ ,..,..10.1 ._tl ...... ot ,be o-PHI.. flelel. 

No .... l .. all',. ot tb. -ort ao'ee1 'It,. C&pri aad S ..... ly I •• ,wl. 

-,,-_1. to tb. eo •• trat.t .. latl... .. .... 1.... ..cardtDa 
't,b •• ,ta partlol ...... pHlt •• will la ao .aF b.lp to 

r .. ol .. tb. 41ftl_ltl .. whtob plap. tbe tta_rl ••• 

Aa _tl"IF a .. ,...I_tlltF 01 .rrln .. at ...... . t..... tit .. .,. .t bl .... r .pla Itelds ta.. It... .01ll1at _y tile 

laol_1 •• • , .... ntatl ... d Ilolde alo .. witla ot .... OOIIpl1 •••• 

MadOre10& b.. .h... tbat tor a .pla S/. tl.14 1 ...... tl81 

wt. ... D .n .... al .1_' ...... tlo tle14 e.aal pro,...tI08 I. 

pea_ Ibl. It all adcll tt.al e oaplt. wt tb a ,ran tattCII a1 tle14 

t. lnela.ed, pJOYt.40C1 t)aa' •• 1,. a ·11 ....... Pproa-ttOll· .t 



.e Ira'" ta'loul tl.1d I •• 0 •• lcI..... aad al.. 'U' ,be 

.Ilaqe • ... ••• .·an _"la'" by tbe ooll4ltloa 

• 
• • VIG· • 

la yu. ot ......... t .. l.'t •• I' I. cl ...... 

tal wIletller tbe .... e ... tlOD" ruul' 11 • ..,. cl •• , alIDI-

Itoaao •• 

Row ... r. tile ...... , cI ... lo,..., ot ",.raraYltF1oa 

'''on ..... "la" • 'NIl" lao,. ot yt.WtDl • _Is"", ._al .pla 1/. 4 ....... '.10.108• tOf. file .ap-,...tJ7 
a!c...... lat ... cI1Io" It,. AlaIl" ... .olay101 ... It,. w_ .... 

_, .. tOO , •• l .. ade4 LI. alle1tra wbloh ....... ' ...... tatl •• 

.... ao' la tla ...... ot b.lt.,., .tat .. ot two .... 1 ••• 

pa .. t'ol .. ot ad.Jaoea' .ptaa • ... .. 1. Tile (a, 3/a) 

repree"'a'loD la Ideatltt •• wt'h ~ .. per,araY1t, mal'l-

plet. I. tII •• ., .... r&Y1', tb.ol7 of " ........ &Del .an 

NI ..... , ... I08 ..... 1 •••• pta I ... _.1 .... piD s/a 
'. tt.14 .... _pi .. la • 100al1,. ftpen,...trl. Lagranglaa. 

file .,. .. ,..trto 1 ...... 1 .. 0. ot till. tbOO.., Is essentlall, 

a ~ ... IODle 1_. lwartano. ot , .. RarI t ... selnrlncv tl.ld 

note .. b, Barl. an4 s ... ' ...... ·tll_.l.... .t I. IIOp" 

tba, 'bOre od .... & eupe .... Ble ......... 1_ .". ....... '11 • 

• pla sI. partlol. aoqulr.. .... • 

...... ,be talpe ... pla tt.ld. 'nyol ... la .. ,..... 

Irn1.',. '''017 ........ 1 •• , ... ao_all', .,....1_ doe. no. 



a. 

art •• la thl. .. .. 17110• fIlat tbl. tIl .. ry 1. al •• Ib.-­

tree. at leut la .... tn .... pprod .. t1o... la .. b_ pro"4 

It,. Da8 ... ,.......ltl. TIle .... uao ... ba •• _,....1 ... tu' 
._ of ......... 111. are renal, la .......... I. I. aot 

.1 • .,. _ .. _ •• , tla ............. , tla •• ,..... ... ID",I." 

~ tb. tall,. tateraetlq tb.17 .. 14 ..... ta 0 •• 81. 

"" ..... 111 ...... tl,. .... pl •• , ... (a, s/l) _ltlpl., wltla 

the (1, .) .1'tpl •• , u. It t. ,81d to •• tlrat _ .. al, 

,boe"',,,,, ' ... ...,.r aD .1 ........... t1 .. 11 .. 111 ........ 1 .. 

• , .pb sll nel". Bow..... _10110al , ... oeoan I. 

tbt. wIllola 1.... to _ 41lt, ... 1 tl •• , Md •• a,. t. yet 

aon bow to hand1. till. , .... 

__ St _P ... ,.....,. tla .. I'I •• _ ... to ey .... 

••• .... ,.... ............ 1 •• , aa4 tIl. 1ao1 .. loa of .... ft.,. 
MOO ............. _ ",,_,tal 'Ill""'''' la ,. ... 1&" • 

....... r .pta tlaeorl ... D' .. .,lost.. .. •• U •• , .... tIOD 

81 •• r.tsed '" Itnjo'. 8IICJ Ni.,.tI •• 111 ..-ata to M .... 

..... 4. WIIa' I. wrGIII .ttll oo ...... tloaal tt.ld ,tae"7 ... 

• ." dO_ eo ,tllpl. Btr ...... tl.a •• n, 

'I'Il1. ' .... 1 ..... __ ..... lDed witb , ... patholoal •• 

tbat aft11,' .Ile ........ 'IODal 'o .... ladOll •• t Ilt.ala_ .pla 

tS.I48. s •• _ .... a11 'I. ., • .pla , tt.14 lat..-

""" wI.b •••• lar f1.1d er • Dtrae ,t.14 are reported 

be... The po.,lblllt,. .f 'b. br.~OWD ot rel.tlYlstio 



t ........ ne. la tbeorh. tba' an tr .. ot _e&1 ,..... 

P81a"- I_ • et,.Ino .. ' ..... 1' bl"Olllbt ... ..,. .Id .... .,. 

A .. approaeb tca._ .... ,lie ..... tftotto. ot ,..bol .. ,..' .... 

tbeol7 _, _ ... ot • oo .. t .... , t.q ....... _ltl,11 .......... 

I_ cl8'nlope" la tide t .. _t. acl I. applied '0 .. h a/a Md 

.pta I , ... 1»1_. 



CMPIIR II 

PATROLOGIBS JII l!ftBMctING MASSIYB YBCYOB AlfD 

9CALU rlBLDB 

.,.. bt.raetl ......... a nal ( .... 1 •• ) 
netor fte14 8114 a nal (ooapl.) Halar 
f •• 14 I ..... 1 .. wl.b .. t ...... te tile 

..... 1 ... ot oaasal"Y .tol .. 'o .... 10 .. 
ot o .. et.alnt.. ror .. r ....... pl1 ... . 
at • partl_tu ftl •• of tile eealar ttelt, 
....... d&17 .... 'rala. It ..... don III • 
Loreat_o..,.laat tashlon aad tIl. propa-
.atton .... Itbe ....... a ••• l 01' _&1 

at tld. .al... ..... eol' ... pollti.. ..aatl-
... tllewl ...... b ......... et Le ....... 

" .. Iaut. 0 ...... ooupllac. an eo .. v.-
ote. wbloh are tree of th ••• patb01oc1 ••• 



,. 
1.1 lD'rea-ottoD 

,-tbol.ll.e aboaad la bl,b.r .pta f'.14 'bee"" 

aDd tbe iDOODsist.nete. of ... as'.. .p'a • flea. be .. _ ... 

4 ••• u.sect _y • _ltar .t -tbon etal'tlac ,.... Yel. a4 

_81 .... 41 , a., T'. .t eta«" 'e lie" _~ .t ,be _tal 

'a'.raeU .... tw ..... p'a S tt.l. Md. •• pla 0 tl.14 

ad ...... n! OO1Ipl' ........ "' ... re' ..... to tile ,_ 

e'" I'. .t ,.thOlod.. .t ftJ'lou .o .. t. 1IUt.. tlleU 

.,.......... !be •• '1104 ot obaraetertetl •• 'le .ppll .. 

to _I,.. tbe nata" of tbe tt.ld pro,.,.t' .... 4 tll. 

po ••• 1t'11 ty .t _n. tral .. , 1..... t_ _.41... fIa. Lorea'. 
OOYSrt .... of lbe •• theo ...... 1»otIa at tb.ol .... eal .... t 

,lie filII" .... t, ... 1 ... 1 t. al ..... I •• d. It •• , .... 

that tor ,be autDa1 'Dt.~t'OD ....... • .... ,.. .,Ia t 

ft.14 _4 • oil ....... oalar tt.ld wt.t .. tile et..,l .. , ten 01 

de ..... " •• OOIl,llaa tile .... ....,. OO., .. lD' ..... 'IoD te 

l .. t a' & pa.rt'ClIl~r .&1_ of ..... oalar t •• ld. ..... '1.14 

proP".'tOD .~ or .. y DO' ....... 1 a' tbt. 41.t • ..-•• b •• .. 1... _la. ett •• 'loa .y 1te referreel to as ••• ot 

.... utata I, •• al",.. .., tile I .... f _.tnh ....... . 
la ..... tII ........ t __ ............. t I ... to 

MP ..... ftriaao. of e •• ort olta ...... Itp ., ..... '1 .t .... 
ol ••• teal 1 ... 1. ,.... qa&IItt ... tboo.,.. o. tile other ba" 

Se .11_ to .. Dot Lorea1ll-CO ....... ' t. ,., tat. ~,rts 

la the iateractto+lotllre oontatne .art ..... ' ...... t t .... 



t. Y101 ... tOD of the Matb_. ~I.. .. ... ~, __ tbe Int .... 

.. tt .......... 1 .. I. _41tte. by tbe adcUti .. of ••• 1"'_le 

te" (wbtOb to, tlltl .... 0' • o.pl_ •• alar tle14, I. al •• 

....... ..,. to eas ..... ollrr_t eo ... mtlo.) the "nlt'lII 

'-017 I. t_4 to M aoa-patlaOloaioal aD4 tbe .. .,. .. ,.aa .. 
.... tl ........ .., I ...... ,oe .... Loreu .......... I_ •• 

81.llar reealta are alao .. tablle' •• fo, tbG tate ... tio .. 

,.tw_ lI_tnl .pl. 1 ... .o.val ao&1..- ft.t .. , •• pl_ 

.pla t .. 4..a'reI 8oalar"ttelda ... oo.pl ••• pta t and 

_.pl.s .0&1... tl.l ... 

1.1 1."eraetl.D _ ..... D_tra1 .,la 1 ~4 ooapl_ 

•• alar tie14 

A ... tn1 apln t ft.14 • ., be .... rt'-4 Ity .. 

...... r to .... ll_ wt. tile Leg ..... l_ 

J?." = -~ (dj-lA.,,-d)jA,.)Ca,.Av-'OyAp) 

- 'tf2. A~ A}4 
(:a.l) 

!'be La&raaclaD tor tbe abara" aoa1_ fle14 la 

"... .L • =- 0)" cp o)l<<P - ~ cp cp (2.2) 

Tbe ataple.' part t,...l ... rtut ., ... pll11, et t .. 

n_trel ... tor tlel4 to a ... pla a.alar tteld t. ot t_ 
t ... 



(a.l) 

'fbe .... tto •• ot .. ttOD that follow troll tbe Lacraql_ 

.. 
t CJ - ",J) 'I' 

(a.4) 

(a.sa) 

(a.Bb) 

(a.lSc} 

Eq.(a.Ga) 1. Dot a trae equatlon ot motloD 8taoe tt doe. 

Dot oont.la Ut- .eooad tl •• dert"tl.,.. ot ,1\.. ,be toartb 

oo.po ... , of eq.(2.Sa) 

.... ttta .... priury ... vatnt. • .eoondUy ... tratat 

relation t. obtained .y taking the 4i .. r,geno. ot eq.(a.8a) 

an4 IIUIDI ,..e of eq •• (a.D) aad (a.Io). 

?J)..A). :a 2-*~2 ( cp., cAA~ + a).tp~ ~ ~ 
+ (l' o~~. A).. ) (a.T) 



,. 
Ja prtDeS,l ..... (a •• ) aad (2.T) .bou14 b. eol ... 1. tor 

A,. d40A. S ...... of At M4 014-'t 1ft order that tb • 

..... n.ld .bould _ .. t ...... eo_POlleD'. r ... lred tor a 

.,ta t P .... I.l.. llowev ... , In tbe PH •• Dt oa •• , wbaD tbe 

•• alar '1.14 ........ yal •• tor .blo" c:p"~ - tr\J.j2.j2. tbe 

... oad..., ooutrdnt relatloD (2. T) brealre ".a, &lid tbe 

.... or tt.ld aoqalne an 84"ltload d ...... fJf fr ... d_. 

Wbea 2-3IWt~Cf> It I, 041. (a.1) ..,. H .1I1»etS. te4 

ta .q. (a.la) to "e14 t .. ooutralnVrett equatton 

= o (1.8) 

..... _ ..... tt.on of lIottOft (:a.a) 8uppl .. Dte. It, tbe COD­

.vata. (2.1) _4 (a.T), as ..... valtd oaly oa an initial 

.,.. .. IS_ .. rfaoe So • 061l8t8Dt, t. equlYal_t to tb. 

ori,t .. l .. aatSoa (a.sa), It b.t ... poe.l.l. to ..... that 

the ...... ralat ... l.tl... are pre •• rnd la tbe (POI' proof 

••• Appendix I). 

A C81loh, pro'ltl. _ BOW ... et ap to .. tb •• ,..t_ 
• ..,1' ...... eqe.(a.Ia), (a.80) an4 (a.8) wttla "M latttal 



•• 
data .,..t'te. OD a .paoe-Iltre .urt ...... oustant and 

•• tt.", ... tile oon.tra1nY (a.e) aDCl (a.T). ft .. ........ 

....... '1. d.'.,.U8IIt .t till •• ,.,. S. foaad 'y ... plaol ... 

~I" -+ l'\~ la tIl .... 0Dd ord.r derlfttl.. .. .... aact ... 18-

at1.na tbe 4et ... t.aat ot .. be oo.meteat. of A,./f ead f· • 

CIlOo.I .. tIl •• .,.tlel fr ... of ... '0 .... 0. la "b'_ Vl,... (0, 

0, 0, '.0) _cl Oftl."t'. tile " x • d.t .... t.eat &lid ........ 

Itdlll .. aa a .. blt....,. , ..... on. obtal •• 

Dc. M) (a •• ) 

5 ... al. to tbe obaraoterlstto .. ,.face are det.rained by 

•• tt'a, D(a). O. Th. "e14 propaaatton t. lllbt-l'-' ... 

b.noe .. aal 1IDle •• tbe taotor (t - !S.1.~tf~ ) "",'ahell IUId It 
MA. 

ca ••• It. b01reYer, tlti. 1. , .. Ittad eq. (a.6) '.OM. a 
.. 2-degenerate 8yet_ and at tho yal.o <p 'P 11 ~~ tteld p .... 

2,g 

peenttoD beCOll" 1I.4 •• _l'IItn.4 1n the sen!le tbat Do ... l. oan 

... apace-litre, I1lht-lllre or tl __ llke. It Gannot .,. l-... 

latelf ooDoladed wbetbe .. 08dsaltty le violated or Dot at 
It' 

thie .&1 •• ot ". 'Pllt. haa 'happened lt80auO It t. pre-

ol •• ly at tbl. Yalue ot th. .ealer tt.ld Iba, the ... oadarp 

eaaa'ratat breaka dowa. 

stlloe the prooedare adopt .. 111 aettlac .p tbe 

c.a.~ probl. t. not I18Dtt •• tly o",a;r1e.nt. to eheell "betll ... 



