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Chapter 1

IBTROpUCTIQ§

This study is concerned with Autoregressive
Moving Average (ARMA) models of time series. ARMA models

form a subclass of the class of general linear models
which represents stationary time series, a phenomenon
encountered most often in practice by engineers, scientists
and economists. It is always desirable to employ models
which use parameters parsimoniously. Parsimony will be
achieved by ARMA models because it has only finite number

of parameters. Even though the discussion is primarily
concerned with stationary time series, later we will take
up the case of homogeneous nonstationary time series which
can be transformed to stationary time series.

Time series models, obtained with the help of the
present and past data is used for forecasting future values.
Physical science as well as social science take benefits of
forecasting models. The role of forecasting cuts across
all fields of management-—finance, marketing, production,
business economics, as also in signal process, communication

1
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engineering, chemical processes, electronics etc. This
high applicability of time series is our motivation to
this study.

1.1 Historical development

Beginnings were made in the mathematical approach

of time series as early as 1809, when the French mathemati
cian Fourier, introduced the idea that any series can be
approximated as the sum of sine and cosine terms. In 1906
Schuster [32] applied Fourier's idea to analyse time series.
Yule [38] in 1926 claimed that Schuster's approach is not
adequate for prediction. Later in 1927, Yule [39] intro
duced linear filter model which claims to observe a time

series as output from a linear filter with input as random
shocks or white noise (defined in chapter 2). The linear
filter gives an output

——————#>‘Linearr———->
at filter Xt

as a weighted sum of previous shocks, a present shock, and a
level change ll.

I
xt = p + at + ii1~¥iat_i. (1.1)
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He further showed that a series can be better described as
a function of its past values, i.e.,he introduced the concept
of autoregressive (AR) models. His study was restricted
to autoregressive models of order four or less. Yule's
work was extended by Walker [34]. He defined the general

autoregressive scheme of equations, given by

xt = ti + <\31xt__l + (b2xt_2 + ... + ¢p><t_p + at
(1.2)

Slutzky [32] introduced the moving-average (MA) scheme.

The model suggested by Slutzky is given by

qx - a Z G a (1.3)t ‘ t ' 1:1 i t-1
wold [37] worked in the theoretical validity of the method
and devised general representation of time-series. Wold [37]

showed that any discrete, stationary time series, xt, can be
represented by an ARMA model. The new approach of time

series analysis starts from Wold's work, who is the founder

of ARMA models. Kolmogroff [22] did much work in the field
of estimation of the parameters of a model. He was followed
by Mann and Wald [25]. They developed the maximum likelihood

estimation procedure for the solution of autoregressive
process. Whittle [36] and Durbin [11], fl2] obtained
efficient methods for estimating AR and MA parameters.
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Walker [35] extended the result to mixed ARMA models.

Kalman and Bucy [20] considered the following system:

ITI (P 1'1Y = Z .Y + Z 'Y.11t i=1 1 t-i J21 3 t-j
(1.4)

P

X = Z Tl Y + vt k=1 k t-k t
where

t 7: 0,1,2....;

Yt is the true state of the system uncorrupted by
noise,

(pi is the ith element of the transition vector which
is constant for the purpose,

yi is the ith element of the input vector,

ut is the noise input to the system at time t,

Xt is the observed output or actual data measured
at time t,

“Ii is the ith element of the observation vector, and

vt is the measurement error at time t.



5

The sequences {ut} and {vt} are uncorrelated white noise,
usually assumed Gaussian, with means and variances

E[Ut] = E[Vt] = Q

E[utut,] = E[vtv€] = 0

E[utv€] = 0,

2
E[utut] = ofu 4 W, and

2 < ..

for all t # t‘. This is also a linear filter model with the
noise input separated into two components. Application of
this model requires the knowledge of the physical system.
This differs from the goal of allowing the data to determine
the model, however it is a very general linear filter_model
and it is similar to the ARMA models. Brown [9:] popularised
exponential smoothing models given by

xk(t) = °<xk_1(t) +. (1-°<)xk(t-1) (1.5)

for time index t = O,1.2,...and the index of smoothing

k = 1,2,...,xO is defined to be xt. Exponential smoothing
is similar to curve fitting with polynomial regression. For
polynomial trends of order s in the data, the forecast is a
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linear combination of x1(t). x2(t).....xs(t). For examQl€.
I

for stationary process the kth step ahead forecast made at
time t-1 is

§<k;t-1) = X1(t). (1.6)
If a linear trend is suspected, the k-step ahead forecast
from time t-1 is

k

£<k,t-1) = 2X1(t) —X2(t) + f§;;x1<t>-X2<t>>k; (1.7)

The theory of exponential smoothing extends the forecasting
to higher order polynomial trends as well as sinusoidal
seasonality.

The exponential smoothing models, the autoregressive
models and the moving average models are special cases of the
ARMA model. ARMA models exhibit a simpler structure than

Kalman-Bucy and linear filtering. Widespread acceptance of
ARMA models is due to its simplicity and generality.

Akaike [11,[2 1,[3 ]developed a procedure for
selecting an AR model for a given stationary time series.
This procedure depends on the fact that any stationary process
can be represented by an autoregressive model. Some loss of
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parsimony is incurred through this assumption. For a given

time series {xt, t = 1,2,...,T> the Akaike's procedure known
as final prediction error (FPE) scheme is as given below:

1. Determine an upper limit K for the order of auto
regression to be considered,

i
2. Calculate xT and {yk, k = O,1,.J$}

where
T

-" .. .1. 2:xT - T tzl xt. (1.8)
and T-I1<\

{fk-= % til <><t -g><><t+,ki->'E'T>, (1.9)

3. A sequence of estimated autoregressive coefficients

CDHJ; '5 = 1,2,3...M is calculated for each order of
autoregression to be considered, using the set of Yule
Walker equations (defined in chapter 2), M = l,2,...K,

4. Calculate the average sum of square of one-step ahead

forecast errors SM for each M whereT M M 2
sM = % ti1{xt - mil ¢M'mxt_m(1- m§1_<l>M'm)x.I.} (1.10)

with xo, §l,...x_k+1 defiqd as zeros.
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5. Compute FPE(M). where

FPE(M) = %{-l%%sM; M= 1,2,...1<,
(1.11)

and FPE(O) = 5%;-¢<o>

6. The optimum order of autoregression is then chosen as the
order P among orders 1 to k'which achieves the minimum
value of FPE.

There is a great deal of arbitrariness associated
with the FPE criterion. Akaike himself exhibits this in a

later paper, by presenting a class of FPE functions FPE“
defined by,

FPE°‘(M) - [1-To‘ (M+1)] [1-T 1(M+1)] 1sM,

which reduces to FPE when ex equals unity. In 1974 Akaike
developed a scheme for selection of a mixed model. Here also
maximum orders of autoregressive and moving average operators

are to be specified first. Then for each pair (p,q) of auto
regressive and moving average orders a statistic AIC(p.q) is
calculated. The expression given for AIC is

/'\

AIC(p,q) = T log <.~§> + 2(p+q) (1.12)
\

5.1he- \]\ 8‘
where T is the record length and <72 is the maximum likelihood
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estimate of white noise. AIC may handle a broader class of
models than FPE, it does exhibits a rapid increase in comput
ation time when orders of moving average are increased, which
is the main drawback of the criterion.

Anderson [4] has presented a multiple decision

process for determining the order of an AR process with
Gaussian noise. It requires to specify a minimum order m
and maximum order k of autoregression. Then a series of

probabilities Pi(m'si.£k) are selected such that Pi is the
probability of deciding that the order of autoregression is i
when it is actually less than i. This then describes

k-m+1 regions Rm, Rm+1,...Rk of the original space of
sample (xt: t=1,2,...T}. If a sample point falls in region
Rp, then the order of autoregression is taken to be p. Another
method selected by Anderson [5 ]is based upon the above
procedure and follows the lines of backward elimination
procedure of stepwise regression. The partial autocorrela

tions Q>k'k are assumed to be distributed mutually independent
and normally about zero when the true order is less than k.
Then the partial autocorrelation function (PACF) (defined in
chapter 2), is tested against zero successively beginning with
k equal to L, then L-1 and so on until it is decided to be

significant. The following relationships with P are used to
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obtain the levels of significance and critical values

Pk = F   ,lTl-I-2; 0 0 QL

?L = PL L (1.13)
9K = Pk W (1-9i)"1= k=L-1,L-2,...,m+1i=k+1

ek = Prob{ fi¢k'k|, Jk}.

where \/lfibk k has a limiting standard normal distribution.I

The arbitrary choice of Pm+l, Pm+2,...PL in the general
procedure and P in the simpler formulation, the assumption
of normal noise, and the difficulty of application of the
general multiple decision problem are some drawbacks of the
Anderson's approach.

Hannan [14] 1970, Cleveland [10] 1972, Jones [19] 1975
and Mclave [27] 1975, have also considered the problem of optimal

choice of the order of AR processes.

Most of the procedures deal with either AR process

or MA process. Even though the idea of mixed ARMA models
were introduced earlier, it was Box and Jenkins who developed
a model identification procedure for mixed ARMA process.
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1.2 ARMA model identification procedure

In the analysis of time-series Box and Jenkins [8 ]
developed their methods for stationary and homogeneous non

stationary series. Their approach can be divided into two
parts namely model identification and forecasting. Model
identification consists of different steps. In the identifi
cation procedure, the first step is to decide p and q and
the second step is to find the estimates for parameters of
the model. These are done with the help of autocorrelation
function (ACF) and partial autocorrelation function (PACF).

The kth partial autocorrelationCbk’k is the partial correlation
between xt and xt+k and is defined by the Yule-Walker equations
on the autocorrelations

k

PJ. = Z<bk'i Fj___i , j=1,2,...k (1.-14)
i=1

for k = 1,2,... The estimator of q)k k is given in (2.43).
The Box-Jenkins identification procedure for an ARMA(p,q)

process is briefly given by the following:

(i) If p = 0, in which case the series follows a strict
moving average process of order q, then the ACF obeys

Pk = 0 for all k > q

and the PACF is dominated by damped exponentials or damped
sine waves.
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(ii) If q = O, in which case the series is a strict
autoregressive process of order p, then the ACF will damp
out according to the difference equation

gm».
8'

‘-1.

Pk =-_ Pk_i (1.15)
for all k. This appears as damped exponentials or damped
sine waves or a mixture of both. Meanwhile, the PACF follows

= OI k > p‘

(iii) If p # 0, q # O, then the series represents an
I

ARMA model of order (p,q), then the ACF follows the difference

equation

P

Pk = i1<biPk_i for all k > q. (1.16)

which appears as damped exponentials or damped sine waves or

mixture of both after q-p lags. The PACF is dominated by damped
exponentials and damped sine waves after the first p-q lags.

There is vagueness in finding the values of p and q
visually from the graphs even for AR and MA models, for which

some definiteness is there in the procedure. But the procedure
fails miserably when it comes to the mixed ARMA model.
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Box and Jenkins [8 ]suggests different models for the same
series. Again the highest order of the mixed ARMA model
considered by them is (1,1) which is the simple case.
This situation prompted us to look for an alternate procedure
wherein:'

(1) p and q can be determined by computation procedure
rather than by reading graphs.

(ii) Higher order ARMA models are considered without
much difficulty.

Mc Intire [28] presented a new ARMA model identi
fication procedure based on the G-spectral estimates introduced
by Morgan [29] and Houston [16]. The procedure due to Mc Intire
can be summarised as:

1. Select a maximum order for autoregression, say L.
Calculate the R and S arrays to column L+2 (for details
of R and S arrays see Mc Intire [28]).

2. Find a column,_say column n, of the S array with
alternatively constant entries followed by a column
with highly variable entries. Then consider n-1 as
an estimator of p.

3. Determine wherein column n of the R array the zeros begin.
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Then use =.- >-1,rp+l(fk) O for k _ q p+

where fk = Pk. If the zeros start at rfi+1(fm), thenA A /\ A A iq—p+1 = m, so that q = m+p-1, where q is an est mator of q

4. Check to see if the following hold:

sf)(fk) =c\, kZq-p+l

S5(f&_§) # C1

A A

sfi(fk) = c2, k S —q-p

S§(f_&_fi+1) f C2

r£)+1(fk) = 0, K28;-f>+1

Ifi+1(fé_§) # O

ffi+l(fk) ~ O k - q p 1

A f A A O,rp+1( _q_p) # I

Further investigate s§+1(ffi_a) and sfi+1(f_&_§_1) to see if
these quantities are -cl and infinite, respectively.

The identification procedure suggested by Mclntire
is very complicated and it also fails to find a unique model
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for a stationary series. For example, McIntire [28] suggests
two models for series A of Box and Jenkins|:8].

1.3 Author's work

Notations and definitions relevant of our study
are given in the next chapter. Stationary time series, auto
correlations and partial autocorrelations of a stationary time
series, difference operator, ARMA(p,q) models, ARIMA(p,d,q)
models, etc. are defined. Different forms of the spectral
density functions of a stationary time series are discussed.

The third chapter explains the new model identifi
cation technique. A unique ARMA(p.q) model representing a

given stationary time series is obtained. Rational approxi
mations of functions are discussed first. The theory of
rational approximation due to Chebyshev (1962), is applied here.
Applying this theory a unique rational approximation of the
spectral density function is obtained which is in the form of

ao + al cos>~+ ... + a cos qzTq(¢<>$7*) =    _  u s s    (1.1-1)
P 1 + bl cosh + ... + bp cos pm

where 7\6[—n,n].
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‘The rational form of the spectral density function
of an ARMA(p.q) tim series model is

I wqro

I--‘

,0 1

__ co. N  N
+ .i+
N 1

u'M*c (“Mn+

L._».

,_..MQ
1|-I L_:.

G)

q u-n
S(7\) = _._  "51 2 = “?"' =.16i+J’°°SJ"q- p"J

1 +  1 (-¢_,'+ §;¢iCDi+j)cos j7\J= =

[\)

(1.18)

wherelhé ["“,"],¢>1,...¢>p are autoregressive parameters and

(§1,..,E5q are moving average parameters, and c~§ is the variance
of the white noise aés and qei is variance of the series.
Equating (1.17) and (1.18) we obtain p+q+1 second degree

equations in Q) i's. 6 is and 0-Z1.

An algorithm is developed to solve the nonlinear
equations based on iteration. These p+q+1 parameters uniquely
determine the ARMA(p,q) model for a given stationary time series.

In the first part of chapter four, the new model
building procedure is tested using theoretical autocorrelations
for nine different ARMA(p.q) models. It is found that the error
between the theoretical values of the parameters and the estimated
values of the parameters are very small proving the efficiency
of the new technique for ARMA model estimation. In the second
part of chapter four the new technique is applied to analyse
simulated series and in the third part it is applied to original
time series data. It is found that the new model identification
procedure is highly suitable.
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The fifth chapter gives some results in connection
with the new ARMA model building technique. It is shown that
the relation between the autocorrelations and the parameters
in ARMA(p,q) model are same as that given by Box and Jenkins.

Multivariate extension of the procedure is taken up for two
variables.

Comparison of the new method for ARMA(p,q) model

identification with some prominent methods like Box-Jenkin's
method, McIntire's method are given in chapter six. It shows
that this new technique gives a unique ARMA(p,q) model for a
given stationary time series, whereas the other method gives
different models for the same series.

In the concluding chapter, a brief discussion on
the new technique for identifying ARMA(p.q) model representing

a stationary time series is given. Also several areas are
suggested for further research.



Chapter 2
\

NOTATIONS. DEFINITIONS AND PRELIMINARY NOTIONS

Some definitions and notations relevant for

our study are discussed in this chapter.

2.1 Time series

A time series is a set of observations generated
sequentially in time. If the time set is continuous, the
time series is said to be continuous. If the set is
discrete, the time series is said to be discrete. A

time series is denoted by §xt, t.€ T}, T is called the
index set. when apparent, the indication of the index
set will be suppressed and the series will be denoted

by {Xt§ Or {Xt. t = i 1, i 2,...}. In our studies only
discrete time series, observed at equal intervals of time
is considered. In the case of continuous time series it
is very difficult to obtain observations. In such cases
a discrete series is obtained by sampling the series at
equal intervals of time and it is used for study. A time
series is said to be deterministic if future values are
exactly determined by some mathematical functions such as

xt = cos(21It).

18
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If the future values can be described only in terms of a
probability distribution, then the series is said to be a
statistical time series. We are confined to statistical
time series in this thesis. Hereafter in this work, time
series means statistical time series.

2.2 Stochastic process

A statistical phenomenon that evolves in time

according to probabilistic laws is called a stochastic
process. A stochastic process is represented by

{Xt, t.E T}, where T is called the index set, which is a
subset of the set of real numbers. As in the notation
of time series if T is a continuous subset of real numbers

then the stochastic process is known as continuous and

if T is a discrete set then Xt is called a discrete
stochasticprocess. we shall often refer to it simply
as a process, omitting the word stochastic. An observed
time series will be assumed to be a realization of a
stochastic process.