-F Londt. Doaoonrl8bOe .... o .... Pt In. tbe CauobJ" probl_ 

., ... "row_Iated by .,.oitJiIll tile laltt.al .sa .. aot .. 

• ooa .... t-tllle bYl"trplaae, ht OD .. &l'bl trU7 .,..e-lik • 

• art ... er wttb aona! """ • OB neIl a .... fa .. t_ .... t .... 

int nlatt. •• (I,t) .... (a.f) becOll. 

=. 0 (a,10) 

= (a. la) 

~Th. d.~lled to~ ot ,be rhe of eq.(2.11) t.. 

ftot tm,ortant tor the pr._t ,U.O.8"t.O!!. Eqe. (a. to) 

ael (2. tt) are SolTt\ble tor Y\,.A,. and t'\~a~ t\t"At' 111 t ..... 

• ot A+'}A' of" Atv I cP a'l"\d ~ ana their dert.YatlTe. unl ••• 

• tbe teetor ( 1_ 2.9/"'" ,) ftnlahe., Since tbl. faotol' 

18 tr.de .. adeDt of tbe lIoraal., the GOn.traint ltnalle dOWD 

wb_ .. t Oeft", 1. • fraII ... I.4epeDdnt pile_no. _4 b ••• 

tbe pre ••• t theory do •• not exhibit tbe tppe of Loreat. 

DODoo98,lano. at the cla.810al level ob8erYed by Jeak1 •• 8'. 



DHpl te tbl. tao. It .111 11_ .. ehowa tbat .... o.rreepo""" 

.... tl ... tbeOry te n.t ...... t ..... YaJ1. .. t. 

'Po deal .1. tIl. s.ooOO quatl ••• ""'Ion tbe IlIt~ 

_tion BulltoDI .. eornepoadlDg .. th. Lagranclaa (a.3} 

1. oalculated tint. ID th. nel •• ltere plotan lt ha. the 

ton 
~I Cl - ~I -""/OI.W\:r.C",.~ _ cp"~)2. 

a.. 2-
-,9 ~<fAI> (2.13) 

TO d ••• 10p a perturbatloD .xpanston tor tbe s-.&trt. It 

t. ad.&II."",. to ,0 tr. tb. Hel •• nb .... pioture oyer to 

tbe Interae" •• plo..... JIonYer. tbe app.araDO. ot ttlle­

d.rty.tl ••• ot fl.14 operator. tn the 'nt.reottoD BaBtlto­

nl ...... 4."' tbe t .... fonatlon aoa-trlnd. Yakl .. ua. ot 

th •••• era! 10.-.1. 11 .... tor .xaapl.~'y Nlebljl .. ttl 

tb. tnterao"ea BBalltontaa III the lat.reotlol1 pto"". I. 

,ouad to .. 

Jf I = - ~I 

(a.ll) 

wbe ... all tile ........... are 1UIClentoo. to be la tIl. lat ...... 

.. tton pletu.... ?be Ramlltonla. OOlltalaa ao~l-d."' •• D. 
t __ ... t. DOt e ......... t. WIle. tbe s-.atrls .1_.te 



•• 
are "aluate" _lDI tbe Dyeoa tOl"ll1lI. (t.SI), Wlok deo __ 

poeltloa ot tb. tl ... ord.re. produota 11" .. rt •• t. addltloacJ£ 

aoraal-d.,.ade.t t .... art.1DI troa tbe oODtraetlaa. 

(2.1.) 

ner. AF ,. tbe pf-a. proJNII&tor ot tb. aoalar t'e14. 

ID tbe e%aapl •• wber. tb. Matbewe ra1.TI holde, 

the ao~l-deptod.Dt te~ ta th. Baalltoalan .... GaDo.1184 

wltb tbe aOJlll&1-d.p •• d_t t ..... tra tIl. oontraotlon., &Del 

tla. s-.&Ulx wt 11 la. tree of Do .... l-• .,..d .. t t...... Dlno' 

o_putatlo. _ow .how. that tb. , ...... t theOry I. .. ••• pu •• 
to tbe ........ II •• d Matb ... '. ral., lIonal-doped •• ' t ..... 

drop ott to •• ooad ord.r ID 00llPl1aa GOutsat 1Nt ••• nob 

t .... _nt .. oanoellatloa ta the fOQJ"th ord.r (Detail. 

are atY88 I. Appead1x 11). 

, .odl tloatloa ot tbe abOY. dl.01I8.e4 tb .. ..,. wt. .. 

'lb. lat.aetloD Lqnnll_ (a.3) .. aow be ent ••• d wt .... 

tbe addt tloD of at .... de,.dl.. .a tbe ."' .... of tbe ooup-

11 .. eoa.taut, tba8 



(a.t8) 

TIle rnultilll .... tl0 •• ot .otloa ... 

(a. 1.') 

(a. 100) 

TIle tOUnll o_po •• nt ot eq. (2.19a) constitut •• a pri1l&J7 

conetratnt. ROweYer, tbe .eoondar,r OODStraiDt obtained 

in tMA case by takin@: the div_ .... noe ot eq.(2.t9a) and 

aaklnc ase of eq •• (2.1~) and (a.190) 1. 

.. 0 (a.ao) 

wblob t. tbe same as the uaual cODstraint oondltlon tor 

10 

a tr.. ..otor fteld, and tbts h8s COIl. a1Joat beea".. tbe 

current to wbtob the .ector fteld ts coupled t. conserYed. 



11 

\ •• oODsequenoe, ID the p .. esu' oaee, tbe. arl ... DO 

qaestloa ot 1088 ot OODstraints a' anr ~.e ot the soalar 

tield. 

"- trae .... tlO8 ot .otl0 ..... ltl ... beD 

eq.(a.ao) 1. sabe.ltatad la eq. (a.tt.) I. 

(a.at) 

,be eb&l'&Oterl.tt. 4e.1'II18ant ot tbe .,.t. ot •••• (3.at) 

(a.ttb. and (a.lic) 1. 

D c.~) ,. 
(a.ll) 

.blob lmplle. tbat the ra,-oo ... ootaoI4 •• "t tit tile Ilgbt­

.... 4Dd henee tb. p!'OpeaatloD 18 O&ual. 

!be Int.racttoD Damlltoalan ID the Interact!o. 

plota" tor tile ooapl1q (a.t8) 1. 

~I = - ~'I - s"/&.ml. ( ~.~ - ~.r:i»2. + .!JJ.~.~ A: 
(a.a3) 

Wb_ tIl. 8-Mtrix el ••••• ar. tmala.te4 with tIl. abo .. 

naalltoataa •• 1., tbe to~l. (1.al), .xpllolt o.loalatloa 

.. rtft.8 th~t no~.1-4ep"4ent t ..... troa tbe HAmlltonl .. 

(a.la) &Dd t~ th. oontraotloa. (a.II) and (a.lf) oano.l 

.aob otlt.r to tovtlt ol'le .. ta 0011,11 .. 00D8'Ut ( ... Appeadlx 11) 



III 

A oOllblaatorlal al1lU,._t GaD now be taw." to pro.. tbat 

.aob oauo.118tlon will ooov tn all Mper ord8". aad he ... e 

tb. tbeor,. t. Lorentll-ooftriant la tbe •• a •• tIla. s-.atrt. 

do •• Dot oontala noraal-dep •• d.at terB •• 

StaclJlDl la th. tuldOll _tl1n •• ab ..... ... 

dm.atlYe lnt.notloa b ......... tor ud .0&1_ "el48 

bll1near 'a botb Itelde ..... b, tbe lateraetloD Laaraactaa 

(a.34) 

,. ,. loaad tbat th •• "oD4 .... ,. oo •• trala. It..- ao.. 
oal,. II tf'*' = - 'M1J2.~a. .. bloll 1 ••• t po •• 'bl. It...... ~., 
1 •• po.ltt ..... 'lnlt. qaaatl". 7be ollaraot.rlstlo 

d.t .... 1Dant le ,t ft. It,. 
D C.~) (2.31) 

ut .tno •• he ... o.d taotor OamJot yanl.b. la na.,.. ot 

tteld propeaattoD t. al.a,. 4eteratned aad t. 89148011,. 

o •• al. 'Pbe oorreepondtng qWUltl .. " tbeol7. o. ex.a, •• tloa. 

t. tOUD. to be Lor •• t ... oYart .... 

2.3 Coupl.d neutral yeotor aDd .oalar tteld. 

Tb. ".plest Int.raottoa ...... a a aeulral .eotor 

tteld and a neutral .oalar tieU I. Introduoed It,. .sa. of 

the Lacr8ll,taa 

cf. I = (a.at) 



la 

7be ..... Int.raetlon I. lor_144e. _y t~ .... t~.t of 

SV(I) IftYftrlanee 11 both the aoalar &Dd Yeotor tleld b.l_ 

ta .. leotripl.t. ttoweftr, taJttq tbia to lie •• 04.1 IDM .. 

eotlon, tile oauallv _4 relat .. ,robl .. ot the l.teraoU ... 

tt.l48 are IBY .. tl,at.d. AaalJS1DI tb. tl.14 equation. 

Imp11 •• b,. (a.ll) It t .... tlla' tile ."ODdu,' o ... trala. t. 

I-t.beD cr2. = Y'II~/512- .. 

D(,.V\) 

COD.eq ••• tlr •••• tM tle14 asll •••• Yalu tor wJdob 
2. 1,.a. er = M,j tIl ••••• 1tt, .... tlo. oaDDO' , ••• &tl.411D_bl-

,. ... 1,.. TboaIb 'b. 1... ot ooaetrstnt. ta tbe p ..... t 

0 ... 000 .... t •• rr_tll4ep."eat __ I'. l •• n. tllt80t 

tIl. nlattftatlo ...... laDo •• t tb. el ... toal 1 ... 1 It tIa .... 

oat t .. t tor .... eeeoDd-quaatl ... ""Ion ot tbl. tbe017 

• .. .... ,_onl'f._t !IJ-IIatriz ounot be OODS tnote4. 

"" .. the tnt.nottoD (I. ae) la .oditie. by tile 
.1 2-ad41tion ~t • a_ ten -572. er A". AJ-' tbe patholOIF .ent-

ione4 abOft 4ta,.,0&1'8 and the quantt ... thoory la OOyarlut. 

I.' Coaplea .. oter ttel~ 

...... o.pl.x ... tor tle14 ta oouple4 to • MUtraJ. 

a.alar tt.ld 01' OOIIpl.s ao.lar tteld .. tit tile l.t .... 'loD 

Lacraaclaa 



(a.a8) 

or 

(a.al) 

pno •• tl ..... la th • ...,,1 •• I. ~ ... a.a ..... u1t •• I-Ilar 

to tboa. foand theN. are obtd .. .. 

a.1 Coaol.alaa 

fte ....... al,.I. 01 tla. ,., ..... ,'.. f'.Ie1 eqa .. 

tlo1111 lor •• nOll. 00llpl1 ... _ ..... apla 1 88 •••• 1ar t'.I48 

't la Iou" that 

... eoupll ... 18&4 to ... &1 and '1'OII1»1",'r .. tbeorl .. wIlll. 

othen ,-1014 tb_rl_ tbat .uttar Ire. • ..,.ral patbolosl .. 

• GOb ea 1... ot oooat ... l.b .... n0800nnano •• 

0 .... tbe aeoond8.17 aOIl.traint ot tbe YCIOtor tt.ld equation 

1. 1 .. , .t a pant •• lar ftl •• ot tile .calar fl.ld. At tllla 

vslu. tbe obaraot.rtstto d.' .... tnaftt gifts DO Into.-tl.a 

about the tt.14 propacation. The causality of ti.14 pre-

pagattoD 1. "uadetel'llll ••• • tn • s..... Tbouch tbe 001"1"8" 

pondlDa quanttMd tbaort •• 40 Dot PH •••• ooYariaat s-.atrt ••• , 

DO IIOnecwartMO. aria •• 'a the _an .. lI.g •• tad by 1 .. 1d •• ••• 

The I ••• of o ... tratDU appean ... eoyarlant pbellOlMDOD ... 

le pr ... t 'D all tr.e. of retereao.. NevertJa.l ••• , It f 

ID olaeetoal t'eld theory, tber. te a brealldoWD ot oon8traln" 



II 

... ey_ It tile oau.allty TtrObl_ 40 .. not pose •••• unS ... 

solution, Lorent. DOftOOYariMO. will always .... Its appear-

aDO. la tIl. __ tl ..... nl... 'I'1l1_ .ay ... taileD as .. 

• laborat1011 ot the Jenk1 .. oOnjeot1lre tbat a 01 ... 1oal tl.14 

thee.,. .alt •• ttlll ... _al1.,. ftOIRtl. 1. not Lorent ... 

oon""_' at tb. qllftlltl." 1 ... 1. tile e .. bt1. connecttloa 

betwe. eaaeall t, _d. Loreatll-eoftrlaaoe wt.ll .at. be dl.­

GUesea t. Cbaptv IV. 



I. 
APPeNDIX I 

It will .... h_ tbat ... (11) u_C YdScI 

to .. all tl... tolethe .. wl Ut tbe .... tratat "latto. (a •• ) 

_4 (a.T) a._4 .. 1t4 at tbe tattlal tt_. t. equtY&l ... 

to tbe .... tl •• (a.Ia). ~~tftl tbe 41"wa.n •• • t ... (a •• ) 

.... _tat •• 

= 0 

I.e. tli. o .... t ... I.t (a.T) olte,.. the K.l1a-GordOD .. uattoD 

...... It It 1 ••• tl.fld at on. t. •• tut, It will 1te •• tt .. 

'I •• at all t..... t.... llalrtlll ••• 0' eq. (a. T) aow 

ftll4 tor all tta ••• la eq. (a.8). eq. (a.la) I. neo ...... 

ud beDe. eq. (a.8) wht_ 1. '&be ,ourth OOII,o_t ot .41. (a •• ) 

1. al.o va1t4 tor all t~ •• 



A PPBNDI X I1 

Cano.llatioD ot Do~l-de,.adent ter-. 

N_ooyart •• , t ..... 4 •• to the DOJlllal-dependeat· 

t.n. ,. eq.(a.t4) 000., to tlae l ... t Ordor, i. ga. 

NOJIIBa1-depeDd.nt te~ artatag tro_ oontrnetlona (3.16) 

and (a.11) alao appear ID thl. orde... netq tbe formula 

(1.11). atter tbe WI •• d~poeltton I. pertor-.d. the S­

.atrix .l_at to order ,I 18 obtained .. 

wIle .. e only tholle tel"lU gtytDg riB. to noncovarlaaoe ha .. 

be •• IneluGed. Makl"1 use of equation. (a.16) &ad (2.11) 

it la e .. tly ..... that the DOl'llal-d.pea1eDt t.n. _rl81. 

troll the ooatrllOtto88 iD .... (".2) ,et oUlOel1ed wI'tIa the 

ttret two term. ot eq. (tA.a). 



To the fourth order In « tbe S-aatrlx el.-ent t. 



Plartber aONal-d.pend.at ..... pp .... I •• q. (tA.a) 

~ •••• I ... ordered prodaet. are I'8pl ... " bp .0.... prodDot. 

anel .ont ..... ttoa..lt t.. tou .. tbat ot t ....... a-oO\f&riaat 

'e,.. all en.pt tbo •• art.IDI t~ tbe tt. ... , twot ....... a-

den tb. _'rt.x .1_, Donal-cl..,_" •• , anti h .... aOMO-

wart .. t. ., ..... aoa-ctoYftaa' te,.. 0" be t ..... " to ,. 

,3 and I. et.peadeD' t .... III tIl. n.t1tontaa (2.14). The 

altanoe ot 'hes. t.na la tII. lI04I.tt.4 HaIll1to.tu (a.23) 

811S1l1" •• tbe oovaJ1.aaae ot th. oorreepoadlD1 9-11atrix. 



CllApttBR III 

fRB DIRAC-SCft'.~INGBR COV.\aIANCB CONDllflON I. 

ClASSICAL FIELD 'l'BBORY 

A. a pnltlltaSl'J' to tbe etu4y or tile 
relattYi.tlo oovar1aaee of biah.r .pia 
theort.. at tbe 01 ••• 10al 1 ... 1, • 
• t ... "bt-tonar4 d.rtfttl •• ot tbe Dtr_ 
SeJ:nr1qer 80ftdl ttoa t. Ily.. wt thlD tIl. 
t ....... rk of olaaslcal tleld theory. The 
oruolal role of tbe enercF ooatlnatty .... 
attoa I. potnt.. out. Tb. orill. 01 
htCher order dertyatiye. of delta faDottoa 
'e tJ'll108d to tile pr8Seuoe ot blehe .. order 
tler'y.t, ... of oanonle.l ooordtnat_ ud 
... nta la th. _ .... ,...s.n.tty tanottoeal. 



3.1 latrodDetloa 

It ie .e11 known tbat tbe proper relatl.t.tlo 

OOyart .... ot • qUan", tteld 'he017 eet .p ft. _ .. tloa 

priaGipl. ie Dot ... ured by tbe to~1 InY8rl .... of tbe 

Lecranclan. Dtraott4 &D4 SOIlriIll.ttll-tl .... .,. .tat." 

tb-at a Buttlol .. t oonditlon for tbe rel.tlnetle OOYart­

nue. ot a quantu .. field theory Is the eftel'ly-«eult, 008-

mutator oODditloa 

wile.. bJ4 c at ~I< 8)1'\c{ ~"l - ~lIc.. = c9l'\l ~IMI(.( &Dd tile 

.D.raJ-d.nslty Is tbat obtained fra. a .,....rloa! ... ~,. 

.... ata. tensor ooustruoted by tba Dellntant.taO pre •• rt-

PUOD. For a elMS of tbeortG9 th~t !lcbwtnge .. 0811a 

'looal' tbe Dlrae-~ohwlng.r (~) condltloD le .at18fl.« 

la tbe .1JrpI •• , fon "I th b,.c. = ~kL""": .... • 0 • 8pta 

11 

• ( • ~ 1) theorl.e b.10111 to thl. 01.... Por canoatoal 

tbeorl.. la whloh et.pl. oanonloal commutatton relatloDS 

bold arowa121 ba8 «I ... two DeW proof. of tbe OS condttlon. 



ea 

ID Cba, ten I tUId 11 of tilt. the., ........ 1 

, •• t DC.. ot htl"er .p18 ''''01'188 hA .. ' •• a not .. wIlere 

r.latlYl.tto ooyartano ...... to be ape.' at tbe .... tt ••• 

or at the etu.loal In81. Aa. prell-Inary to a et.tatl •• 

• tudJ' of the ocwartaao. prob1. at the ... _, .. 1enl la 

.1IGh .... 8, an lnYMtlgattoJl Is oarrte4 out la tile P ....... 

obap_r 01 tbe 8qnltteanoe of tile os .on41ttoft tor a 01_ 

.toa1 tt.1d tbeory la a general •• tttDI. Co .. ldeliaa a 

PoI •• oa bra.".t (Pa) r.alt.atl .. of the Polao ..... &roap Lie 

all.1»ra, • d.rivatlon of tbe 'M condition t. PH ... t •• 

• tartt ... 'rea '&he bule tl.tlnltlon of PB of wo taIIotlon. 

ot oaaonloal tl.14 ooordlnat.. ani ..... t.. In ~ .I.pl. 

ou. wIIere the ueraJl-denslty 1(11 • tunotieaat Ol.0_0810al 

eoordlaat .. and aOllant. and their flnt de .. 1 .. tIYN. oDIF 

tbe tint 4.l'tyattve of the delu fanetloD .P,..... OD the 

J'b8 01 eq. (3.1), and tbe ~.nera1 lol'll of tld. ooelftoleat 

can be Identltllet b, appeal!na to tbe ... ~y ooatlnalty 

equatloD. Th. Polaoare group .tnetur. relaUo ....... 

oDly to cl.t.~ln. tbe quantitt.. ~ ID .q. (8.t). 

'rile pr-._t aad,. ...... 1. that at tile ol ••• loal 

le •• l the ftb~8nG8 of hl.her .eriyatlvee of d.lta ~tloa 

Oft tbe rh. of eq.(3.t) le Dot In any way directly ralatet 

to the .. pin or tile tleld 884 tlta' nob teWIIS appear la8ft .... 1,. 

when tile enaryr.,. derJIIJ. ty III a tuncttonal ot ht,her dertvatl •• 

of ,t.l48 and. .,. •• ta. ~ d.rtvatt.oD of "M DS ooa4t'I08 



es 

la t .. OU. of a generall ..... ehul_ ~lth IlIIber d.ri.atl ... 

of eanontoal ooordinate. aad ..... '- I. alao ,I •••• 

3.2 OS concH. tioD tor alllpl •• ,.t_ 
For • .tap1. s,.t.. de.orlbed by a •• t ot K tade­

p.w .. , dyD8IIlcal yarlables 'Yol, lret. (cl. = I ... N) l' I. __ eel 

tbat ,be .. ergy den.",. derived frOll a. .r.-.trlo Gft01"1Y 

•• e.taII ten.or 18 • functional of only 'i'et ' 1Tc( and their 

first dertyatly... The PO of tbe Gael'lY den.itl •• at two 

dietlnct points at equal t~e. is 

{ Too (,.lQ , Too c.x') } 

(3.a) 

~ld.r the above-stated 388umpttona 

deriyutiv •• are 

(3.3.) 

aToo CM) ~ l1f-jJ _ oToG elO G S ,i-E) 
o'IC. (x) ?J b,,'Jtt(Il) ~k. 

(a.3b) 



WakiDg U88 of eq.(3.3) It follow. tbat 

ar60 (.10 OT66(") - -~ '\(la!. (to o 1>k,' fi'.l C 1IJ 

~TO() (.1~ - 0100 (x) 

a~crlCZ) ~ bat 1'01. (10 

+ 

) 

olbo (-/) 

3~.t~c') 

0100 ellS aTe.o It) 
~1fcll'/) z'o" "'elll) 

dli. r; (1- x'J 

wbere ~K denote. !. IDYOklng the ~obwtn~er 1 den ti t,.li9 
i)Jl:c. 

(3.a) 

an4 aa easily verified wlaloguu& laentlty invGlylna the 

8eoo~ derivative at the delta tunotlon (S.8 ~p,.nd1x) 



t Too (.~) I Too c'/J J = (foie. (It) + fo" c.'/) ) 

1<. alL b' (~-;1) 

= ~ ( 
at 

aTr.o cTtID --
?>1rot D~ "1'. 

II 

(3.T) 

It now it la Ullu •• a that the .pt_ poe .... es 

spaoe-time trantllstional lov;lrianoe, Po belD« tbe ,eDerator 

of tillo-trMfYlattoll, tbe equatloll (3.9) tor Too",) Oall be 

oaet into the !Orll 

= 0 (a.10) 

""e .. e do represeJ'lts the ,&ot:.\1 tille dertvatlYe. JProa (3.10) 

and the e.Grgy continuity equation 

= 0 (3.11) 



it .., b. taferre4 that 

(S.12) 

.... re ble t. - arltttr817 haottOD wt tIa ak~. o. Hello. 

tII •• -!"IF d_et'tF PR .., be wrltt_ t. tb. t ... 

= ( Tt>~ C x) + To", (,25 ) 

Upto tble point tbe concept ot r.lattyt.tto 

• 

oovarlaac. bas not b •• D aseel In aay _If •• ' .aF. la ord.r 

tbat • tie14 tb.~·F be re1ativtettoally ooy&rl .. , tbe 'ea 

lea.ratar. p~, J~y oonstruoted In ,.~ ot ,be ,..... .. '.1 

tl.1d vartable. IlUS t ob.,. the • tnoture ra1a tloa. 0 .......... 

erlelDI ,he geometrio nature ot tbe l'olnoare ,rouP. Sine. 

tb. present dt8OU8SloD 11 wbolly confined to ". ol ••• toal 

regi.e, tt t. the ~B reallaatlon ot the Pot.oare allGbr. 

~.t t. ot tDtere8t 

::. 0 (3.16.) 

(3.16.) 



IT 

Of ...... relation., oal,. th. tollcnrtlll PD'e 

(3.1S.) 

{, J"Ok , :r0(} :. - J"kt. 

pertain to the LoreDt. oo.arlaace .t tb. tbeo" la 1 t. 

proper eense, the ,..a. of the etnotur. r.latlo •• (S.t.) 

tol1ow t .. oa tile three di_Detonal 18Y8rl .. o. 8D4 tbe notor 

propert)' ot the boo.t-,8nerator. 3 •• 

!'be lonereto,.. In .,.(S.US) .ay be e~r .... 4 In 

te!'tlll of the ener&Y-IIO •• n tu. 'en80r ae toll_. 

(3.11a) 

(3.18b) 

(3.180) 

nelatioD (3.1Sa) 1. alread, allowe. by the general to~ of 



eq. (S.tS) and la oreter tbat eta. (3.tlb) be "att"n.. bit 

_.t obe, t ........ tton 

:. 0 

(3.1f) 

Por tbl" ..-01"8 tat .. ral t. vantsh 'b. tntecrand _, be 

ot tbe tora of a tbr.e-41vergenoe t.e • 

• bere -atl t. 3D arbitrary tunotton ~tl.,..etrto ta tbe 

iadiet.. Ir sad 1. 1PrOII eq. (~.18). wt, ... be -t4 of the 

tut tbat ~ t. 41.,81'1_081888, lt 1. e.ll, d'-et.l. 
a. 

that ~ tt •• lt .et 1HtJ\4t"~enee 

(3.19) 

e8 

whare ~RI<.. xf. '. + 01lA"mkl. It alao foIl." ,la, ,be 
an tf. 8)'111m etrlo part ot ~ kt. la • dl vera_noe. 

8.8 OS eoBdittoa tor Doo-cGnAorYatlve 8ygteme 

In the oa •• where "be La&raaclaa ot •• ,., ... " 

u -:!!pltet t !lJ,'80e-tt .. e d8~end.n" trNlalatienal tJlYar1aaoe 

eu DO longer be tn'90lced and eca. (!!.10) will be replace. la 

thte t.1l.tane. _,. 



•• 
ne .. a alt,M eban,e of Dohtlon .... b .. n Intro4ll0e. la 

that Oe now denot .. e.,1101t 41ttereatiatloa witb .. a,..t 

to tl_ ""erea. 8 k .tl11 retatna tbe ••• al _till. EneJIIF 

........ oo •• er9&tloD do.. not bold 'a tbl. .... and eq. 

(S.11) t. repl .... by 

ts.al) 

Froa 8qs. (3.10) an. (3.lt) It .~ readily b. I.'erred 

that ' 0 • _ust ... of th. ten 

(S.II) 

.... tb Ok b" = 8 c ( Tee - J:.). Sine. __ la not 4t ..... 
.. 

•• no.l .... q. (3.tla) 1. not •• 'I.tt.4 ..... atloal1'. 

lIaktna ••• ot eqa. (3.t8a) fUIf1 (3.t8.) to ... 11Iat. tbe 

1u of eq. (3.11&) It t. t0aa4 that 

(S.23) 

aad h ... ta OJ'cl.r tbat tile abaetar .... l."oa .e .att ... 

1184 blr .at ........ rt. ..... by Nqutrlnc 

o 



fO 

t ..... 3.1 tile ."""0_ ...... lattoa (3.tl.) I .. ,.. .... ~kf.. 

tbe .... "totl •• 

It t. wortb lIot1nl tba' In oOD'r .. ' to tIl. o.e 0' oon .. ... 

•• 'lft .pt_. tIl. eo.,ftot •• ,,, III 'be ,ne .. ' .... n ... 

Dot be 4t .. r •• ao.l ... but otbe .. ooDClttlone oa " .... tb •••• 

M .. to .... 

3.. os oonclttloa ta Iltgbe .. 4.rt..-tl .. tl.14 tbeorl •• 

A aa.tltoataa fo~lattoa .t ........ 11 ...... b-

aal08 wtth bilbl .. orde .. dert •• 'I ... ot tteld .... t .. l •• ba. 

be.D OOIUJ Wend bF CO.lbo de SOU" 8.114 Rod.rl .... 12t• TbeF 

ba ••• bewn th., the PB .t two faDo'tone A and B t. to 'e 

detl ..... 

lA J 6] = 

(s.a.) 

wIl .... d~ 

:. eb
o
"'" "I'd. ,. tb. __ .. tall 

aonjqat. to '/1,1 .... ) • • t. ,be .. 4 ... ot tbe bllb_t d.rt •• " .. 

'lIyol •• 4. It... S g= ~~ I -F ".tbltl .. 



f1 

of -- ~ . . . 

- (a.8f) 

V.lal tile definition (3.ae) to eyalaate tbe PR t TOb I Too J 

where Too i. a tunatlonal of 1':~)' f/ 0(. J k.\t I and tIletr 

derlystly .. upto order • yield. tbe aeDeraJ re •• lt 

Tb. oo.ttlol •• t. ~. 0k1.- • • • appeartag 1 • 

... (3.88) •• 'e .. al •• t.d directtl, la an,. partl_lar 0 .... 

When tbe hlabe.t order dertY8tly. la' I. tb .... oad, It 
00 

I. touad 

0100 a~ 
at.t~') a ~~ i'oI./ to\.\~, 

-4-

aTe£) -



,a 

9. 0100 ~. Oreo a. oToo 
, a;bj lI'col/"'" t I .... ~ aoj1'J~) l a.3i'ol'/lfot/~ t, 

a: aT!)£) ) + ( a
J

• aToo 
30jbk'lrot/I'\iI11 aCjc.i"oC./IMtl 

±~ (OTeo dT~ 
\'\1\= 0 01 ()b.t'.tIM

) 2> ~jblc...'rroll \AA+-, 

a.re a •• ha. been _ad. of the followlD« Identity (see 

A endls) 

(3.30) 



13 

(s.at) 

WIle •• ttl1 hl«ber dert"att ... are In,,ol wd __ I 0lrl .. - • • • 

.tll ha.. addtttonal OODtrtbatt ... t ... tb ... hl.her •• rI­

".tt ... and ther .ay be e .. l •• t.d •• Ins Ideatltt ... 1-11ar 

to (3.31) lor ,.,.. witb btch.r tlerl .. ,I ... ot 4elta ~Do'loD. 

(3.aa) 

Pro. till. aD4 tbe eDeraY ooatlll1ll'y ... a'10.(3.11) It .., 

lie tnterred that 

.1 tb D!(. Sk.. o. 

Re80e tile e.ray denel ty PR ....... 'be 10l'Il 



" 

(S.31) 

wb.r. 