2.3 Mean and product moments

The mean, pt, of the stochastic process {Xt, t.€ T
is defined as

pt = _B[Xt]. (2.1)
}
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The covariance between process elements at times t and
t+k is defined by

Yk,t = C°V[Xt Xt+k]

i.e..yk’t = E[(Xt —ut)(xt+k - ut+k)] (2.2)

Since the covariance Yk t defined in (2.2) is betweenI

the elements of the same process, it is called autocovariance

Autocorrelations of a process between process elements at
times t and t+k is defined as

P-T_k..!..Ek,t ' Y°'t (2.3)
k = O;].;2poooo

2.4 Stationary process

Stationary stochastic process is a very important
branch of stochastic processes. Stationarity of a process
is based on the assumption that the process is in a parti
cular state of statistical equilibrium. A stochastic
process is said to be strictly stationary if its properties
are unaffected by a shift in time origin, that is the joint
probability distribution associated with n observations

xtl, xt2,..., xté made at any set of times t1, t2,...,tn is
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the same as that associated with n observations Xt +k
1

xta+k....,-xtn+k made at times tl+k, t2+k,...¢tn+k
Stationarity of a stochastic process implies the following:

1. The mean and variance of the process are
constants.

2. The autocovariance is a function of time

only through the distance between the two
time points involved.

That is Pt and Yk t do not depend on t. For stationaryI

processes the t's are suppressed from the notation. If
the properties (1) and (2) of a strictly stationary process
is satisfied by a process, then it is called a weakly
stationary_process. It is clear that all strictly
stationary processes are stationary in the weak sense
also.

2.5 Estimates of mean and autocorrelations

The mean of a stationary time series {xtk can be
estimated by 1l='§ given by

H §1Z
I-*

§ = 5 xi (2.4)
where ilis the estimate of ll and N is the number of
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observations of the tine series-{xt}. Estimate ck of
the kth lag autocovariance, yk, of a stationary time series
is obtained by

("|'|\4Z
)—*

_]k|

ck = 1% (Kt-§> <><t+'k‘- 2), (2.5)

k = O,fl;Q..., and the estimate rk of the autocorrelation Pk
is obtained by

ckr = -—- (2.6)k co

The stationarity along with the property of ergodicity
(Papoulis [3O]) guarantees that both the estimates of the
mean and autocovariances are consistent estimators. The

matrix Pk defined by

1 P1 P2 . . . . . .Pk_1‘
(>1 1 e1......(>k_2Pk= ..  <2.v>
Pk-1 Pk-2 Pk-3 ' ' ' ' ' 1L‘ ...l

is called the antocorrelation matrix of order k. The auto

correlation matrix Pk of a stationary process must be positive
definite (Box and Jenkins [8]) for all values of k. The set
y = {yk, k=O,i1,i2,...} is called the autocovariance function
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and the set P = { pk, k=O,i1,i2,..% is called the auto
correlation function (ACF) of a stationary process. The
graph of the ACF is called the correlogram.

2.6 Shift operators

The backward shift operaFOI, B, is defined by

Bx. = xt_1 (2.8)t

and the difference operator. Y7, is defined by

Vxt = Xt " X1:-1

or V = 1 - B (2.9)
2.7 White noise

A series of statistically independent, zero mean,

finite variance random variables {at, t G T} are defined as
white noise or series of random shocks.

i.e., E[at] = O (2.10)
dan , 0.: 1<=0E[atat+k] = 0 k # O (2.11)
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2.8 Linear models

Most of the practical situations involving time
series are covered by stationary time series or transformed
stationaryltime series. Analysis of time series data
consists of model identification and forecasting. The
central theme of quantitative technique of forecasting
is that the future can be predicted by discovering the
patterns of events in the past. Model identification is
the discovering of the patterns representing a given time
series data. There are two equivalent forms for discrete
linear models representing stationary time series. In the

first form xt is represented as a weighted sum of present
and past values of the white noise process at. That is the
model is

xt = at + q11at_1 +-§)2at_2 + .... (2.12)
Ii-I

where xt = xt - H and ¢QD= 1. Using the backward shift
operator (2.12) can be written as

¢'\JXt = W)(B)at (2.13)
where

W(B) = 1 + q-I1B +\\J2B +  (2.13a)

\Y(B) is called the transfer function of the linear filter
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relating' §£ to at. qpi, i = 0,1,2.... are called weights
of the transfer function, where 4QD= 1 always.

The second form of the model represents §£,
xt = xt — p, as a weighted sum of past values of xt's plus
an added random shock at, that is

§t = n‘;t_1 + n2§£_2 + .... + at

_ Z. ~- _ W1 xt_i + at (2.14)l=1

Using the backward shift operator, equation (2.14) can be
rewritten as

“(B) §¥ = at (2.15)
where

The relationship between the Q’ weights and TI weights are

given by Box and Jenkins [8],

MB) - q» 1(5) (2.16)
The relationship (2.16) may be used to find the 1! weights,
knowing the qlweights and vice-versa.
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The autocovariance Yk at lag k of §t represented
by (2.13) is given by

X
2Yk =  .2OqJj\-\,j+kl0o0oJ:-..

k = 0, 11, i2,.... Substituting k = O we get ‘YO =¢Fi as

I2 __ 2 2 2TX -.   I000
for <ri to be finite, the Q1 weights must decrease fast.
For a stationary time series variance is a constant. So it
is a necessity that the convergence of (2.18) and thereby the
fast decreasing of the ul weights. The autocorrelations can
be obtained as

9
Xrow N

8

P = -- 2 . (. >
The autocovariances generating function is given by

O0Y(B) = 2 YkBk (2.20)k=*"

and is shown that, (Box and Jenkins [8] ) for §t given by (2.13)
the autocorrelation generating function is of the form

ma) = Q-Z \\’(B)‘~¥(F), (2.21)
where F = B-1.
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Considering the two equivalent forms given by
(2.13) and (2.15), we can conclude that for a linear
process to be stationary the generating function \P(B)
must converge for |Bl‘£1 and the condition for inverti
bility is that n(B) must converge on or within the unit
circle.

For practical purposes, it is difficult to
estimate the parameters u»1,q»2,.... defined in (2.13) and

15, n2,.... defined in (2.15). Even if we estimate these
parameters the precision of the estimated model will be
less. Hence our aim is to obtain models which use parameters
parsimoniously. Here we consider three different forms of
linear models, which are very popular and which forms a
subclass of linear models. In these models the number of

parameters to be estimated is finite.

2.9 Moving-Average models

A moving average model of order q, abbreviated
to MA(q), is defined as

and the stochastic process xt, which can be represented by
a moving-average model is called moving-average process.
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The quantities (51 , (-32 , . . . . 9 q are called moving-average
parameters. Model defined in (2.22) can be rewritten as

'\/xt - 9(5) at, (2.23)
where_ _ 2 qO(B) - 1 - @113 - 621-3 -  -oqa (2.24)

and B is the backward shift operator. The operator €5(B)
is called the moving average operator. Comparison of the
model (2.22) with the model defined by (2.13) shows that
MA(q) model is a special case of the general linear model
given by (2.13). Since 55(8) is finite no condition is
needed for stationarity or in other words an MA(q) model
always represents a stationary process. Comparing the
invertibility condition of the general models, an MA(q)

\

model is invertible if the roots of the characteristic
equation

®(B) = 0 (2.25)
lie outside the unit circle (Box and Jenkins K8] ). The
kth lag autocovariance of an MA(q) process is given by

' eqat- k-q)]

(2.26)
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On simplification we get

Y =  +o00+  k=1;2pooo)qok 0, k> q (2.27)
and 2 2 2Yo=1+e1+e2+  +eq (2.28)
From (2.27) and (2.28) we obtain the kth lag autocorrelations

Y

using the relation fjk = ¥§-. Hence we get the theoreticalo

autocorrelations as

-6 +96) +...+@ B
pk = s.k_-1-k*1._.-~. qlk q , k=1,2,...q (2.29)2 2 2

1+6 1+G)2+.. .+6 q

0, k>»q

By definition f>o is 1. The fact that the auto
correlations of MA(q) process is zero beyond the order q
is very useful in the identification of an MA(q) model.

2.10 Autoregressive models

Autoregressive model of order p, abbreviated to
AR(p), is defined as
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wheredp 1, q>2, . . . , (hp are called the autoregressive para
meters. Model defined in (2.30) is a special case of the

general model defined by (2.15). with ni = ¢>i, i=1,..,p
and Hi = O, i > p. The regression equation form of (2.30)
is the reason for the name autoregressive model. Model
(2.30) can be expressed using the backward shift operator as

<P(B)5Et = at. (2.31)
where

¢>(B) = 1 -@113 - @2132 -  -(bpBp (2.32)

The operator (b(B) is called the autoregressive operator.
As in the case of MA(q) model, comparison of an AR(p) model

with general forms (2.13) and (2.15) gives AR(p) model is
stationary if the roots of the characteristic equation

Q“-H13) = 0 (2.33)
lie outside the unit circle and since the series

'“(B) = 1 -(D13 - ...¢>pBp is finite and no restrictions
are required on the parameters of the AR(p) model to ensure
invertibility. The kth lag autocovariance of an AR(p) process
satisfy the following difference equation

Yk = q>1Yk_1+ Cb 2Yk_2+...+ Cb pyk__p. k> 0 (2.34)

and

YO = ¢1Y1 + C\>2Y2 +  + (I)pYp + 0-: (2.35)
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On dividing each term in (2.34) by'{o we get.