V.'III tIl. tOI'll ot tbe .n • ..., dens'tF PI .. ,t.,.. bF eq.(3.31) 

, •• ft1uate tIl ...... ot tb •• tna_" ... laUo. (S.lIla) 

(3.ST) 

Re .... the .'N.tu .... l."oD t. ..t'atted OD1F tt 

o (3.31) 

ntoll -- tbat ~. aQ. o(kt .b .... 0(1( le antt,_,.. 
Eq. (3.al) tapl1 •• tbat 'k 888t It •• lt be a 41 •• ,. .... t ••• 

-- ae [ o(k~ - Ow- c: k(lt\'\ - • •• J 
~Il ~kl. 

(3.31) 



ID o .... r tbat tile .tnotare r.latton (3.tlb) ........... 

... tftet_t ... bat _. tart_r netrloHc1-,. 

::. 0 

911 ... '1 .. 1 ..... (3.SI) ta ... (S.60) tt toll ... 

: 0 

or, tII. antl..,...trt. p" of ~ 1£1 I. •• 4I.Y......... ftIIIa 

tIl ..... I. tiOD. tIlat ... .... t •• atS.t,. .... ill tIl. pns .. t 

.... tIl ...... tbu. for" 1.8 .q. (a.l). 

3.1 CoaolUSOD 

!be OS ooa4ttt •• baa b ... tertyed wttbiD tb. 

traaework .t olae.toal tt.ld tb.or.r. The sen.ral tor- ot 

thte oonditloa ie d.t.~tft.d b, tb. en_,., oontlnatt, 

equation. 

onl,. tbe tiret 4ertftttft ot th. d.lta tunotton wldl. tbe 

preeea.e Of higher .. rtYatl ... ot tt.14e &Dd oaDoatoal 

__ ta t. ta. -VIY 4.nalt,. tnytt_ tbe appearanee of 

bllber 4.rlyatt ... of 401ta tunctlon.. Thta .. k .. olear 

TI 

tb. faot tbat fOr th ... bl,bo .. 01'4 ..... ~. to appear it S. 

Dot Dec ...... " tlla' • bls.r .pSa _. useetateel with tb. ft.1e1 

.)fat_. On tb. otlle.. band t th. appearano. ot btlb... 4.rt-



T • 

.. tl ... e. of 4elta twlotl.a •• t •• tak.a t. _aa tbat tu 

..... " 4 ... 1t" tuDett .. al la _ob theerl. ooa'.11I8 "'Iber 

clerty."",,, .t o88.atoal ooorc11nat_ .. 4 ___ te. 

"bll. 't ,. tbe t ..... l.tl •• l la ... artaa •• ot tbe 

theer)' tbat det.nta_ tbe •••• ral tOl'll ot tile DS ooadl tlOD. 

Lo .... t. oOYananoe .t tbe ".017 ttac18 _,.. ... 1011 tlarOalla 

tlte restnotto. impoe.4 •• the ... ttlol .... ,. A polat 

of 41tfer_" lie .... , .... ta •• 10a1 DS ooDcl1tloa and , ... 

quaD" ..... 1 •• _. be aote4 b .... _ la tb. 81 ... 10.1 OU. 

tor .lapl •• pt.. the 00.tno1eat .. le 41y .... _.l ........ .... 

tb .... I. DO •• ob .... 'riotlo. la tIl. ...... ..... Ill ...... . 

WMa ,be -ra" d.lI8lt" ha. an .. 1101t .P. __ U •••• peDd •• oe 

01' .beD bl,bor derl .. tl ......... p ..... , ~ 0 • .". ,e. ._. 
ooDdlt10 ... In th. qmmt. 0... Deept. tb •• 4111vu-

... n10h ay not b. too .Ignlttoaat tII. quaa .... l ... lo.1 

analogy woul4 p ...... ably allow ... st ... I ••• t tbe ..... It 

bereia obtal.4 ,...aI"41111 ... ..rnepo.a .... ""'_ bl .... .. 

order Lat!rancl ... and blebe,. order 4.rt ... a,'." of 4.1'a taa-

.tloa te th. qaaata. d_ata. 



" 
A'PINDIX 

,. ... 14_tltl •• (3.8) 884 (3.11) .... readily 

.. rifle4 by l .... rattnc .1the. aid. oy.r x or x'. !be 

,JIOOt .t eq.(3 •• ) I ..... tlally b_e4 OD the 14entlty 

= ok. [~k~~ 0e.9t(%) 

- .9 k. ex) a ~ f t ex) J 

(31.1) 

In a aSallar way ... (3.31) le •• tabllebed b, DotlDl tbat 

(SA.I) 



c ...... 11' 

RBLAnnst'IC NOlfCOYARlAlfCB IX INt'BMCUIII sn. I 

PIBLD 'l'llB0II'f 

file eOYaftaao. ...'1. la •• nala patb'" 
1 .. loal tbeorl •• at tile el ... leal 1 ... 1 
i. a.4ied ... tbia a PoSaoare II'OlIP rr-
.or • .ul ...... of tile OS ooDdt'I.. It 
I •• bowa aat wIll1. tla .... aal lat...­
setlon. ot a a,t. I tl.14 1... to noa ... 
ftrtaao. tIl ........ _pi ......... ,_ 

',. ... atlo. I. _.al bat tIl. tIl.O" i • 
• -..rlb.l •••• oa-oOYariaat. 



" 
It ............ tl.M4 I. C ... pt .... 1 ... II .... t 

la bll .... epia tb .. ri .. o ••• llt, YlolatloD ._ to .. 

_ .... al •• b, a 1trealaJ.. ot LoreDt. ocwariaac.. 'I'WO 

tn- ot ••• OOftri .......... _eea ......... eo tar. Of tb •• 

tIl. nono.'f'ar1u_ at tile ...... tl •• 4 1 ... 1 "rtal •• to .. 

Do.I ..... I .... of tbe s-aatrls oat.ulat84 per ..... tl .. l'. 
!be oth.r tJPO ot Donoo .. rlaao., ... 11 •• ttol It •• ll at the 

ol ... toal 1 ... 1, art ... out ot t .. iJlpo •• lbtllv 0' •• t..­
atat .. all •• ,.a .. at OOIIpo .. D. et_lt ... oul,. tD all I .... e 

of ret.reno.. !be •• re .. lte dO Dot .. tablt.b Loreat. 

D.efWU'tano. t. a rilore ... aann .. b..,_~. Ca> tb. ftltdtt, 

ot tbe p.rtawb.tton .qall81on la _.eal tIleOrt .. I. a ... 

.... t ""bloaetaa , (_) tbe atvlllat.4 DODcO'Yarlaa08 at tbe 

el ... loal level la 8011..,bat oonjeotaral • 

.,... P ....... work I. at ••• toward. aD t8v._tl­

latloD ot tile oonrluo .... _ttoa of tatereottq hilbw .,ia .,..t_ wltldD • PotDO"" group fr .... ork at tb. b_Io 0-

naab.r 1 ... 1. Tbe DS oODdltl •• ta tb. aata tool 01 tbt. 

_tad,. S ... ra1 IDt ... aetlo118 ot a eplD t tt.14 .... obos • 

.. ... p1_. TIle _8II_al .,...trlo t •• or and Q1Iac1ftpol. 

o .. pllQl. ot • ebara ..... tor ttel. are eb ... Dot to ....... 

LonDt. oo.arlaao.. At tile a •• U •• It I. t_. tbat the 

Pa1t __ eat 00111'11111 er a .p18 1 partl01. to ea .:deraal 

Ulnotlo tt.14 whlob, t'oap o •• al. b88 tbe 41111oalt, of 



00 

. I ... I.a.., wl... I. tll • ...... y .I,enal ... , .. tnII I. al_ .-eoftI'l .. ,. A .Iular .. al,.I. ot _wall, ' ........ i • 

... tor ft.l ..... Dine tt.l .... 4e .. ftri ..... '1 .......... . 

..... &1. 'ha' wbil. ,be ..... 1 i.' ..... 'I08. an all .. a-

OOftft .. ,. th ........ two oas ••• , ....... '1 ... _pit ... "btoh 

an __ al bIIIt 80t 0 ..... 1 .. '. ,he IlIIplloa'I ••• t tile .. 

re8Dlt. are .1 ....... ID eoae .... tl. 

la .... US ... art ••• ooll4ltl •• wlat ........ ..... 

• It ..... h t ... eoatat ot el ... teal n.14 'b"l7 la Cha-

pt_ Ill, It ... '_cl .taa' .bll. the ... en1 t .... of tll. PI 

,I .. bF (3.t) a.rt ... eol.IF ,.... tIl • ..... r e .. ,t_Itp 

.... tlo.. tbe ""duoe ..... ' ..... 11' ..... ren .. t .. tb ...... 

tII ..... triotto_ OD ..... tttot .. , 'wt. .,...prta17 ooa-

.t,,_ ea -. I. tbat " .et __ a ' ....... 1 ...... __ • It la 

a .,..tllo t .. t88 •• tbl. oondlttoa I. ~olat". tbe .. tno .... 

I"'" .t .... _" "latton. (1.1 .. ' ... (3. lA) will DOt _ • 

.. ,t.fid, ... the ' .. eor, will tatl '0 1te ....... 'lI-OO't'ariaat. 

la .1Ie _,1 ...... , ...... M1 .. tt , •• bon tbat .... PII 

-. ate. DCK-;t) • t ... of tbe to.. - [ .f.t>,,(21) + fOk oh J 

.c. a ... 8 (1'-;t~ wile" toll 1. not a thr .... dl .... _ ... 
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4.3 Buapl •• 

• ) s,...vto •••• or .oap1 .... 

Co •• td .. tbe lntereo't.a et ..... t •• obarled 

notor tte14 ~JA(1I) wltb an _xtenal .,...trto tenB" tte1d 

W IA"C."). .,... La, ..... I.. t. _ak_ to be 

It bea b... pro.e. tbat tbe tt.ld propacatt.. t. 

&oaa8al tor tJlt. late .... tle" ( •• e Cllaptv I) an4 8on.traln' 

break ... oan ooour In tbl. tbeo..,. ID a traa .. depen4_t 

IlaJUl ... '· • t'O •• 4y tbe oonrs. ... e .t thl. tbeorp bp apply" 

tbe OS ooadltloa tbe ••• rer &ad aaa.a ... 4 ... ltt •• ot tbe 

.yet .. are ttr •• ooa~t.4' 

-- +-1 



It, to.r at.pltet"F. tt ta DOW ...... 4 that oRIF tbe w .. 
oapo_t ot the .,. •• trtc t •• or tl.14 III ...... ftIlI.Id .. 

••• ( •• 1) at.plttt •• to 

+ 

8. 

It • .., _IIF ... "rift ...... , tb. alto ..... .,tIOD do •• 

1I0t laYa1lda'e aDF of tile ooateadon of tile pr ••• at wollll. 

Mald.Dg .... of the basl0 PB relatl0.s 

(r7:}""') Trj" .. .lJj 1.. ~I ... I ... 

., 
= {. rr lex) J ~. ob J .. 0 

wIItoh t. tIl. Jr 8 •• at cue b.oOll8 



8S 

t 'f!r Cox) I Goj ,,,) 3 

with all other P8a YaDlabln«. tbe PI 

'0 It.. q ;'.c.oe. et) J - t c ~ + tp~ c,,) Gb: (K») J + aJ( q> e Gbe. (Jt) 

).. W lIO (If) t • .. 
~IL cn~( (~) J c:p ~ c~ OL liIl>~ eX) + qfC, 

",1._ )..W~o 

0-.,., ere. (Jl~ • 

.. • • GibQ. (Jl') 3 + t Gtb &. ,.') + 0k/~L ex) 

where ?J,<' d.Dot .. differentiation with r •• pee' to I 

"k. • 
Tb. term .ttbia tbe firat ourly braok.t oa the rh. of eq. 

('.T) -y e .. Sly ,. Identlt'.d .. th. - .. at. d.nslt,. 'Olr. 

Tbe aecond OQrl,. bracket contains a tera of th. to~ of • 

thr •• dlyergellOe. ).. Woo 

wldeh aplleare la a4dltloD 



'0 , ..... oanaot be wrl tte ... a tbree-4iftrl"'. AIId, .. 

• !'I ••• _ton. ....aIc. tb. OGYartu ... f tll ..... 017. 

la) Qaadftpol. ooaplt .. 

Tb •• eoolld .s_pl. .. prcwt4e4 by tIl. quMnpol • 

•••• t ooapl", of the oba ..... 4 ... tor tt.14 '0 .. ezt.raal 

.I" ....... n.tl. H.14 with .. In.notlon Lacraqi .. 

"h.r. 
tl.14 tensor ot tb •• 1eotroaagnatlo tl.14. It tb. onl, 

Don-y.aaieblnc oompo ..... of tba .18ot~ftetl0 tte14 

ta.or .... Fl • • -IEI •• 0 tbat tbe tleld 1 •• tIIl.pl. 81e­

ctra.tatl. tle14. the enara, and _OBa.tu. 4anRttt .. are 

TbO = 

+ e/ }41. 



81 

TbOa«b the ... oaloal ....... ooatala addt'loaal 'er-e ari­.1. f .... th. dert.atl •• OO8pll .. la ... (4.1), ....... 01 

tb •• peolft. t.atur.. of ,be .leotro.,.'I. 11.14 ,be , .. 10 

PBe .... f0an4 to .. e._ .. tbo .. ,I •• by .... (j.8). Malel .. 

u •• of Iba •• relattone to ... lua'. tb. OD.~" •• n.lty PS 

It t •••• tbat on ,be rba tb .... 1 .... acJ4ttlo_1 t .... ,I •• 

b,. 

Stn08 this 'eJ'll oannot be written ae a three-dtftl'R __ It 

follow. that tlMt theory nioh 1. known to be eo .... t' t. 
aI8qnOD-Oovar1aat. 

0) .\DOIIalOU8 80111ent ooupli. 

'rile couplt~ Of a .pt. t parttol. to an .d_oal 

8Ieotrea"n.'!o ft.ld .sa the anaa.lou. sagnetto ..... , wttb 

th. tnteractton La«rangtaa 



'I 

baa a a,..la1 later.t tn tbat "ldl. tIl. pro,.atto. ot tile 

tt.la t. oa_a1 at tIae claa.loal 1 ... 1'" t t t. known that t_ 

...... F .t ...... 1II. epeet..- oa1I .... lop t-"Ii8817 .. 1 ••• 

d.,...41. 08 tb. n.ld • trelll tla (s.. ohapt... I). ID tbe 

partl_l ....... wb .... tbe .ztel'Dal ft.ld I. a bOllOlen.01l8 

• .,.etto tie14 tb. enerRY aad ao.eatu. aensiti •• oorree­

poa4t. to ••• C".la) 'a 

= 

Byal •• tiDI tbe .-ray de .. tty PR wttb tbe help of tbe b_t. 

PI's (4.8) an addttlanal te. 

= 

1. _eoutered OD tb. I'll. wbleb t. Dot ID tbe loa olt: • 

4t •• ",,8..,. IUId tbls .at. pl'O .. a --tit- thee." I. Dot 

oon"_t at t .. ol .. atoal lw.l. 



In tile .... Of _toal 1 ....... '1 .... he. a 

_.1 .. _.t ... l ... tor fl.14 _4 01 ... ft.ld. 8laalla1r Md 

C.,..t, h ........ tu. 41 ........ pll ... 01 ..... ea1v • 

..... t_. pe.clo .... to. ad -.-er t". alii ... to __ I : ..... rt... OD tIl. ot_. hu., '0" cIeri .. t'ft eou,lbee, 

oDl,. th ... e'ol' a.d ... or OO8pll ...... tIa ,lie la .,..tloa 

......... 1& .. 

aN e.e.l, nil. ,be ... 1." ............. ud _.clOftOto. 
oouplo.. atd1dt ...... 1 ....... ..,. ualpina the Lon ... 

oonriMO. ot $be ... d ... lvatl .. el,. 6ouplO1l tbeorl •• at tbe 

olas.loa! le ... l ... '1,. .. 'a tII. pr""! ... .....,1 ••• tIl • 

• ..,.rla' ...... It -re" that tbe 'beorl •• that toll .. 11"0. 

tbe LacI'UC1- (4.1e u. (4.IT) ....... ,. DO patlt0101'" "n 

p ..... _.l,. ... po ....... not poa_. Lo...... ............ he 

.e .. J' ..... _ PB for tb •• 00111111 •• ooatala , ... atra 

, ... 
P ~\I 
T Ok. 



• 

whtoll ..... 0' tltNe diM_to'" 41 ...... "... !lbat tb. __ al 

.... r1 ...... ale. DOIlOOYadan' 1. p ... '" ... tly la tile e •• 

futatoa, 

The pru.Dt woJ1c ebelle Dew ligbt on eo .. aspeots 

01 pathol.ltoal bebaYtour t. IllIber .pla 'b •• rt... It baa 

lte.a eb ... t_, lA .... ,. eo"fU't.aao. at t ... ol ... teal 1enl 

.... lIot eat., t. tb_rl .. wbe .. _e.llty I. ,I'M •• ,. _. 
tb. ao., tmportant tftot "8r,ltng t~ tbe present .t • ., 1. 

tbat the ODse' 0 t Loran.s DODoovarlanc. wMn II1_rac"lo .. 

aN lntl'Odalc.4 t. • more genern! flort ot "henomenon thaa 

aoeu •• l tle14 prGpecatlon. ~)le. baye been proYtde. of 

tbeort •• 'Idlere .. be o.eallty ot PJ"OJNlCatlO11 le blpeeoabl. 

but are, _.ertll.l •• ." aoa-oo..n.aat. 

OltsenattoD ot • D81r JrlD4 .t __ IF 'a I .... 

aotlDR .pln-t tt.14 tboorl .. by At •• ear ... IIIy133 wblob 

appoars to be ID deflnlt. oorrelatloa .Ith aODo ... rt .... 

but DO' 1. 1-041.'. relation with __ .lIV 1 .. 41. tun ... 
oorroltora'loD to 80" of tbe reaul ta ot .... pre ... ' WOft. 

'fbe.e aa.on Dot. tlmt tor • OOllplln. ltllb .... s. tla ... otor 

tt.14 tbe latera.tloa B .. tltonl88 ~I tn t~ tnt.racttoa 



ptetare t. ta 1 ••• reI ea tattatt •• art •• ta tbe ttel" to 

1I'Ideb tb .... etor tt.14 I. e .. ,l." fte •• n. 801"1"_-

.. 
poadl .. to 8110b ea 'nterutloD will ' ... 1 ••• AD t.na,t. n_h. 

ot Itn .. ot otber tl.ld. la &dd1t' ....... ,.. ....... tor 

It .. oa 1..... For tbe la t.rse "I on. _la ..... In 'Ile pn._t 

won th.y eoao111&11 tbat 

(I) tor tile .,...VI. tea ... UId q1I&dftpol. 

ooupll •• botb of 11111011 an _al .... HII-009art .. t •• 

expr .... on tor ~I ,. .. tatint ... erl •• , 

(11) ... ." ".rt .. tl ..... ",. ooaplt .. to • otrao 

tteld, _IIIDear In th. Yeotor tlel4. 1 .... te an intintt. 

"erl.. tor "'x. All of tla... are nOll-GOftriant but onl~ 

the 4ertftt' .. yeator tn- t. eauaall 

(ttt) tbe aertvatlft to_or ooupli .. to tM Dlrao 

tte14 "hi.b t. a_flal but Don-COVtlriant contains a 881t­

tnterftGttoft of tbe Dtrao fle14. 

Tbe only apparent dleB«reeeent betw.en tbe result. 

ot the preseat work and the cOIlo1 •• to .. of AtDS8&r 8.114 Ko'. 
00110.,... the &DOIIaloaa ..... ooupl' .. wbiob t. 0_81 ilia. 

Doa-OO.artut. It ra .... out tbat tilt. tat.ractloa ba •• 

Itntt. upneeloa 'or SI.! • ru. -ay be attribute. to the 

taot ,bat tt. .1 •• t .... _ .. I. tlel4 la the pnseat work bea 

b.ea treated a. exteraal while Ala.aar and K8t. oODslder 



._d lat.r.etloa.. 'hi. lHtOOM ... d.nt .... l. wh_ 

o •• neal1. Rac-'s OO.OlUtOIl, _attoaed. la Chapter I, 
~ 

tbat tbe fa1ly .. _tl .. t ' .... 17 of 0011&10. - ... t aeap"t. .. 

ot • .pl .. t tt.ld to an el.ctroaftlaettc tl.14 t. trouble­

treeM • 

le & tlnal .....n It I. Doted that tbe In'.""o. 

I"ecardllll tb. aon-ooyariaao. ot tbeGn.. la S ..... 3 _y bold 

la tile .... tt. ..... nloD u .. 11 It PI .. la ,1_ .... ",lact •• 

b, o~tatlo.(&IItl-o_u'loD) "latl.e. , •• DOD-OOftrI­

ge. _. b. pr .... , at tbe quaatl .. 4 level ID, tile llel ..... ., .... 

plot .... tt •• lt. 



CIL\PH8 Y 

LAGRlNGE MULTIPLIBR FOIUlALISM F(It A 

SPIJf 1/1 PI&D 

Ae • po •• tbl. ..lution to the 9arioae 
petbOloll.. baaDtlDl hllber .pta tt.14 
tbeort.. • Dew •• hod I. • ........ . 

....... tbe •••• ldilll7 .0adltlOM an 
leept •• parate troll tile .... tto .. of 
IIOttoa ta .......... t _,. _,. __ of 

a Lalraa .... ltlpll.r. Tbe 41.tlDO' 
t.ata .... ot tbl •• p, ... &01l .... 111 ... 
tratec1 with re'.reDO. to a .... 1 •• 
.,ts all tl.14. It I. abown that ta 
thl. towmulattoa tb. tt.14 pro,..atloa 
t ..... 1 wIl ••• oapl.4 to ... d.naa1 
tt.14 ant! tbat tIl •• a .... ,. .,.. ...... b 

....... tl. tl014 I....... Qautl_tlo. 
la oarrte4 oat la ea ta •• tt.atto .. trI • 
• ,.... Por abillal ... pl1 •• tUllt&17 
s-aatrlx t. oO ... lUoh. b, tatroctuolDl 
• fl.tltloa. partlol. aDd aD ad4lttaaal 
.... ta. 



.. 
1.1 latrod ... t .. 

!be probl.. ot '.,..la'1II a 00 •• 1 .... ' tl.ld 

'''017' .f blebe ... plapv'lol. In'.raotlo.. I ... ,., ea 

an.olv •• one. !be yarl.ty ot .. 1a41 ••• tfllotl81 bl_b.r 

.pln tlle017 I'UI tnc tl'Oll _ •• al '1'O,...ttOD ancl t .... 8.1.-

'.0,. ID quaatl.'toa to brealE""a ., Lo .... t. ""1'1 .... 

and appearano. • t IIIEllJID817 ••• !'Iy .1 ..... 1... ..... ear-

.ey •• I. Cllapter I. S ... ot tbe _.es'" .... edt .... ... 

al .. 4 •• ort.d 'ben. ftl. Cba,. ... splo ........ po •• t-

btllty ot oootno.t ... ,. .... I..,.-tNe btlla .... pt. 'h"l7 

b,. 18,..,aaol ............ _IUpller '0 ... 11._. 
I. th. oODYeattoaal t ..... latt.D. .. orlllaally 

lal4 by Pler8 and pealtS, tb •• ~.Id&ry o.Ddltloa. required 

lor elt.t_.loa .f ndUD4ant eo.no ... t ..... dedYed alo .. 

ri'la .... tIOD. ot ao,I.D by ,be Yal'ia" •• ot ,be Lac .......... 

'file •• o.e.rata' relation., •• a ... 1., .et aoctltl" ..... 

la'.reo'I.. '.ra. are latrodaoed ta.. the Lac .... t... I' 

I. propoa.d tbat the al ternatt ... ot k •• pllll tIl ..... ,elt.,. 
o .. cJt t'.n. • .... te t.... th. aquatt... ot aotton la a _a­
.1.., .. , way by __ 01 • Lac ...... 1'lpll. ... a,. .... 
• 01",,_ ,. the aboYe -.tle •• d patbOl0.t. •• 01 ble"'" •• t. 

tt.ld theorle.. Nabnlabt tll t Rn ancl ~u4an .... ll1-tl" 

ba .. _cl. as. 01 • Lqru .... 1Uplter 'o..-allaa to oon.t ..... ' 

.aalt •• '1,. reao~1te&bl. tb •• rt •• ot a ••• t •• geOtor tt.l48 



&D ..... Ift and .... 1 •• Ta.-MIll. tt.l4a. aat the acrtl-

yatton ot the pr .... t work ha •• dttt .... t oli«la. It 

trt •• to tan tato ".01IIIt the .xt.ten •• 01 eon.t ... tat ... la-

tton. I~ •• r.r oa ... t, 884 tbe ••• o .. tratnt ... latloa • 

.... _.,. .. tr. tb. ll1fl ...... 01 lateractlou whtob 

0' ......... leact to troubl •• ot yar10ua .ort •• 

la till. obapte .. the _thOd outl1a" abOY. t. 

applied t ••• ,1. a/a tlel4. A LaiweDl ... 1'lpll ... ·to~~ 

11 •• 1 ••• t .p tor a .... lY •• pta s/a tt.14 aDd tbe tt.14 

1. qaaatl •• 4 S. _ la •• ttalt. _trie .p_. It 1 ........ 

• tra .. t tbat tb. ,re.eat tIleO" 1. tn. ot tll. anal patllo-

1011.. .... 1at.raetloa wltb 8D .leo'''-81 •• tt. tt.14 1. 

lnt......... ... ...... It laappea •• at tile 8-IIatrts t. IIOt 

.. toaatl.all,. utt...,. la tbe , ....... , appro.eb and • proe"'" 

t. _t11aed tor the ... tontlol1 ot the uttartt, ot the 

... tt.rt., .. plltRd •• 

A 41 •••• 1on ot a .pt. 1 n..ld la tb. Lac....,. • 

.. ltlp11 ... 'ormall •• 1. pr •• ent •• la Appeadlz I. 

1.1 ..... latloa 

A .pla S/I tl.ld _,. b. et .. en"'d by _au ., 

a te-eoapoaeat .eoto ...... pl.or 1',... (.ptno .. In4.:.: .".... ... ). 

'rile aoat ,eMral ,-ranll ... 1ea4tng to an eqa4t10D 01 .. Uoa 

tbat ha. at aoat first d.rtYBtty .. ID It ba8 tIl. tora 

(a.t) 



+ ~vDr) - 8 rJA l{·a ~\I - C~K,..lrll 
(1.1) 

wIa .... A. It C .... , ...... ,.......... It ..... ,......, .. 

an ............... ,. tIl ..... 1.1 ... 

• • 
c • 

-t 

1/1 AI + 1 + i­

-(a AI + 1 + 1) 

(I.sa) 

(s.ft) 

( .... ) 
tile ........ 1- (1.1) n.l •• , .. aartta-SolllrlDlv ..... 17 

'er tM 11'1 ..... "1 •• pla 1/1 ft.l. wide' t ...... to .. 

dill .... " t .... "I ... , .Ift ........... __ ldatu1 

I. th. , ..... t h._taU .. (a.t) t ..... a .. 

.... ....... 1_ to .tart wI'll. It ,. BOW .. _ .. t .... 

then t ...... tNI.t .. laU ............. 11 _poa_t • 

• t tile ft.lt ., tile ,.... 

blln 1 .... anal 'n .... t .... Lac ...... ' •• (s.t) ,. 

'""et .. &tv tile ___ pt, •• tb.t ....... t.raID' ... latloa 

....... 1 ... pea ..... I,., .. cl it i. in.....,.,ra'" 'ato ... ...... 

..... i ... ,. _ •• f. Lac ...... _1Upller. ,... ......... . 



I' 
.. ltlp11 ... tbue Introduoed _et b •• tunotloD of epaoe-

tl __ 4 11_00 ..,. be treat.d ea an &4dltloaal fl.let "ri-
.bl.. Yha ftriatlon ot th ... ltlpl10 .. tl.ld ia th. Lac-
..... taa ,.a.le11 tbe .,netrat., ... latto. a .. ""Rd. Tbe 

.fteo,t .. La8rancl .. wi'b *be .ouetraln' tnoorporat .. le 

(1.1) 

wIlen ~ le th •• 1ttpll ... tl.ld lllVOcIDe.et IUId 1\ I •• 

... al 11...... It I ••• 14 •• t that It the Lalraactaa (11.1) 

t. to be Loreat .. lny ... tant tbe multlpll ... tl.let ... t b ... 

th. traaatormatioa ~woperty of • loar-.plno ... 

(I.t) 

u4 the .... '10. renltlq troll the "riatloD 01 ~ I. 

tbe oonetral" oondltlon la oq.(S.'). Be08U80 of oq.(1.9) 

... (S.8) reduoe. to 

(S.f) 

Mul'tplylDl ••• (S.f) noo ... lnly ""h 't". and 0,.. aad .alEllII 

us. ot ••• (S.'), tb. tollow1al relatloDs reeultl 

(S.I) 
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(I.t) 

".(1.9) expre8S •• tbe .. ltlpller tle14 I. t~ of 

and .. ,. _. atlll ... to .11_I.a.e ~ tr_ eq. (a.f). If tile 

....,1 trar,. ,.,....t... A 1. uste_4 a "la. -1 tbeD ~ • 0 , 

froa .,.(a.8), and benee the aal'lpll.r tleld will dl.appear 

Bat It will 'be ... D below 
f 

tbat to aebl ... 00D8tste.t .... tl.atlo. a dltferent eboloe 

ot A wt 11 ha ... to Ite _de. WIt. A I. -1 eq. (S.8) .a~ 

.,. ... 1NItlbt .. into eq.(S.9) to d ...... 

(a.Io) 

'"*' A • -i. tb-ab r • o. fr .... (a.,) lt 1 •• tlll 

po •• lbl. to de.t.. the relation 

(1.11) 

It .ppears, th.reto.... that tbe p .... t tbeo..,. GODtab. ta 

addition to the spin 3/a partl01. of.... -. • .pta t 
parttol. of .... 211. Tbt. 'eCOM. tu.rtlaer ..,I.e.t t..­

u lu,eotloa of tit .... at' •• of IIOtloD ta tIl ..... t t ..... 

.. I. 40 •• bel_. 

v ... • q •• (I.f), (I.a) an. (I.') It toll ... 

(1.11) 



wile .. tbe l .. t equallt,. belt. If A"..... tile _pone.t. 

or 'l',.. do not •• tlst,. the Oel...oordo. equation, bat eq •• 

(a. to) ea. (I. U) 'osetber "'el. 
(s.ta) 

_cl 

FroII eq.(S.tl) _d It. 00113111.", wttll tile atd of 

eq. (a.9) OH enn 4erift tbe oODS8rft4 our .... at 

(a.tl) 

.,he _tal 0...... I. 11 ... It,. 