Pk = <blPk_1 + q>2ek_2 +  +q>pek_p, (2.36)

where k > O.

i.e., (bus) Pk = 0, 1<> 0 (2.37)
where ($(B) is the autoregressive operator defined in
(2.32) and B operates on k. The solution of the difference
equation (2.37) is givenbby

1< k kPk _ A1G1 + A262 +...+ Apcp (2.38)

where G11, G;1,....G;1 are the roots of the equation
<b(B) = O. The condition for stationarity implies that

|G;l|> 1, i = 1,...,p. Using this condition we get that
the autocorrelations of an AR(p) process will consist of a
mixture of damped exponentials and damped sine waves. The

set of p equations obtained by substituting k = 1,2,...p
in (2.36) is called the Yule-Walker equations. Substituting

the estimates of§’k and then solving the p equations, Yule
Walker estimates of the parameters can be obtained.

2.11 Autoregressive-Moving average models

Mixed autoregressive-moving average models of
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order (p.q) are given by

F51 i
xt = ¢>, §'<t_l+ C\>2><t__2+...+<bp><t_p+ at

' 61%-1 " 62%-2'  -sqat-q (2.39)

The abbreviated form is ARMA(p.q). The process xt represented
by (2.39) is called an autoregressive-moving average process.
Using the backward shift operator, the model given by (2.39)
can be economically written as

¢(B)3€t = €')(B)at (2.40)
where <b(B) and €9(B) are as defined in (2.32) and (2.24)
respectively. The stationarity of the process is ensured
if the roots of the equation q>(B) = O lie outside the unit
circle and invertibility is ensured if the roots of the
equation 55(8) = O lie outside the unit circle. It is
interesting to note that AR(p) and MA(q) models are special

cases of mixed ARMA(p,q) models, which can be obtained by:
putting q = O and p = O respectively. That is if q = O in
(2.39) then it reduces to an AR(p) model and if p = O then
it reduces to a MA(q) model. Invertibility of a model
guarantees a unique correspondence between the autocorrelation
structure and the ARMA(p,q) model. That is, given an auto
correlation structure there exists at most one ARMA model
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with that autocorrelation structure having an invertible

moving average operator. The autocovariances, Yk, of the
ARMA(p,q) process satisfies the difference equation.. ' _o _ - _

Yk-¢1Yk_1+...+¢pYk_p+Yxa(k) 1Yxa(k 1).... 6qyxa(k q)

(2.41)

f\l

where YXa(k) is the cross covariance between xt and at at
lag k and is given by

YXa(k) = 0 k> 0
(2.42)

yXa(k) 79 O. k$.O

Using (2.42) we get that the autocovariances and autocorrelations
satisfy the following difference equations:

Yk = <b1vk_1+...+qpyk_p. kZq+1. (2.43)

and
Pk = C\>1Pk_1+...+q>pPk_p, k2q+1 (2.44)

In short, the autocorrelations for lags 1,2,...,q will be
affected by the moving average part of the process and the

autocorrelations Pi, i3;q+1_will follow the pattern of an
AR(p) process.
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2.12 Partial autocorrelations

In the discussion of MA(q), AR(p) and ARMA(p.q)

processes, we see that autocorrelations help' to determine
the order of an MA(q) process only. Partial autocorrelations
defined below help. to detect the order of the autoregressive

part of the model. For an ARMA(p,q) process<bj = O for j:>p.
This idea is applied here. Partial autocorrelations, denoted

by ¢>kk, k = 1,2,... are defined as follows:

$11 = P1

|P*|q) =  (2.45)kk |Pk|

k = 2,3,...,Pk being the kth order autocorrelation matrix
and P; is same as Pk except the last column, which is replaced
by the vector [:Q1,...,Pk]‘ and |Pk|, |P£| denote the deter
minants of the matrices Pk and P; respectively. The partial
autocorrelationCPkk is the Yule-Walker estimate of the kth
autoregressive parameter, if the data represents an auto
regressive process of order k. Hence for an autoregressive

process of order p, the partial autoc0rrelations,q>kk, k=1,2,3...
will be nonzero for k less than or equal to p and zero for k
greater than p. An MA(q) process may be written as an AR
process of infinite order. So the partial autocorrelations

<Pkk, k = 1,2,3,..., of an MA(q) process should decline in
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magnitude with increasing values of k and have no cut off
after some lag. The partial autocorrelations of a mixed
ARMA(p,q) process will follow the pattern of an AR(p) process

upto the lag p and for k >p, it will follow the nature of
the partial autocorrelations of an MA(q) process. The set

Kdfkk, k=1,2,..§ is called the partial autocorrelation
function (PACF). Estimates of<bkk's can be obtained by
substituting the estimates of Pk in the matrices Pk and P;.

2.13 Properties of ACF and PACF

_The properties of the autocorrelations and partial
autocorrelations discussed in the previous sections are
summarised in table 2.1. Table 2.1 showsthat the auto;
correlations and partial autocorrelations are very useful
tools in the analysis of time series.

2.14 Standard error of ACF and PACF

The standard error of ACF and PACF are needed in

the identification procedure of a stationary time series.
The variance of the estimated autocorrelations at lags k
greater than some value q beyond which the theoretical ACF
may be deemed to have ‘died out',_is given by Bartlett's
approximation

Var[rk] 2' E k>q

l—*

r_’*"\
l—\

+
l\)

<:MQ
I-\

"D
<ro
\--\,p—/

and S.E[rk] =\/Var[rk], k) q (2,46)
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Table 2.1 Characteristic behaviour of ACF and PACF
Of MA(q), AR(p) and ARMA(p,q) processes

Autocorrelations Partial autoProcess (ACF) correlations

MA(q)

AR(p)

ARMA(P¢q)

Spikes at lags 1 through
q, then cut off

Tail off according to
Pj= Q>1Pj_1+...+¢pPj_p,

J>IP

Irregular pattern at
lags 1 through q thenp
tail off according to
i§==¢1Pj_1+...+¢pPj_p

(PACF)

Tail off

Spikes at lags 1
through p and thencut off

Tail off after
lag P
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where rk is the estimate of()k and S.E. stands for standard
error. To test the hypothesis that the autocorrelationsijk
are all essentially zero beyond some lag k = q, the standard
error approximations defined in (2.46) can be used assuming
the normality of the estimates. The covariance between the

estimated autocorrelations rk and rk+S at two different lags
k and k+s have been given by Bartlett [6 ]as

~ LL “COV [rk'rk+s] "' .N  vPv+s (L47)
Standard errors of partial autocorrelations due to
Quenoullie (Box and Jenkins [8]) are given by

A N 1Var [cvkk] -- H, k2p+l (2.48)
'\ _

Yn

A

where<bkk is the estimate of<bkk.

2.15 Illustrative examples

For illustration let us consider some simple examples

¥=><amPls_1 - MA<1> Pr<><=¢§S

The MA(1) model is given by

xt ° at "®1at-1
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and the moving average operator is

Condition for invertibility is given as roots of

1 - @518 = 0 must lie outside the unit circle, which gives

h91I< 1.

Autocorrelations are given by

2 2
ma: U +e1)¢a

and _@5l
P ———3 k = 1k = 1+e1

O k Z 2

The partial autocorrelations given by

1 P1 P2 . . . .P1 ’
?1 1 F1 ' ' ' ‘P2

f;_1 e£_2 I I I I Ipk
Cbkk = '1 P1 P2 ‘F5 . . . k_1

F1 1 F1 ' ' ' ‘Pk-2

fk-1 Pk-2 . . . . . 1
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On simplification the PACF of MA(1) process satisfy the
equation

<\> = 1--91
11 1+6?

and
21 -(5<1’ = -ek 1kk 1

1_e2(k-I-1)
1

k = 2(3loo0

gxample 2. AR(1)proces§

The AR(l) model is given by

X: = (P 1x1;-1 "’ at

and the AR operator is

<¥><B>=1-cp IBO

The condition for stationarity of an AR(l) process is
given by

-1< (P1 < 1.
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Using (2.36) we get the autocorrelations of the AR(1)
process satisfy the equation

?k = q>1Ek_1, k = 1,2,...

which gives

P1 ‘Q1

and

Pk =¢]i

The partial autocorrelations are given by

'q)11=¢1

and = >Qkk O,k_2.

Example 3- ARMA(1,1) prwcess

ARMA(l,1) model is given by

xt = ‘D 1"‘t-1 *' at ‘@131:-1

The condition for stationarity of an ARMA(1,1) process is

given by -1<<b1'< 1 and.that for invertibility is given
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by -1<@1< 1. Using (2.41) we get

Y=¢Y+c:s"2-®'Y (-1)o 1 1 a 1 xa

Yk = ¢1Y1<-1' kzz

2
but Yxa(-1) - (¢1—61)a-a

which implies

.. “$5 "@161 2Yo" 1121 1°}
1 Q31

Y _ (1—%Cb 1651  1-61) 21 1 __6i Ta
and >

Yk =¢1Y1<-1' k ' 2'

Further we obtain the autocorrelations using YO, Y1 and Y
k Z 2 defined above as

P = (1'q’1e1"¢1"e1>1 2
1+61-2 Q9161
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and

pk = q>1¢k_1, k2 2.