(a.t8) 

In tbe pree.a' tbe total obarle 1. not poeltl .. - .etlnlte. 

Tbl. faot -.y Ite 4_n.'rated b,. ... 111 a 1111 eq.(S.ll) la tb. 

reet t ..... Let 

(1.1T) 

be • plaae-wa .. 8.luUoa of eq.(a.lI) witb p .. ltl ........ ,.. 

la tbe I'M' traM _tD it • 0, .,. (a.ll) "_ •• , wb_ 

.,.(I.tT) 18 a.-.tita, .. , 



(S.18) 

Por ,.... , tIlle b ..... 

( - , 1f. B + _) w. • 0 (S.t.) 

It I • _, _. will ... ateb 14.Dtl.ally .. I. tbe _. la 

Rarlte-Se.lag .. tbeOI7. noWft .. tbe pna .. t t ...... 18\loD 

ale .... 1 b the .. 1 •• B • la .. tbat _. b&8 Do ....... I.b .... 

•• po •• Dt •• or .... polldt... to till.. ...... •• Doa-y.l.ldac t .... 

eoatribat ..... U .. , ..... la tIl ........ Ion (a.18) .. 4 tbe 

to tal .ha ........ 0.. In4.,lnlte • 

...... atte ..... t .pla OOIIpoa.t. 01 tbe ft.14 .0""." 
PODdl.. to tb. WO ,. •• tltl ..... atat •• an4 a. _ay'. 

t".tlfted by taIc!1II • ole •• r loolr at ..... tlon (11.11). wI'b 

~. I. a. 8 aac1 B •• eq. (a.19) beo .. . 

c- ¥'+ + I) Wi = 0 (3.10) 

'I'M. loapl1 .. tbat ollly 'tbe .pp ... COllponente ot -I .""'". 

aDd tb ... con.tt tut. six Do .... l.lIl. 00II,08811.. 'l'bat _ • ..... 1... la ,tide 0 ..... 'e. Doted _10.... 'I'b. eo •• trata. 

re1atloa (a.9) .eoo ••• la thle IDstaao. 

.. o (8.8t) 

• h ..... 'VI I, tbe two-ooapoatBI' aplnor to .. lng the DOD-vaal­

.blq part ot -I and tbe eT; .... Pall -.trlo... Th. r.p .... 



... tatloa .t Dlrao .. trloe. ,I .. a b 

ti a (0 -l~i) be. be ••••••• a •• '.'alDl eq.(I.at). 
,a~ 0 

aeo ••• ot ... (s.al) th. ats .,..poa ...... recluc •• to 

toar Independ.at eoapoa.nta whloh ooa.tttat. tbe ap'. 

s/a part of ... tt.ld. 

99 

WIla B • Ill, .fI. (a.t8) ~OII.a, tor ~. I, 2, S 

t \) w: • -~: w~ (s.aa) 

It I •• .sd •• t r.ro. eq. (I.t.) ,bat la tbl. Oil •• onl,. tbe 

appe .. c_ponent _, ot w, oau b ......... eal.Id... 1'Ilea tt 

tol1on ,... eq. (B.Ia) ,bat tbe upper o-JJOII_ta .t 1ft 

Y8Dtsb, aad tb. low.r ooapoll_t ..... rela'" to ., b,. tbe 

relatl .. 

- 'CT'i "4- (s.a3) 

lba. the six c .. po •• nt. ot Yt are all .spree •• bl. ta ,~ 

ot a,. aDd there ra.ln. onl,. two lncle,.d .. , OOIIpo ..... 

for tbe neld. ~lDoe tbe s"b.Sdta,., ooactltSoa (S.') n_ 

" O"'i v,' = "+ (a.M) 

whlob •• ooapatlbl. witb ... (S.23), It 408. not - .. I .. la 

an,. tarther redaotloD In tbe rnatlber of oomroae.ts. The two 



tOO 

lad., .... t .01atlo_ 00 ...... pondl.. to ,be y81.. E • III 

oo •• tl .... tb •• pla 1 part of th. tt.ld. 

Befor. ani ... to tla. probl. 01 q ... tl .. tl •• a 

lew reaan. aa, be la ord.1' 00lI081"111 ........ obOlc. of the 

oo •• t.atat oondlt!o. (8 •• ). In tb. Il'redaol_l. deaort­

"loa ot a .pla 3/a partlol. tbe ~to ... pt.or •• tt.tt •• , 

la addltlo. to ... (a.t), aaotb.r ooaetralnt relattoa 

= 0 (I.as) 

It tbe LB8l'aqe .ltlpl181' ,o1'lla11_ 4 ... 10.,.4 ab ... It I. 

att_pted to t_ late ... ouat botla •• t. 01 ooDstrata. 

oon41" ... by introduolDI 0" .ore .. ltlpll.1' tteld by meaa. 

ot the Lqran.lan 

tIl. ...atloll of aotloD be .... 

(lS.at) 

Br operat! .. ~'b ¥I" Md 0,. os ... (I.af) .. 00 ••• 1 .. 1,. tbe 

tol1 .. tq relatione are obtained. 

(a.as) 

(a.a9) 



101 

Sq. (a.aI) .ay ....... 4 tor .lllIIaatl .. ~ la , ...... et the 

tl.14 ..nable 't.. IQt?C will a","," la tIl •• ",atlo_ 

aDd will ooDetltat ••• pta t tl.1d. Tbie eaae •• -.at 

beoatlA. ot the pree.uc. ot derifttt. ••• iD the oo •• trat.t 

(s.al). Slno. tb. lDtroduotloa Ot two .. ltlpll ... fl.l48 

ot tere DO d.tlnl t. lldYaatlll.. th. rHt ot tbe won 10110. 

tb. Lacra-s. aaltt,ll.r to.-.ll .. wttb a .lngle aultlpll ... 

tl.ld. 

~·IDO. la the Lqranglaa (S.I) al1Jtbe ooapoaente 

are ~.d lad.pendentl, tbe OaDoaloal quantl.atlon proo.dare 

.. , .... plo,.. to obtatn the 0 .... t8tloa ... I.tlo08 ot tb. 

tl.14 ooapoa_ta. CaDonloally OODj",_t .... enta "fir of '\1ft 

are 

(5.30) 

.b .... 

+ II ~y ~4 rf4 

StaDdard ..... toal antloa..utatlon rel~ttoa. are gl .. a b, 

(1.31.) 

o 
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tro. wblob It tol10w. that 

(a.32) 

la the Rartta-SObwln •• tb .... ' witb tbe .... triotlon. (a.3a), 

It, 0) L. 1 •• IJ111l1~ 884 It. In" ... e dO. Dot .:dat. \lbeD 

,he oODdltt .... (a.a) ar. Dot· •• tl.tl.4 (L.)·t ta .I •• n b,. 

~I.o. tbe P ...... t... A. and B are arbl trary, tbe, • .,. be 

obN_ In noh " way tbat the aa_atatloD relatloD (1.32) 

1. ooDSleten .. witb ee nbaldl..., ooDdttlon (11 •• ). It 1 • 

... 11,. .. rift.cl ,bat oo_la,e., t. &obl .... ..,,. tbe oboloe 

A • t aacJ •• S/.. lVttla A and •• 0 4.'.1'111084 tbe O~ 

tatl08 ... latlo •• _,. .,. wrt tt. .. 



loa 

.. b. Hqul ..... ta .t .. elatIYl.,t •• "art_., looal • ___ 

tatlftt, and tbe .. uatloa. (I.'>, (l.t3) .... (lS.l') et., ... 
alae ,tae ,_ .. .u tOl'll ot ,he .. , ............ .. 

(a.31S) 

(s.s.) 

In orae .. that the ,bOY. expres8toD .. oon.tstent wttb tbe 

equal tla ...... ta"tOll "latton. st ... b, .q.(I.M) the 

oonstaa .. s • and b •• t _. ohoe. a8 a • 1 an4 b • a/ ... 3 • 

Eq8. (S.34) aDd (s.a) witb " • -111ft' be _plo,.. t. doftn .. 

• be further oo_tatton relatlon8 



Tbe la.t ot tb. __ tatlon relatlOM abo.. that tile apln , 

ttelet Ia_ a nea.tl •••• trl0 In al_.rt .pae •• 

The Fe,...,.. PJ'OPftl':ator ot the tt.ld, d.tlDed .. 

the vaCUUII .xpeotatloa .. lu. ot tbe tl_ard ..... produot 

ot tt.ld op.raw,.. la .aal1,. ..alas ... la tb. unal Mnner. 

Deoo.poalftl tb. tt.ld operators lato p08ltl~ an4 negatl •• 

trequeno, parte and mektDg us. ot the general commutation 

relatione (S.3S) It t. foaad tb~t 

where 
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~ 
ant A ca' are tile pOl'l tl",. and .qatl",e fnq •• DoJ' parte of 

l:J.c~. ID the "l"8s.at to .... l&tlO8 tb. Dorul-d.pendent 

t.JIIU tbat ans. when e .taaotloDa are eo_Md PUt tha 

d ... l .. tl., .. enno.l MOh other and tbe propacator ta rt. ... 

ol'Ollal, ,ty •• -., 

(8 ••• ) 

wh.,.. 

To 418 .... , ....... tlOD of patbOloll •• la tb. 

pr ...... e of tnt.raotlon th. 0011pl1111 of tbe alto",. d •• ori­

-'e. at.-4 .,t. a/a.- apla 1 tteld to an el •• troaacn.tlo 

tte14 • ." be oODsidered. ,.. beetn with, it 1. 88s".e4 

tbat tbe eleotroaacD.tl0 tt.14 la AD external on •• 



10e 

.) Cau.ality ot pro,...tlo. 

IntroduelDl alnl.a1 ooapllag IDto th. ~ranglaa 

(S.I) with tbe _b.I41 ... ,. ooa41 tloa .ept aDohanced the 

IRUS .. I .... I ... t tteld eq .. tlon In tile preserao. of aD .xteraal 

eleotroaac.etlo tteld 'S obtained .. 

et. D + m) 'f',.. + A 1ft D,). h (s.". ) 
.b .... DI-'- • 01"- - l'~ A~. "alrlD« Into aoeouat 'b. nbat. 

dl .. ,. oollditt.a (S •• ) It le e.atl, •• ritted tbat ~ •• tl ... 

tt .. tile .... tton 

wbe ... P y.~ t. the ele.t.-...pette tield t.nsor FI"). 

:. ~y. A '" -~,. AJA- • Bxp,....I ... ~ ID te ... 8 ot t>,\1f'~ t 

tbe equ.tlon (I ••• ) ..., be .... rlt'. ID tbe to .. 

(s ••• ) 

. a 
It I. "'4ent trea tbl. equatlOD that the proa.atloa charaeter 

I. uaattoated by tbe ooupllD~ and tbat the· oharaoteristic 

determinant D(n). where n denot •• aUDit Do ... l to tbe 

.a .... front. ha. tbe ... .,.tae as 'a tbe tree tteld .... 

ana. le ~1 ... _ b,. 

D CM) 



tOT 

!be .. thod 4eY.lope4 -F Mathew.Ta t •• pplled to 

•• t.Jlllln. tbe •• ..,y .1K.n .. l" •• P ....... la tll. p .... _oe 

of a h .. ogeneoua ..... tlo tl.ld. 

Deft .. 

t> ± '= 0 I % ( D:a. 

Eq. (5.") with ,.,.. 1, a can ,. 1I8Dlpulat.d to gl •• two 

equation. that 1nvol" "ft+ an4 "1'_ onl" dNoupled t .... •• b 

otb.r 

Et .. t + ~ + + 2 (. t + .D + + Y - D_) t - "" + 

= 0 

for stationary .tat. solutloDS with 8 tlMe-depen4enoe .-tEt. 

WUb 'f .. partl ... ed 111 tbe to... "" + • (::) aD. 'I' _ 111 the tOI'll 

"0/- = (~:) 
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a 

• 0 
(8.80) 

+ Sot 0"> ~ +) ~ + 
(a.ll) 

- 0 

-v,. = (2.eH ) D-

Tbe taot that & and • + e.tt.t,. aD allebra equl ya1 ell t to 

that of a haraollle oeoill.tor -1' BOW be exploited to reduoe 

eqa. (5.30) and (1.51) tnto an ordtnary _tr1x e'«envalue .. 
equation. Slnoe &3 ~t .. wtth all atbel' operaton " 

.ay be replaoed by 1t. elleftyaluee In eq •• (I.IO) aDI (5.61). 

Detlotac tbe .tat.. I",o(),' \1, f3 > 1»,. 

cr3 I 1"\ I eI > :: I ~ I 0/ ) (8.sa) 

wbere N • 8+ 8, it t ••• en that tbe solation •• t eq.(a.ao) 

are of tbe g.n.r~l fora 

~ + = C I I 1-\" tl > 
(s.sa) 

-



sa ... lt.t ... la ... (a.l5O) _et .... U ...... _etHoteDt. of 

,~,a( ') .a -. ..... t4 •••••• ot .. l •• to .. oo."'hI 01 ... 

0 ........ 'atae. wld_ ••• M writt_ 00.p1 •• el,. .. 

110 • Eo 

whe.... • 

.. d 

JI • 

Tbe elaenvnloel of " are .. 11,. touad to be glY81l by 

(a. ss) 

aDd hene. are all real. Tbe 8_8 prooedur. CaD be appll.d 

to eq. (a. S11. 'I'be ftampoa_'e .f 1'1 ua 'f'.. OD the -"'_ 

banc! can be exPressed. ID teN. of 'Y + ,i' _ aDd tbelr 

.paoe-dertvfttlYe •• 

Con.14er the 1Dt.raotlo~t tbe YeOtor-.plnor 

tielet wi.h ..... tl ... eleotroaaanetlo tle14 haYina the 

Laarucl88 
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(a.&8) 
. 

where I\jAvCD) denote. tbe hPressloa (S.I) wltb of"'" 1>,.. , 

aDd the ooajuaatlon 18 DOW taken to ,. tbat la aa ladetl-

1I1te .etrl0 .paoe. Ph,slcal .tat .. la the theo.,. _.t Dot 

eontal D tbe .... tl ..... tno 0"'171 ... ptu i partlol. and 

tb. pb,..loal etat_ are .ettae •• ,. the oOll4ltloa 

et) -Q.) 
1 CoX) I ph'JS> Do. I f u) J p"ys,> Cl. t> 

(6.81) 

When tb. tnt.rutton 1. mtohe. oa tbe .,1. l ,....ole 

do.. lIot ~at. ht.e lMlt ~.t. ooupl.d to tIl •• l ......... tl. 

tlo14, •• le .hOWll It,. .q.(1.41). __ ••• t tb. ta ..... tl.D 

ot the nesatl" .. trio partlo1e tbe s-aatrlx delta .. la the ph,... 

sleal sabspaoe at the lndetlnlte .. trio apaoe will Dot It. 

aatoaatloally unltazy. !loweYer, by adoptlD~ tbe _tbod 

followed b,. 88.126, ~. to d.a1 .tth a .t~llar eonttaa.ne,. 

In a dltferent oont.xt, tb. unl tartt,. ot the ~1I&vls ., 

be ro.tored by lntrodaol~ a tlctttlou. parttcl. an4 a aew 

.... rtn. fbat thl. 1. p08 .. 11»1. aa,. ... 4_on.tra'" '" 

.xaatDIDg the 80etterlns aapllt.O. tor tb. 8.1~-.D.~' 

process of the .Pll1 3/2 - .plni particle t Lp) ~ 't l. p-k) t(k) 

-.., "fItp) whloh Is obtaine4. la tbe .eooa4 order. to lte 
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-I 

'(. (f-k) - 2.i"" 

)( (. ,: < p - k )" + -l ~ r" J J re lA: (p> 8>. f (-~~ 

(a.SI ) 

wbe .. e u; (cl. t. a, •• • 8) are tb. waft tunctlon. tbe .spll-

cl t to.... ot whleb are not a .... 4 tor tb. pr_at dI •• a •• I .... 

-I {'. I. ) 0/ 
-----.- 1 l (p-K.).., + -:!i. m ~"J tp ~,. (P) 
"I. (p-k) -.2.1 "'" 

(a.&9) 

Tbls .xtra ooawtbutloa .ay be ~OY.d by Intl'04IIol. a 

tictltlou •• pla l partlcl. F 1ntotbe tbeory_ Let tbe 

oorr .. pon41na Dtrae tt.14 be ~. It thle 1ntereottoa ot 

tbe ,. partlol. te obOsea to ha .. tb. tOI'll ~~)I (av + i r,,)~ Ar 
It t. strailbttorward to .. rtfJ' tbat tlae .stra .p1It1l4. 

to the 1I.1t-.... l'ly le canoelle" (tn tbe •• 00114 Order) Ity 

the 0.ntrtwt1oa fr. tb. prooe88 \f'cp') ~ Fcp-I<) 't(k) ~ "fIlP)' 



It I. ooaJe.tmre. tbat tbe .aD.ellatton I. y.114 la all 

orde... of pertu1»tl tloa tb .. .,.. 

1.8 CoaOl •• loe 

'file Lacranc. _ltlptler fOl'llall_, Ulo .. b 

••• o ... bl t.. elI8'a.tt. .. _.e of tbe patbologt.. • ... Ia .. 

118 

o •• alt. ty "'olatt.ea ud .xlet_o •• f IlIlIIln817 ".ra, el._ 

Y&lu .. I •• ba.o .......... n.'t.o tt.ld aad 41ftt.oa1tl .. of 

qa_tl .. tloD, 1 •• de to • _ltl_ua, _ltl.apl. tblOl7 wltla 

I 1l4.ftn 1 , ••• trto. 'I'Id. .....1 t ._ to •• t.a aooord wt. '11 

... j8Oture of PrUhaICuU, S •• tb ....... u4 Yatb_" tha' 
for balt-Iat .. er epla. ,reat.r tbaD t o .... llt, t. the 

pr __ .e of _ el .. u..ap.tlo t.n, ..... tlon •• , be re,.t..ed 

oDl, It OD. etarb wtth • t .. e. theol'1 wldob , .... cluel'l. 

an. "" .... Ia tIl. total oba,.. I. I.d.ftalt.. file Dotable 

tao' I. tla' the ... qal,... •• ' that tIl •• abeidlary eoDatloa • 

.... ID •• ,. ... t. trea , ....... '10 •• _tlo. leads ,. .... &11, 

to _ob a to_ali... t1Dlllr. 1. tbe Mrlta-~obw'lII.r oaa., 

tIl. ...,.... propacator turn. oat to •• ooYal't.., I. tIl. 

P ...... , ,~eerp of ep'a I/a ft..ld. !be 1' ... 1'. ot 'bl. 

atu., l_d .pl •• up ort to the O'IIrreatl, popular Yl_ 

t_t It tb.... al.t taD4._ tal bl.b_ .,la tl.14e. tbey 

.ust .... a ... ltl ..... , _ltl •• pl ..... otun. TbGIIIb.a 

la4.ft.t t ••• tno ,. I •• d ta'l. in tbe ,re_ .. t approaeb 

tb. tlDltart" probl. _, 1te haadle4 'by ,be la'rodaotl_ of 



ltl 

farther Cboet tt..lu. 'Phe e .. wbat ad boe ...... of tMe 

prooedun .ay not _. a •• rt ... draw.alr .... ri_cl tn tb. 

ooD'est ot t. totally ua8attetaotorr .tat. ot the pr ••• t 

day hi' ...... pta tteld tbee.,.. 



APPBNDIX I 

Llarance .. ltlp11e. to~a11 .. tor a .pta 1 'Ie14 

7be Lalrang ... ltlplle. t~ll •• aay easily 

•• adapted tor tbe d.sortP'lo. ot •• pla I tleld. la lbi. 

.... tbe pre •• Dt to~alt.. beo.... &~oa. lad'."DlDi.babl. 

trea Na __ .I.bl's .. thodl24 ot OODetruetlac a reao~lIt"'l • 

.... t .... otor t'.14 .ttb tbe I.t~.tlo. ot ••• alar 

,boet tl.ld. 

!'be .tartlne Lacraag'~ ID tbe pre .... t tna.eat 

I. tbe ••• ae ID oon .... ttOllal to ... latlo. 

£ .. - Y,... (0/44',,- b,,'ff4.J (a",'P,,- a.,q,.) 

- V.z. 'Ml~,. 't ~ (IA.I) 

The 8On.traln, .... trlotlDl tbe tteld o_po •• nt. I. 

(aA.a) 

latroduolftl a .oalar .. ltlpller tl.ld to Inoorporst. 

tbe _.tralnt (aA.a) la (lAe.I). tbe Lqrualan I18T M 

"'o,..ll1t •••• 

- - Y4 ,alA C(>,,- ay ~}-&) c.. e,... ~'11 - ~.,,'fJft) - !. ~2.~"'~}4 
(IA.a) 

ritla tb. ruultlag equatloll of .. tloa 
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"rGI (15\.') 8IId (I5A.I) 1 t 1 ...... tbat ?t 8atl.tl •• the 

equation 

- o 

and benoe oorr •• ponda to a .... 1... .ealar tle1d. FrGa 

(I5A.I5) an4 (SA •• ) It toll ... tbat tb .... pon8nt. ot 

8.tl.t, tbe .. ltl-Kl.1a-Go~D .quatloD 

Cl ( CJ - "",2) q }A = o 

O_onloal qa~tlsattoD ot tbe fle14 1 ... 11, carrl." out 

b, deftnt. tb. conjugate • __ _ 

(SA.Ta) 

and the equa.1-tt •• OGlautntton ... 18tlo118 are 

C crJ"(-> , ~"",) ] ~ •• 1l/ la 0 (SA.8a) 

[ '",ifI') , · 'J f2'*) .t. a III = L OfR 8 t"t-x'J 

( • 
fL(h J ;t •••• ' q»" (.) ~ () (I5A.80) 

[ ~ I" {,,) I X u/, J :t •• JI.' • 'if] Gpo G ('t-~~ 

C. 4>" (:If.) I ~ ol) J :I.aJl,/ ca .:/"1 ~"o (1-1'; 
(IA.a.) 
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(SA.9t) 

The general Oa.8utatton relatlon tbat .atl&tle. the reqa­

Ir .. ent. ot relatlvtstlo In.artaaoe, 10oallt,. eq.(IA.6) 

auet tbat "produoe& (SA.B) at .... &1 tl.e I. 

(8A.9) 

Tbe Fe,..... proP"Iator tor tbe tteld 1. 

(lA. to) 

To ~on&trate tbe abseDOI of aaausal propacatiOD 

ID tbe pr .... t to~ll.. wbeD Interaotio.. are introduoed 

ooneleter tbe .... tloa 

( 0 - ~1.) er r - ~ ~)A" + j;c = Z) (8A.ll) 

wblob reeult. whe. tbe Y80tor tl.let 1. oouple4 to a aur,.e.t 

J,a • SI.oe the oo_tratnt re1atlon would r-.tll UDIlOdltteet 

It tol1ow8 t~(IA.tt) tbat 

ox. 

and b, oollltlnl,. (8A.lt) an4 (SA.ta) one obtain. 



ttT 

(IA.tS) 

It I •• .scle.t tl"Oll (SA.tS) th~t Sf 3", do •• Dot ID'f01 w 

dert •• tl... hl.b .. tban the tint ot q". • tbe pro,...tSOD 

.111 .... 81. 1tlbt-1tk. a4 h.no. 0.aa1. Tha. tbe .,.. 

.. trio teaaor ooupll., aad tb ••• 1t-l.t.,..tlon ot tb. 

n_tral ... tor tl.14 "latob are _ •• al la th. oon'ftntlenal 

fo .... laUo ..... 0.sa1 In th. preseat tbeol7. 

'!'b. rut ot tbe 4 ... 10,...t of tb. tbeo..,. lDa), 

b. oarrl.4 out alo8« tb. Iln •• loll ... " tor tbe lIPID 3/a 

oaa •• 



CIlAPna n 

A IPII • PULl I. Ll8lAJIQ •• .,YIPLDR POIMlLlSll 

............ _ltlpU. _tbOd I ..... 

..... to .... dHeftpU .. of •• ,. ... 
tt.W. 'PIle ...... 4 .. ,...... tbe P"1t1-0' 00 •• , .. 1nt ....... clOwII 'a tll. , ...... _ 

Of I.I.rael'one aa4 tbe 'boor" le ebowa 
te ..... 1. _ed wit. _.,Ied .Iallldl,. 
'0 ea .1 ..... 5' ... 'le tleld. c .... loal 
... II_tto. of tile tteld ,. earrt .. 
... ... • ......... ut ...... to .. 0IaW .. 4. 
ft. _.1._ lla't 01 ,be ttaeo,.,. I. al_ 
tll ••••••• 



t11 

•• t la ...... " •• 

!la .... Itno .. l ..... ,. ............ _ltl,11_ 

fOftlalt_ ....... lope4 ... appl'" to a .pta 1/. fl.l .. 

"It ....... Ile retnll'IJII _eo.,. ..... I), _ltl_., _1.1-

.pla tFpe .1 tb .. ladetlnt , ... trle, I' ... tOWld '0 PH •••• 

"'tal'. adYan'ftI" OYer OOD."'tODal t~I.'I ..... ,..1-, . 

a1lF 'ft .11-1aa'lac petbo1 .. , .. tbat .... IIF .rt •• la pro-

•••• et tat .... tto... la tld. 0"''''' a .... raq. _ltl-

plter to~lt .. t ••• t ap tera .ptn 2 tiel ..... rlbed b~ 

•• ",,'''''0 'e .. or. Qaaatt_tloa Of , ... ftel. ,. earrt .. 

out .t! ,be alNtene. of a .. _&1 pro ... _'lon I .... _tor ..... 

A tH ••• eten t. al" ,I ... of the ph,.toallF ,., ...... , ... 

0 ... of 'b ..... 1 ... l'.'t of the 'beo.r.r. 
1.2 ror..la,'oQ 

b 1 .. ,..411011.1. aptu-a f'e14 01 .... • la d .... 

o .. lb84 by tbe •• , ot ... ~'l ••• 

( 0 - w.~) i'I"" 
• 0 (a.1) 

• 0 
(1.1) 

• 0 
(8.a) 

........ "1'".." t •• ,...trlo '_eol" of ..... a. A 1. __ 1 .... 

.... '- •• lI8t 'F £0 ,t .... bp 



(I •• ) 

.he,.. ",. '¥,..". ud " 8, C .... arbltra17 pa..-e'.n, .111 

y'eld tb .... "t'o". (e.t) - (1.3) wta_ '. 8, C a,.. .... trt.­

ated 1»p ,be "olld,tl •• 

A ~ -1 (8.sa) 

•• 3/a Aa + 4 + t (I.A) 

(8.1e) 

fill. le ,be '0,..1."00 .. slftD bp NatblT and act.r the 

."palate. oon41tl ... tile Lac",,~I- (8 •• ) I .... tftl .... 

to tII. Pt ..... ~ll· ..... ranstan tor the lIP" a tt.ld. In 

preeeao. Of alntaal .l .. tra.s~n.tto ooupl181 .bee. to .... 

lat'.UI .. tier f~ ..... allty 01 ~P8I.tl .. 

teDOF of .. utt.atton. 

110 

r. tile Lacrou •• _IUpll_ • ,Iaet £D 'a ,he 

"",realt .. to .tart wttla, aa4 tile eo ... tratnt .. I.t,oo (8.a) 

I ....... to est.t tDdependelltlp .. I. taoo..,.rat.l lato 

tbe Lac ....... ItF .. an. of • _ltlpller tt.14~,.. .... Iela tor 

tile ... of ... latl".'I. tnftr1aa4M aus' be • wotor. 
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:. c:f 0 

(e.l) 

f1en , • ..., be Dot •• tbat 0111, 0" ot tbe •• t .t o •• t ... I •• 
_. 

r.la.lan. (8.a) and (1.3) I. t __ lato aoeoaat, a dI8011 •• 'oa 

of .be lOl'llUlft.tlo ... Ith both .... 01 .. aeVabu lnoorporated 

le I1.Y. la ""peDfllx I. 

Varl8tlo. ot 't~--- la .,. (1.1) Ilwe .b. equation 

(8.f) 

aid tb. yart •• ,oa ot '1(: .... rodDe ••• Ile 00 ........ (8.a). 

Yakl ..... ot eq.(I.I) In eq.(e.fl It toll ... 

pg'tlDI fAt'" and ..... log Oft, '" la eq. (e.8) .". obtal .. 

(e •• ) 

Tating the diver,enoe 01 eq.(e.s) tbere reSUlt., wb .. aoooaat 

111 tu .. of tbe 8ubslcU817 eondltloa (8.2) 



UI 

- ( A+8) 0 b,,'V + CMAa. a,,'jI =.Y2.. (0 ~v +ovo~'X~) ( •• 10) 

...... _ (a.e) u. ( •• to) .... , .... rI.l. tile rela'l_ 

(I.St) 

la ......... ,. tu al""" of , ....... I1I 

n.l. witla tile ........ , (I.') " ., ..... u.. la tile ....... _ .• , 1Iee_. ot .... "1"I.alt .. aa ... ot ... _ 

.u.t .... tile _IU,II_ tt.l. '1<,.. .... It .......... 1 ... llp 

la , ... ot ... _PO __ of "1'1'\1. 111 .......... _IUpll_ 

flel. ___ .1 ........ ,... ... ( •• 1) 1tp .,. ....... wt .. '0 o~ 

.1 .... et ... f , ...... tIOD ... _Id .... of ... ( •• 11), 

If I' , .... M_a ,_, •• c " t,a It I. l.eI' •• IF 

.- ,.. et. (I.U) tb., 
(a.ts) 

o ( •• It) 

fIae .,_Vl ....... 'a , .. , ... _t .... .,. ,.,. __ .... 

, .......... "po_'.. la ..... '1_ • net_ tiel. 'e 

...... t. th •• 1 ... - of wIllela I. nl.,.. .. l' ...... 