The partial autocorrelation ¢>11 =l>1. After lag 1, the
partial autocorrelations behave like that of MA(1).

2.16 ARIMA models

So far the discussion was concentrated on stationary'
time series. There are many series which are not stationary,
but most of the nonstationary series exhibit homogeneity,
apart from the local level and trend, namely, one part of the

\

series behaves much like any other part. Such series are
called Linear nonstationary process or homogeneousgnonstationary
process. These type of series can be made stationary by
differencing the series suitable number of times. The condition
for a series to be stationary is that the roots of the equation
<b(B) = O must lie outside the unit circle. So if the roots lie

inside or on the unit circle then the process will be nongstationa
If the roots lie inside the unit circle then the process is
explosive non-stationary and if the roots lie on the circle,
then it corresponds to a homogeneous nonstationary process.
The class of models representing the homogeneous nonstationary

models are known as autoregressive integrated moving average

(ARIMA) models and it is given by

‘l><B>;£t = 6(B)E-It
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where éb(B) is a nonstationary autoregressive operator,
such that d of the roots of é§(B) = 0 are unity and the
remaining roots lie outside the unit circle. Hence it can
be written as

EP<B>';<t = q><B><1-B>d£t = 6(B)at. (2.50)

where <b(B) is a stationary autoregressive operator.
Again (3.50) can be rewritten as

¢<B> vd sat = @(B)at. (2.51)
d~

since vfi§1 = (1-B)xt. Equivalently, substituting
vgi = w we gett t’

¢(B)wt = @(B)at. (2.52)
It is very interesting to note that the dth difference of the
series can be represented by a stationary invertible ARMA

process. It can be seen that'§t can be obtained by~ d »Xt = 5 wt (2.53)
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where, d = 1 gives
t5 _ ~

wt .. -:jZ.-wXj

= (1+B+B2+...)§t

= (1-B)-lit

= *v'1§t

repeating the process §t will be represented by an infinite
sum, that is, the process is called an autoregressive integrated
moving average process usually denoted by ARIMA(p,d,q) where p

is the order of the stationary autoregressive operator, d is
the order of differencing to obtain stationarity and q is the
order of the moving average part. The three different sub
classes of ARIMA(p,d,q) are ARI(p,d), IMA(d,q) and ARIMA(p,d,q).

Estimates of autocorrelations of an ARIMA(p,d,q) process are as
defined in section 2.5, but the pattern of the correlogram will
be different from that of a stationary process. If the series
represent a nonstationary process, then the autocorrelations
will remain large even at long lag. This property can be used
to detect the nonstationarity as well as the order, d, of
differencing to remove nonstationarity of a series.
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2.17 Spectral density function

The previous discussions reveal that a time series
may be described by its autocorrelation structure in the time
domain. Equivalently a series may be depicted by its spectral
density, that is the Fourier transform of the ACF in the
frequency domain.

Let{Yk, k = 0, 11, i2,..J, be the autocovariance
function of a discrete stationary time series, then the
power spectrum of the series is defined as the Fourier
transform of the autocovariance function, that is the
power spectrum, P(%), is defined by

I
P(7\) 5= }§Yke'i“‘, (2.54)

where7\€[-4Q1flL. The spectral density function s(x),

is defined as the Fourier transform of the ACF,§Fk; k=O;1;2,..}
and is given by

Sm = § ?ke"i"“ , (2.55)k=-°‘

where X<E[-fi,fl]- Since Pk is an even function, Pk = (7_k,
(2.55) becomes

z*r1¢
I-* "'D

s(>) = 1+2 kcos(xk), (2.55)
>\e\fWW]
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The property that the autocorrelations of a
stationary time series decrease rapidly implies that'

|s(>\)| é E [Pk] <°° (2.57). k=-»

and (2.57) implies that $(\), the spectral density function
of a stationary time series converges uniformly. Using the
Fourier inverse transformation the autocorrelations can be

obtained from the spectral density function by
F

Pk = %?-icos(%k)s(*)dx (2.58)
The spectral distribution function is defined as

IS(7\) = S s(v)dv (2.59)
-T

Further 8(1) Z O, Anderson [5:],when S(7Q is absolutely
continuous and

TIS5(7\)d>~ = 1. (2.60)
-m

with this knowledge of the spectral density function of a
stationary time series, the spectral density function of a
linear process can be investigated. ’
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Consider the autocovariance generating function
®

~n6> = E1 YkBk (2.61)k=-“

(For details see Box and Jenkins [8] and Anderson [5]).
Substituting B = e 1* in (2.61) the equation becomes

%

y(6"i‘) = Z Yk6"ik" (2.62)k=‘m

The right hand side of equation (2.62) is the expression
of power spectrum i.e..

v<6"i"> = P(7~) (2.63)
But it is shown that, Box and Jenkins [8], for a linear
process defined by (2.13)

((12) = vi \V(B)\V(B"1> (2.64)
Hence using (2.62), (2.63) and (2.64), we get

P(7\) = 6-Z w<6'i"> W <6“)

. 2
1.6-. P(7\) -—- 6: ]\l/(6-‘l"‘)I . (2.65)
From the definitions of the power spectrum and the spectral
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density function we get

Sm = Bil) (2.66)
$2

hence the spectral density function of a linear process
represented by (2.13) is

Q Q
Xbom w

w

so) = —- |\P<e"i“>l (2.67)

The spectral density function of a linear process
obtained in (2.67) is of great importance. For an MA(q) model,
by definition

which along with (2.67) gives the spectral density function
of an MA(q) process as

éaonfiw

. 2Sm) = -- <'5ef1">| (2.68)
On simplification (2.68) becomes

—i

s(7\) = --—— 1+ 2: ('5 2! (—@+ %1®jt3j+i)cos(i7\)]

Q Q
Xuaww
l"*"‘_'|

l-'
.Q

re

Hro
+
w

|-I.

re

P

(2.69)

where >\€[—1t,1t]. For an AR(p) process \P(B) = Q)-'1 (B), which
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along with (2.67) gives the spectral density function of
an AR(p) process as

9 Q
x=vfl>»

s(h) = -_- s 4 as , (2.70)
'¢(el7\ )'2

which on simplification becomes

9 QXwww
1-‘
+

H*4p
I-‘

|-I.

l—‘

I-‘

L-J.

l-*

s(>Q = s:~ ~s—s P sss~ 1 W s<s- (2.71)
= <!>i+2>i <-¢>]._+ 13;: <x>Jq>J.+i> cos(i7\)

)\ Q [_‘Tr“] '

Mixed ARMA(P¢q) model provides

(D

WWB) = $%§%

Substituting this q’(B) in ( 2.67)we get the spectral density
function of the ARMA(p,q) process as

Q QXwmw

,_§>'
m (D

|—~

>1

_—w

s(R) = -—— ~e>~ ,~~~s (2,72)
IQ) -ix)|2

and the simplified form of s(x) is

q 2 q égi
E 61+ 2 1 ('6? J.:__l6j€j+i) cos(i7\)s<>) = ~ssss ~;sje~wsssM~ sss ~_sw , ss~~ s >- lapelq p—1 _
Z q> .+ Z E; (-¢i+ Z q>J_¢J,+l)cos(J_7\)= = j=1 (2.73)

Wq N

P"
+

I-‘

I-4

‘.1.

F4

Q
><ro
I-*
+

I-'~
*0

I-—'~

r-no

|
+

where 7~6[-1t,11:] .
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The different rational forms of the spectral
density function defined by (2.69), (2.71) and (2.73)
of MA(q), AR(p) and ARMA(P¢q) processes respectively, are

used to develop the new model identification procedure
explained in the next chapter.



Chapter 3

'TH§°RETl¢AL.PEVEP9PMFN$ PF B+5PE¢uPB99EDUR§

FOR ARMA(E1q) MODELIDENTIFICATION*

3.1 Introduction to R-spec procedure

A time series may be described by its autocorrelation
structure. In chapter 1 and chapter 2 we have discussed
several techniques of model identification. In the last part
of chapter 2, we see\that there is one-one correspondence
between spectral density function and its ARMA(p,q) model. In
this chapter a new method is developed to estimate the rational
form of the spectral density function of a given stationary time
series. As a result of it, a new method is developed to
estimate the parameters along with the order (p,q) of an
ARMA(p,q) model. The spectral density function of a given
time series is estimated using its autocorrelation function.

* Results of this chapter were presented as papers by the
author, entitled (1) "ARMA models from spectral density
function+—An alternative to Box-Jenkins" in the Third
Annual Conference of ISTPA at Delhi during August 1981,
and (2) "Rational approximation of the spectral density
function of stationary time series--Unique rational
rapproximation", in the Sixth Annual Conference of ISTPA
at Trivandrum during December 1984.

51
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The Chebyshev minimax approximation as a ratio of polynomials

is effected for the spectral density function. Using this
rational approximation of the spectral density function, the
R-spec method for ARMA(p,q) model identification procedure

is developed. The uniqueness of the Chebyshev approximation
gives a unique ARMA(p,q) model.

3.2 Spectral density function and its estimate

The spectral density function, s(%), of a
stationary time series is defined in (2.56) as the Fourier
transform of the autocorrelation function and it is given by

- %
s(7\) = 1 + 2 Z Pi cos(i>~) , (3.1)i=1

%€[-n,n].

The estimate §<>) of s(%) can be obtained by substituting the

estimated autocorrelation function, {rk, k=O,1,2,.g.

N

i.e., Q(z) = 1 + 2_ Z rkcos(kA), (3,2)
k=1

where rk, k=1,...,N are the estimates of Pk, k=1,2,...N.
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3.3 tRational approximation of continuous functions

The notion of rational approximation of continuous
functions is considered here. According to Pade' approximation
theory a continuous function f(x) in an interval [a,b] and
having the Maclaurin series representation,

if(x) = >3¢.><j (3.3)
i=0 J

in the neighbourhood of zero can be approximated to a
rational function of the form,

Pm(x)
I

Qk(x)

m .where Pm(x) = ‘Z a_xJ (3_4). J:O J
kandQ <><> = >1 b.><1 (3.5)k .J=0 3

The expansion of f(x) in a series of Chebyshev polynomials
is given by 

(Z/9

1

f(x) = 5 co + jig cjTj(x) (3.6)
where

Tj(x) = cos(r cos-lx) (3,7)
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Now Chebyshev expansion of f(x) is used to generate a
rational approximation in a manner analogous to that used
to generate Pade' approximation from Maclaurin series
expansion and the rational form is

m
Z a T (X)-_ J JT$(x) = Jgo *.We" , (3.8)
Z bjTj(X)

i=0

where aj, j=1,...,m and bj,j=1,...,k are to be determined.
The equations (3.7) and (3.8) takes elegant forms

@1 .
f(cosA) = 5 co + J51 cjcos(J%) (3.9)

and Q ajcos(jA) _
T£(cosk) ==i;O *" , xG["“5“J' (3.10)

Z bjcos(jX)
i=9

by substituting x = cosh. in (3.7) and (3.8) and using the

fact that Tj(cosA) = cos(j%).

Substituting oi: Pi, i=1,2,.., in (3.9) we get

‘X

f(cosA) = % PG + E Picos(iA) (3.11)i=1
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Equations (3.1) and (3.11) gives

s(h) = 2 f(cos%) (3.12)
3.4 Main theorem

Given a set of observations xl, x2,...,xN, at
equal intervals of time, from a stationary time series,
there exists a unique best fit ARMA(p,q) model obtained
from the estimated rational form of the spectral density
function.

For the proof of the main theorem we need the

following lemmas (See Blum [7]) and the proof of them are
given in the appendix.

Qemma 3.1

For every function f IE C[a,b] there is a best
uniform rational approximation in the class R2[a,b], where
R;[a,b] is defined as the set R;[a,b] = {P/Q: deg PS n,
deg Qfim and Q(xJ > 0} and by a best approximating rational
function for f on [a,b] we mean a rational function

R*€-R;[a,b] such that

sup |f(x) - R*(x)| 5 Sup |f<X> - R<x>I
xc[a,b] xé [a,b]
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holds for all rational functions RG‘Rg[a,b]. Again
by best uniform rational approximation we mean, the best

approximating rational function for all x G [a,b].

Lemma 3.2 * .
Let R* = 21- G R;[a,b] and let f G C[a,b].

Q

The residue r* = f - R* assumes its extreme values i Hf-R*H

with successively alternating signs on at least

2 + max {n+deg Q*, m + deg P*} points in [a,b] if and only

if R* is the best approximation to f in R;[a,b], where f is
a real measurable function of x and the essential supremum

of lfl is denoted by “rum.

Lemm§i3n3

The best rational approximation in R$[a,b] of a
continuous function is unique.

Proof of the Main theorem

For a given stationary time series let the auto

correlation function belgfk, k=O, il, i2,...}§ The Fourier
transform of the autocorrelation function given by (3.1) is
iknown as the spectral density function of the series. In
section 2.17 it is shown that the spectral density function
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of an ARMA(p,q) process can be expressed as a rationalfunction given by 1q _i .
<5-‘a 1+ ‘Z @i+ 2 _ (" J-_+ Z 6 6. )cos(i7\)TS(/\) =  T  1.=1.  T Jjjj“ as  j (3.13)

+ 2 Z (-CPi+ 2 C\>jq>J.+i)cos(i7\ )i=1 j=1 *

9
><l\>l'fl"'_"_l

P—*

+

P P
MI-C5...

*’<5
P-(\7

*0

*0

The right hand side of (3.13) is apparently a rational function
of cos)\. The estimate of s(A) in terms of autocorrelation
function is a polynomial in cos)\. This suggests that we can
find the best uniform and unique rational approximation
of s(%) to obtain the corresponding ARMA(p,q) model. Substitut

ing the estimate rk of Pk, k=1,2,3,...and P0=l in the expression
of the spectral density function s(%) given in (3.1) we obtain
the estimate of s(A) and f(cos%).

Let Ti(cosA) be the initial rational approximation of
f(cos%), obtained, using the minimax approximation procedure

due to Padec (Ralston [3fl ). (The algorithm to obtain Ti is
given in section 3.4). Ti(cosA) is given by

l
Z a. (cos1i7~).__ l _Ti(cos >.) = 1129 T  -  , (3,14)
Z‘ bi cos(i%)

}_|.

O

u——E-_

bO= 1. Let N = 1+k and let.{IA;O); i=1,...,N+l}be a sequence
of points in QWLU] such that

:0)
-11 Q ‘A803 <_ '>\\(°3< .. < XNH Q“

Determine the coefficients ago), j=O,1,...,l, bgo); j=1,2,..,,k
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(0)and a quantity e such that

f(cos 2:50) - T]];(cos 740)) = (-1)ie(O)» (3.15)

O€i $.N+1, f(cos>~iO)) is < defined in (3.11) and

T/i(cos7\ ) CE R; [-11,112]. If

r1(7\) = f(cos7~) - Ti(cos7\) (3.16)

then em) serves as local extremum of r1(7\) with alternate
signs. This leads to a system of nonlinear equations given byl - k
Z aJ. cos(J' >\jfO))—[f(cos A].iO))+ (-l)ie(O)-H 2 bjcos(_‘i 7‘i(O))] =i=0 i=9

(3.17)

where O 3 i $.N+1 and bO=1. When these N+2 equations in
(O) (O) (O) (0) (O) (O) (0)N+2 unknowns ao , al ,...,al ; bl , b2 , b3 ,...,bk

and em) are solved, we compute r1(>~). Since r1(>~) is
continuous with at least N+2 alternating signs, using multiple
exchange algorithm or second algorithm of Remes, (Blum [7],

Ralston [31]), we get another set of points Acgl), >,]f1),...>\I§_:H

on‘ which r1( >) alternates in sign with greater extreme
(absolute) value. The second set of R values can be used to
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generate a;1)'s and b;l)'s, which will then determine e(1).
Continue this procedure until e(n) appears to have converged(n) (n) (n)This gives the converged coefficients ao , a1 ,..., al ;
bin), bgn),..., bin) and e(n), which determine the best
uniform and unique rational approximation of f(cos X) using
lemma 3.1, lemma 3.2 and lemma 3.3.