... ( ••• ). Re_ St.." be espeo'" tteat .... , .. _t 
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foraulatloD would contela 'e. Id.. th. apla 2 partlol., a 

partlol. 0' .pla t and another of apl. O. ftl. Inf ... ea_ 

'e further ...... out b, a eta_ of ,be qUalltl ..... ,.Ioa of 

tbe aboYe '0,.,.1 ..... 
1.1 Quaatlea'lon 

~tllO. lntlte Latr,rMglaa (e.l) tbe " .... atlo ... of 

the tt.ld 6011p0ft t. are all take. to be tnc1epeadent of 0_ 
auotb .... the ORa aleal qlumll.atloa prooedure .., '8 adopt.d 

to .. derift. IM 'le1d o_tattoa ... latlo_. Tbe oanonloal 

a_eata o0n.tut(.~e to 't""v _4 'I':v a ....... tine4 by 

= 

A ... ... 'If ~ 
- ( / '- (£1-' It ~v 'f' + G v+ ~ r "') - B l' • )AV 

- L'/2. ( $~4 x~ + G~ K:) -i A bJ-''tI ~e ~~4 
(6.1ea) 



tu 

.... fIDIIlltold ...... .,. 0' .... n.eld 'a _tl~ ......... 
wt'b lb. as. 0' eq •• (e.II>, (e.e) 8Dt eq •• (I.f) aDd (I •• ) • 

. = [·C If:.r + l Ol~tl") (IT'lj t t" al " 1p~. ) 

(I.tl) 

.e -tah' IIaft ••• ...,. ..... ,lie ...... t ... _ 4 ••• 'F , • 
•• , pod tl __ 4.tlal .. dill. to the , ...... ot ... , 'load 

.,.. _"t ....... aa4 b .... quatl .. ,,- wtll Ita.,. ... . 

........... , III all la«.naSt. _uto .,.... ..., .. .... 

• ,.. • ..., 0' •• ".14 00II1'08 .. t. toto acoODll t ....... 1 

__ taU_ relaU ••• .., .,. writ'. la ..... t ... 



ill 

L ""~VCX) , lIe~Ut')) 1«0-110' =l/2. (G~t boJ). ~ b",,~ ~lIf) 
,I( [; c.~_~i) 

(I.tf.) 

r" • 
L. '\','4.,c.x) , Jie~ cJb J 'Jt. •••• ' = Y.a ~ EJAfGy~ t SJ.l~ El/f) (I. 1ft) 

" G (~-rt~ 

(I.".) 

........ IL ...... _ .. 1"'_ an _t ..... U.all' _ ...... . 

d'" tM _tnSat ... laU. ( •• 1). ., .... US .. , ... . 

.... ( •• t') _ •• ..,.tlltl .................... , .. JaU_ t_ 

...... •• ..tta .. IaU __ .............. Sa ...... t 

i'~., I y~\} .. ;"", (l" .... 11) • 

..... _, ___ " .f ........ U_U ......... ... 

ea ............ 'F allod. ttaa ...... , .......... . 

tlo. 

(I.lla) 

(I. lilt) 

..... • J q~X H •• g( , ... I'''' ,. ... (I.tl) ..... 

......... .... t, ... (1.1) ... (1.1) wb. tile ._.teal 004_._'-

tat .... ( •• t,) a ... ,1.,.. ta .... (I.ta). le _ tId ..... 

a,t. an' ..... .u_ ".1'i~ •• "'" wIlle ... , ... (I.Sf) ... 
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(8.tle) 

., .... two .... attoll. toe.ther are Id .. tl •• l wttll tile oonet­

r.I.' 00.41tI8J1 (8.1). CODslc1er Dn tbe equatto_ tor 
If 

the ooapo ... ta i'~' and rr~' 

(8.10) 

(8.21) 

8q.(e.ao) t.a aD t.4 •• tt.tF .o,.,...pondlna to on. of .be ... ta­

'I ... ta tu 4.,lDt UOIUJ 01 tbe 0 .. 0111081 .... ta (e. IBa). 

'akt., ,be tt. ..... rt..'I" 01 eta. (8.30) and .",,,,tltuU .. 

Ir- 841.(1.21) aDd _tdftl ••• ot , .. al ..... ,. derlYe4 

... _tloa. (6.19) and the 4eft.llll relation (a.tla). tu 

tollowtnc aMOn" order equation ...... 

(8.aa) 



'l'bte equation I. IdaDtloa1 with tbe t.t _po_ .. t. of 

eq. (6.8) !be re.' ot tile .... tS... ., _tlea .,.. "'0" 
y.red In a .t.l1ar , .. bloo by oonaldertq tile l1e1 .... b.ra .. . 
aquatlon. tor lTi4 _d fT..... . 

SIT 

Tb. ,8Deral tOIll ot tba oomwutator t. 't",v u) I ",,:;'06J 

tor Vbl ...... , •• ,.,..tlo08 0_ be Interred bl' la"~ 

, .. pr'Do'~l .. ot ... latl .... tlo OOyart_o. Md local 00.­

autatlYlt, &Dd tbe eqe. (e.t.) and (e.a) • 

. 
+ bp). cf4 a-.,1) - Ji 1M'1 (. S)Ae a" a~ + B,..." dva p 

(8.23) 

,\part troll ,be constants • and ., 'be ooetlloleat. of 

the "nOlle , ..... ID eq.(8.aa) ha .. beea eo aboeen that 

the oonstrst.Dt relation (e.a) 18 000818"'''' wllb tIl. ' .... ra1 

oo •• utatoJ". I1 tu oo.ttlet .. ,. • and b ar. a851p.4 



the valu.. a • 1, b. -1 tbe equal-tt.e o~Qtatlon 

relatl0.8 (Appendix 11) can be reoovered troa eq.(e.a.) 

taa 

tor the oholce of tile paraaeter B. le In a 81al1ar 

aanner tbe fOl1owtnc lenaraI 00 .. ut8t1oD relations tnvolYtnc 

~~ are written 4o.DI 

Tb •• e ooa.utatlon relatlo08 will be oOD.t.te.t wltb tbe 

equal-ttae oaa.utator. ,I... la Appendls 11 provtded tbe 

arbitrary paraacter A 1. set e, •• l to .ero. 

Tbe ".ynau propagator ot tbe field la ..... 1u-

a tect la tbe CIIl a tollary way. ID tbia 0... tbe DO~-d.p.nd-

ent t .... drop ott and the Pl'Opacator 18 nlo ..... l" Itv .. by 
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I ':It -JI j 0) 

(6.28) 

Thi8 lIItly be wrl t ten In tile tOI'll 

= 

~ 31 !l) 1~:; the u~uul g i\ln 2 propa:~ntor ,. 
F 
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(6.28) 

(6.30) 

~lnoe 't.,. repreAent" a n_atl" ..... etrto-Garryt.. ghost 

p:u-tlcl. whloh will not be preflent in phV8tcal 8tat .. tbe 

above nopqators will nvt be of furthor u.e, &lid the DOn­

co"-rlant form ot (a.~l:)) t. of no cmuutquence. 



t31 

e.. BI •• ~ .. t'o , ...... " •• 

,.. tatereattea .t ... .-... d ••• rt... .,...trlo 

tene .... tteld ... _ ut ..... l .1e.,,--,,'I. tt.ld wt.ll now 

.. 00 .. 1....... ftlo .... tl .... • t o_t ... IDt I ...... the 

John.on-Sudan ... '",.ot '.0_'."_" oa __ tlaatl0. 

dO eot at all art •• ta .. be ,........ ,,.. __ 11. 1 .. will 

BOW .,. .lIon tu. ,be ,....... fti_1atloa la t ..... r .. _ 
8allty ot pro,..atlon al8O. 

IfttrodUolnc .,.t_al .oupll.g tat. "- Lllrangiaa 

(e.e) It,. tIl ... .,180 ..... ' dJA.....I) D,w - ?J~- c« A,.. ,be ..... 

• • tl •••• f .'IOD ".flU} tl .. fro_tbe .... Iatt .... 0' "1-v I~,., 

HOO_ 

(a.31) 

- o 

(6.31) 

In contra., to the et ha tton Gl the sptA :J/I theal? 4 .... 

lopeet t. the prevtoU8 obp'" "" .... the eo_tntnt oon41tl0ll 

was tr •• of dertYIlttvetl, the I"ft'lutreaent at ~au~. laY8rt.­

anae. in the jlre .. 8n t OlltAe. lends to a .ln11181 lIotlltloaUoa 



UI 

of , ....... ' ... 1.' .., .. IU. (t.I). _,.U .......... (I.a) 

'a ... (t.II), wI" ...... • f the ...... _ 

[ D r I Dv J : Lt F~.., 
(1.11) 

(a.M) 

coat .... t'lII .... taU ... J4 .. 4 11 la ... (I.M) _cl tut.DI 

.... a ....... • t ... ( •• M) _4 "'W .. , .. two .. I .. 

, .... It t. ,.... ,ba, , ....... U_ • ..,.. 'r 'X. " la 

( .... ) 
ftI .......... .., ....... tor .1IldaaU .. ?<.l' ,.. ... ( •• 11) 

........ lU ........ , .. I .... hi ..... 

.2.(.z .t. 1. (" B ( .I 1. 1> D - ~ ) ",My + B D r Dv D "" - O)AV D) l' 

• lower c1e .... " •• ,.... • 0 ( .... ) 
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The lower derivative terms have not been shown explicitly 

because these are not important in determining the nature 

of propagation which depends solely on the highest order 

derivatives. The characteristic determinant of the system 

of equat10ns (6.36) is evaluated witl)'t.e result 

t/I..I\) (6. 3T) 

Since B ~ 1 in the present theory (the choce B = i having 

been made for consistent··qua)izatio~f free fiE'ld) the 

characteristic determinant".ill not vanish identically, and 

setting D(n) = 0 it is evident that the propagation of the 

interacting field is light-like and hence causal. 

6.5 Massless limit 

Another merit of the present formulation is that 

the limit m~ 0 can be taken smoothly without encount-

aring any difficulty. 

is 

The equation of motion in this case 

(6.38 ) 

but the constraint equation remains the same as eq.(6.a). 

The formalism can be developed in a way exactly analogous 



to the lIa."t •• OftS.. It ... ttte" to ftote be ... ba' ta 

the .. el... 0... eq. (I. S.) t. tftftl'l_, _der tIl. Ca"C. 

V8D8toraatloft 

(6.30) 

(8.'0) 

(8.,1 ) = 0 

aJA J,.'Il) = 6 

ThS. gauge-freedOll wt 11 "dao. tbe ma.b.r of lndepea4eat 

'!'be P.~ '"118«-tor 0 t ,he .... 1 •• ., tt.eld 

t. obt.!a" by 1e"I111 • -. 0 t. eq. (I.H) 

- Y2. (. Sp.t ~,,~). + Sr-~ ~,,'ap + S"P ~p ~A 

(6 •• a) 



where E ( x - Si) • lill 
""...,0 

III 

,be , ... l. Yz,. (rJA~ 8'11~ + E,.I\ ove) - b","I ae~ J A.F"(~"'.';C) 
eo ...... pond. to tile aotual prop.ator et a ... "l .. A 

.pla-2 tt8ld while tll. other teN repreeeate tbe ghGl. 

partlcl.. One )lot"'r..., t •• tu .... • t tbe ,.... ... , approaola 

la tbat tlw tn •••• sl .... ,Ia I ,re,..a" U o.tat .. . 

.... '1" 11" talrtaa tile It..'t • -+ 0 t .... (a.lf) ..... re .. 

tht. 40_ not bapp. la ,be oo ..... 'I_aJ. '.,...la" ... ..,.. 
It it , ....... tltat tbe d.rtftt' .. , .... 0811 It. l8tt oat. 

1.1 COD01 .. _ 

fte Lac ...... 1'lpller ' ..... 11_ tor .... pla • 

tte14 ... 'he attrao'I.. teat... , .. at ,.tul."" lib OODe-

,"1D' , .... Ino •• lst_F ta cpa .. tt .. tton and ae.eal prope-

laU. t. P ....... • t late ..... ' .. to not appe... ...... no.­

"'r, thl. I. aobleYet .t tbe 0 .. ' 01 'atWOdae", aD IDdelt­

at t ... trl. • .... 17 an4 ,be prebl_ ., no ..... ' tart ty ., 

80at tart_I .. ,It tu4. ".omltered la the .~I. si. O~.. .... bound 

to arl". In th's eontext ae "'811. 111008". Oil BOotNftt ot the 



III 

dttttealty .t teolatt ....... ec8tt~.tri. OO1Iponeat_, tb. 

prOOedaN ,.11_4 b tit. IIPt. "~I 0... tor ......... 

• al tart t,. le not ... y t. 0VI7 OD t. It'. ...,.. tbat tbe PI'O­

o.du ... ot 'ntrodDellll ad.ltto..t "I"tl ... aadriotl tlO1&. 

pantcl .. wtll retJolve tbe difficult, la tu .pla a .... 
aleo. 

~ poeet'tllt.r 01 disea •• tD! tbe .... 1 ••• oa •• 

ta a •• taral way t. 8l1otbel" a~'lIII •• f 'Ile preeeat approaoh, 

8Dd tilt. aft,. be u!11e4 .. a eprlllR-1trod tor tbe fo~ll1ttOD 

ot • new ,raritatl.,..1 theory IlI\'Olrilll teaeor aad a441"-aI 

,host partlol ••• 



-' PPBNDIX I 

IAOR"NOE MOt}l'! ~LI!~ POIOULI~M i'!TH 'TWO SETS or 
MOL,.! PLl fB FIBLJ>9 

tat 

A "'''''1. _ltlp11 ... 10..-11. ou It ...... 

10pe4 I, laeorporatt. both •• ,. ot oo_val ••• (e.a) ... 

(8.3). Tbe Lacr~llftD In tbl. oa •• .., be take. Aa 

- ~o 

wb....' la 8 eM1ar .. 1 Up11_ tlel4. n. equatl •• ot 

... tOll la 

(CJ - 'NIl.) "f'1"Y - '1/z. (?J".1..v + bvXp) -).. iJAv J 
(.'.1) 

1'aldDI lato 8000llDt the OOIUItratnta (e.l) an4 (e.l) It 

toll ... , .... ~.(IA.I) tbat 

:: 0 

(eA.') 

1q.(IA.S) up ....... tbe soalar maltlplter tl.14 t la ...... 

of oJA't.f'. _ 00 ... 101111 eq •• (e~.3) aad (eA.') the aquattoa 

.~ec1. _,. ?C,... 08D _. 4e .. t •• 4. 
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• o 

r .... .... (.A •• ) and (.A.I) It tol1_ twtb •• 'Iaa' 
o 

".. qaantt_tlen pro ........... be .... 10". 
810" lb. It ••• la .ea.8.3. new ...... dlttleDl" tba, 

a",. __ ID tbl. a .. e 18 'bat , .. flel ............ '10 ..... 

pl'04l ... the tt.ld .... tloa (eA.2) onl, It a,..'i.j4 • O. 

" ...... o"'tool. 'e tbat a I •• m ea •• "tol' •• ".",. 

tIl .... , ... tat. ( •• 1) Md ( •• 1) 884 o'ber ..... I._u. 

wbll .... prodaolac ,be .... 1-'111. 01 '.'IOD ... Iatt._, 

ounot 1M wrI tta don. It t. oa aoeoIIIIt ot , ..... ..... 

pl."tt •• '&bat • sinal • .alttpl1GF t~ll .. ba8 ... . 

adopt.cI t. the ted. 
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APPENDIX 11 

The equal-tl .. oo.matatloD relation. '.Y01.tnc 
* - . ~ it 

the co.po ••• te of "'Yt--'''' 1'\'4'0 ,i't"Q ~ ~~~,,c,~ aa4 "'~ are 

.. folio •• 
• If '] [ 'lI..:j (:It) , "\I k.t (t(.) 

(eA.') 

.. ~ ] [ "t'++ (,,) , "-¥ij La') 
-1t ] 

:a [~4-"'(")' "Pi~ (:Jt) = 0 (el.tO) 

[ . "", ] ~ •• ex) " "V let (-, = 0 (M.tt) 
"J 

[ • • * ] . ~ ... (.) , "Yid (x') = [-1 (O.tkOjl2 t d"Q 6j,,) + l~.J8 b~ OJ(R 
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