*

Let Ti (cos7\) be the best uniform and unique
*

rational approximation of f(cos>\). Then Ti (cos>\) is' bgiven y 1
1* Z aén) cos(i7\)

"Pk (cos>\) = 1;‘) U   3 (3.18);; bi“ cos(i>\)
i=0

bO= 1. Using (3.12) and (3.18) we get

§(>\> = 2Ti*(cos'%)

l
.A Z aim) cos(i1 )

i.e.. 8(>\) = 2 iio sect ~~* he (3.19)
2 bi(n) cos(i>\)

i=0

Using (3.13) and (3.19) we get the order of the ARMA(p,q)
model as

P = Kand (3.20)
q == 1
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also we get the following equation2 q q q-i _ q
1+ Z@2+2 Z (-9i+ .2 6.6. i)cos(i7\)] 2 a].fn)cos(i>\)U-' [

a g_ 1=1i g1=i = J 3+ g_g gm = 2 i=1 _gg__H W“

r@

|—>

'U

P

2 P 2 P P
U} [1+ 3(Di+2 Z (-¢i+ Z 4) ® -)cos(i>)] Z b(n)cos(i%)i=1 i=1 j=1 j 1+1 i=1 1

(3.21)

where bO= 1 and 7\ G ['“',“]

Equation (3.21) gives rise to a set of equations, by equating
the coefficients of cos(j7\) on both sides in the numerator
and denominator. The equations thus obtained are given by

q

[1+ 2 C>§]_2 (n) G_ , i=1, 76- P 2
E C? 1]

i=1

flwfliro
Ii‘!
a
+

q-iX .
ajfn) _ _Bi+j=1 @j@j+1Z2157 * *~ss q s t~ts (3.23)

O 1 +' Z 65?i 1

i ; 1,2,...,qand
p-i

b(n) 2 "(bi + J:1¢j¢j+i_i___ s o p s"="* (3.24)2 1 + 3
i=1

é?
I-‘~l\.>

i = 1,2,...,p.
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Rearranging equations (3.23) and (3.24) we get

a(n) q 2 qri_ _ i >3 >361 _ --G1-;(1+ __ 91) + __ ®J.oJ.+J._ . (3.25)2aO 1-1 J—1
i=1;2;oooq

and b(n) p p_i_ _ ._i__ 2 2 2‘bi - 2 \(1+ (P i) + cp J.¢J.+i (3.26)i=1 j=1
i=;1p21o0opo— 1

Let Q>= [<b1.¢2,...,q>p]. (3.27)
Equate (3.27) and (3.26) which implies that

¢= E<<T>> (3.28)
/\

The following iteration procedure is developed to obtain(b ,
the estimate of the autoregressive parameters of the ARMA(p,q)

model. Substitute (Pi: O, i=1,2,..p, in the right hand side
of (3.26). Then we get the initial value of d>as

_ _ bin) _b§n) _b(n) '¢O=[ 23:   (3.29)
Then using the initial value(bO defined in (2.29), apply
the iteration successively so that

i$1 = £(<1>i_1). (3.30)
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where i stands for the number of iteration,<bO is as defined
in (2.29) and i=1,2,..,n+1. Continue the iteration until

we get CX>n+1 = C\>n.

Hence we obtain,

2. _q>=-.q>n (3.31)
whereq>n is the converged value of the AR parameters in the
iteration procedure.

Similarly, let__ \@= [c->1, e2,..., eq] (3.32)
using (3.25) we get

9= 9(6) (3.33)
Substitute 69i= O, i=1,2,..,q in the right hand side of
(3.25), then we get the initial value of C) as

_ _a(n) _a(n> _a(n) '9 = -7-1 , —-1-)-2  (3.34)O Zaon) Zaon Zaon

The iteration procedure explained in the case of the estimation
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of AR parameters is repeated to obtain the estimates of the

moving-average parameter. Starting the iteration with é)o
defined in (3.34) as initial value we obtain

(51 = g( Si-1)’

where i stands for the number of iteration and m is the
number of iteration such that,

6m+1 = g(em) and ®m+1 = em

/\
Hence we obtain the estimate CD as

A

®=@m

A

After obtaining G) _' is obtained from
-Q3 n. Then(3.22) by substituting 6 and — we get Q)

w

(W3.
CD)

Jaw

using equation (3.27) we get

d>= [q>f“).¢,,_$“).....¢;n)] (3.35)
and

A

e=am

impliesC \6 = [  eém):.§or
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Equations (3.35) and (3.36) determines the unique ARMA(p,q)
model, namely,

~ _ <n> ~ (n) ~ <n>~xt -~d>, xt_1+ $2 xt_2+....+¢p xt_p + at
(m) (m)

— 61 at_1....- @q at_q

(3.37)

which proves the theorem.

5,5 R-SpeC procedure for ARMA(p,q) model identification

The R-spec procedure for identifying the ARMA(p,q)

model representing a given time series has the following steps.

Step 1

Given a time series data find the estimates rk's of
the autocorrelations. Then check the stationarity of the data

using the S.E. of the estimated rk's. If the data is not
stationary, obtain the transformed stationary series (See note

Step 2

After finding the estimates of the ACF of a stationary
time series, find the estimates of the PACF.
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§tep 3

Find the cut off points of both ACF and PACF.

Graphs of ACF and PACF can be used for this purpose.

.§.’2§2_i

To start the algorithm to obtain the rational
approximation of the spectral density function, it is
required to obtain m and n, the upper bounds for the
degrees of denominator and numerator respectively.
Behaviour of both the graphs of the ACF and the PACF

exhibit the nature of damped exponentials and damped
sine waves after a finite number of points, if the data
represents a mixture of autoregressive and moving average
phenomenon. The PACF will have a cut off after a finite
number of terms in the case of an AR model while its ACF

will exhibit the nature of damped exponentials. If the
data represents an MA model then its ACF will have a cut
off after a finite number of terms and the PACF resembles

the nature of the ACF of an AR process. Hence a reasonably
good cut off point, say Q, in the graph of the ACF gives an
upper bound for q, the order of the moving average part and
a similar point, say P, in the graphqthe PACF gives an
upper bound for p, the order of the autoregressive part.
Now take m = P and n = Q. with these values of m and n
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Minimax-approximation procedure due to Pade is applied to
obtain the initial rational approximation of the spectral
density function. The initial rational approximations,

which are of the form Ti(cos>\ ), oé lé Q and 0 iki P
given by l2 a. cos(j% ) ‘

Ti(cos% ) = Jio J if r”tr (3.38)
2 bj cos(j>~)

i=0

where bO= 1 and )6 [-1c,11;], are found with the help of the
following equations (Ralston [31]).

k= 1 2 Pb. (3.39)ao 2 jzoj _]

k_2.2: P 
ar _ 2 j=Obj( P|r_jF r+j), r-1,...l (3.40)and k_ 1 _
0 _ -2-jiObJ.(P|r_J.|+ Pr+j),r-l+1,...,l+k (3.41)

Estimate the coefficients of Ti(cos7\) for all orders
OS 15 Q and O5 k $.P, using the set of equations (3.39).

(3.40) and (3.41). Then find the error of each Ti(c0s7\)
from f(cos>.) at sufficiently large number of points, so
that we obtain the extreme values of the error for each
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Ti(cos7\). Select that Ti(cos>\) with minimum of maximum
error, as the initial rational approximation.

Step 5

After obtaining the initial rational approximation
of the spectral density function the next step is to obtain
the improved form of the rational approximation applying
the main theorem.

be a sequence of points in ‘PW“] such that
-..»g@><><,@> ...<>,<,§3> $112.

Determine the coefficients a;O), j=O,1,...,l; b;O),j=1,2,...
and a quantity ego) such that) .

f(COS>\i(O)) - T1k(¢OS7\iO > = (—1)le(O) (3.42)1 l
O S ii n+1 and f(cos>~ ) =  and Tk(cos7\ ) G R2 [-“J0
If r1(7\) = f(cos\ ) — Ti(cos‘)). then egg) serves as local

extrema with alternate signs. This leads to a system of
nonlinear equations given byl (D . k

Z as cos(j/\iO))- [f(cosV~J.fO))+(-1)le(0)] 2 bJ§0)cos(_-j)i=0 j=0
(3.43)

()Si.SruJ, bo = 1. To start the computation procedure
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substitute the extremum value of the error of Ti(cos7\)
from f(cos>~) equal to ego) and take .%iO), i=O,1,...,n+1,
the corresponding extremum points, then solve the system

of nonlinear equations given by (3.43) to obtain agl),
af1),...,a{1), bfl), b§1),..., bél). Using these estimated

a§1)'s and b§1)'s determine e(1). Then applying the Reme's
second algorithm (see appendix) we obtain another set of

points X £1), hfl), . . ., 7\  on which rl (7\) alternates
sign with greater extreme (absolute) value. Then using the
second set of values determine

aéz), a{2),..., a{2); biz), bé2),..., bfizi
(n)This procedure is to be continued until e gets converged.

*

Let Ti (cos7\) be the rational approximation, determined by
the converged coefficients.

_ 1* aéni + aim) cos>\ + ...+ aim) cos(lX )l-€-p T ((305)) =   _ v s  so ~ s s:_s~k
1 + bfn) cosh +...+ bin) cos(k) )

(3.44)

Thus we obtain the unique rational approximation of the
spectral density function asA$(k) = 2Tk (COS7\) (3.45)
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Application of the main theorem gives that the order of
the autoregressive part is p = k and the order of the
moving average part is q = 1. Hence we get

*

Tg(cos7~) = Ti (cos7\) with q = 1 and p = k.

and q ( )3 n .
Tq(cos>\) = jzo aj Cosyjh ) (3.46)P P < >

2 bj I1 cos(j x )
J=0

bo = 1 and n being the number of the last iteration. Hence
we obtain the estimate of the best uniform and unique
rational approximation of the spectral density function as” qs(*~) = 2Tp(cos?\) (3.47)
§2s2_é; Estimatisn of the ABMA<P'q)ParameterS

Using the rational form of the spectral density
function given in (3.12) and the estimated form (3.440 we
get the following system of equations, by equating the
coefficients of cos(j>\) on both sides in the numerator
and denominator.

mqk)

PI?
+

l“’.I »-Q

C3
|"°k)

Q

1(n) _ ._2&0 “ -~~ .1Y1- s~; (3.48)

x wT
'>1p

|—*

£9
l_s.I\J

T +
J‘:



in)

q-i
-6.+ 3 6315. .a 1 j=1 J 3+11

2a:n: = a 3. q at .3.O 1 + 2 (3%

and

b.(“)

J=1 J

i=1,...,q

p-i_ 2¢1* . 4>j¢j+i=1 .
"_-23;? = *3 7 7 7 ” * 5 l=1pooo)p

On rearranging (3.48), (3.49) and (3.50) we get

I" U

1 +
j=

I-4

é}
9-1-l\J

P

2ac§n).~f( [1 + 2 ¢3?-]2 _ 3 3 apnea ilnlrrri
[1+ 263-]i=1

_ (n) q q-i8.e = 1 2
i ——(—y2an_ [1 +j_f1®J.] + J_:lejeJ.+J._O

and (n) p p-i"bi 2(bi = -3--[1 + 21 q,.] + 3 <b.¢. .

To obtain the estimates of 91; i=1,...,q and d>i, i=l,...,p,

i=1 J jgl J 3+1

70

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

we apply the iteration procedure explained in the proof of
the theorem
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Let Q3 = [¢>1, (I32, ..., dap], then from equation

(3.53) we get

3>= E<<';5> (3.54)
Put (Di = O,i=1,...,p in the right hand side of (3.53), then
the initial value ¢b of ¢' is obtained as

hm)’ hm), b(n) \"'_ ‘1 '2 "E ~q>O..[ 2, 2,....2] (3.56)
Then substitute these values of<bis in (3.53) to obtain<b1.
i.e.. we get

$1 = f<q>O>

Q-n
¢—n -— 12 '- § _i I-an 

Then find <b2= £(¢1), <3>3= £(<p2),...,<3; n+1 = £(<t>n).
iv —_

Continue the iteration procedure until we get ¢)n+1 =Q>n.( ) ( ) ( ) \
This converged value q>n = [C¥1n .<b2n ,...,<$pn ] is the
estimates of the parameters of the AR part of the model.

Next, we obtain the estimates of the moving average

parameters. Let é -.-.-.[61, G.->2,...,@q]‘, then (3.52) implies

a: 5(5)
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1
We obtain the initial value<5O as

_ <n> _ <n> _ (n) ’a a a— 1 2
60" {Z (n5 ’ 2 (n5 ""’ in§]ao ao 2aO

by substituting €)i = O. i=1,...,q, in the right hand side
of (3.52). Repeat the iteration procedure explained in the
case of AR parameters and obtain the converged value- \

Q m = [ 910“), 6;“), . . . , €C§m)]. Using the estimated parameters
Kym andé m in (3.51), the estimate oferi is obtained. Thus
the estimated parameters are

\

35 =[<:>f“), d>§“’,...,q>§‘)]‘A 1
6 =  eém)IoooI®ém)]

i.e.,

51 = ¢{">
/\ = (n) (3.60)$2 <\>2

day: cbén)
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and

A __ (m)el - el
” (m)
G-)2 = 62

(3.61)

A = (111)eaq <)q/\ /\
Further using 6 is and CD is we obtain

(n) [ 2]2 ¢- <X>6; = ao. X - . i.=l i (3.62)

N7

F5

"|"

Nifi
>

DJ

M>Q

C'J>

|-'- to

1 +
i-=1

Equation (3.60),(3.61) and (3.62) determines the estimated
ARMA(p,q) model and the estimated unique ARMA(p,q) model is

given by

€?>

{>7
t\)

X
H"

co
+

>

/\,, ,\J f\, r‘;
/\

-' @qat_q (3.63)
Note 1.

If the given time series is not stationary, but
homogeneous non-stationary we transform the series to
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stationary series by repeated differencing. If d is the
number differencing, d = O,1,2,..., then the transformed

stationary time series will be wt = wvdxt. Then we apply
the identification procedure to the differenced series.



Chapter 4

DATA ANALYSI§ WITH R:$PBC MODEL IDENTIFICATION_PROC§DUR§

In chapter 3 the R-spec model identification
procedure using the rational form of the spectral density
function is presented. In this chapter the R-spec technique
is tested using theoretical autocorrelations of MA, AR and
ARMA models, autocorrelations of simulated series and using’
some observed time series data. The R-spec procedure is
developed for the model identification of stationary time
series. In the case of homogeneous nonstationary time series,
the series will be transformed to stationary series first and
then the analysis will be carried out. After obtaining the
stationary time series data, the R-spec procedure has the
following steps. (1) Obtain the estimates of the ACF and
the PACF and then determine P and Q, the upper bounds for
p and q respectively. (2) Find the estimate of the rational
form of the spectral density function using the procedure
developed in chapter 3. (3) Using the estimated rational
form of the spectral density function (obtained in step 2)
estimate the parameters of the ARMA model.

In chapter 2, AR(p), MA(q) and ARMA(p,q) models

as well as their autocorrelations are defined. An MA(q)

75
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model is given by

!\)

xt = at — 6iat_l - ... - 6qat_q (4.1)

and the kth lag autcorrelation of an MA(q) model is
defined as

-6 +6 6 +...+6 6Pk =5 l     ; k=].p2poooq
1 +-5:155?i=1

(’\_= 0 , k>q

The partial autocorrelations are defined as
*

<)>kk = :-iii’, k = 1.2.... (4.3)
where Pk and P£ are as defined in chapter 2. For a given
MA(q) model we obtain the theoretical ACF and PACF using

(4.2) and (4.3) respectively.

An AR(p) model is given by

xt = <)>1xt_1+.=;.+C))pxt__p+ at, (4.4)

and its kth lag autocorrelations are given by

Pk = <)>1Fk_l+...+¢pFk_p. 1<>o (4.5)
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Hence for a given AR(p) model the ACF and PACF are determined

using (4.5) and (4.3) respectively.

An ARMA(p.q) model is defined by

’.*' = /w Iv _ 6 _ _xt ¢1x _ +...+<bpxt_p+ at 1at__1  6qat_q

Ff

r—>

(4.6)

and its ACF is given by

9 (k) 619 (k-1)
Pk = <b1Pk_1+...+¢>pPk_p+ -\->§-i-- _ $3  s

- @q"Xa“"q’ , (4.7)
V O

where

90 = <k>1>’l+...+<bp~9p+.-Z -e 9 <-1)-...-e *9 (—q),1 xa q xa
(4.8)

and
0, k>»0\2"*> = (4.9)X8

;£ 0 1<é_0 ,

\)xa<1<) = E[32't_k at]

From equation (4.7) Pk can be simplified as

Pk = cb 1Pk_1+...+¢>pPk_p, k2 p+1 (4.10)



78

Therefore using (4.7). (4.8), (4.9) and (4.10) the ACF of
an ARMA(p,q) process can be determined. The expression for
§ACF is same as in (4.3).

4.1 Examples

In this section the R-spec technique is tested
using theoretical autocorrelations of nine models.

§xamQle_4.1

The model used in the first example is an MA(1)
model given by

xt = at - 0.5at_l (4.11)
The ACF and PACF of (4.11) are given in table 4.1 and
table 4.2 respectively. From the correlogram (fig.4.1(a))
and the graph of the PACF (fig.4.1(b)) we see that the ACF
has a cut off after the first lag and the PACF tapers off.
Hence P = O and Q = 1. In this case there is only one order
namely (0,1) for the initial rational form of the spectral
density function. vUsing (3.39) and (3.40) we get the
initial rational form of the spectral density function as

Té(cos>\) = 0.5 - 0.4 ¢os(>»). (4.12)
Aaa[flTjq
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But the spectral density function is given by

s(>\) = 2 [0.5 - 0.4 cos(A 8 (4.13)
From equations (4.12) and (4.13), the difference between

s(>\) and 2Té(cos>~) is obtained as

f(cos?\) - '1*é(c<>s>\ ) = 0 (4.14)

for all A and f(cos7\) = §l€L). Since TZ(cos?\), the
initial rational approximation of the spectral density
function itself is identically equal to f(cos7\) no improve

ment of Té(cos>\) is needed and hence the estimate of the
rational form of the spectral density function is

T1*(cos A) = T1(cos>\)O o
. 1 *1-6-,TO (cos>\) = 0.5 - 0.4 cos7\ (4.15)

Using (4.15) the following equations are
obtained:

a = 0.5O (4.16)
al = -0.4

Using (4.16). (3.51) and (3.52) the following equations are
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obtained:

2 2 25-a = O"x(1 +91)2aO (4.17)
and

6->1 = 0.4(1 +6?) (4.18)
Applying the method of iteration to equation (4.18) the

estimate of €)1 is obtained. Table 4.3 gives the iteration
for61. From table 4.3 the estimated value of 61 is

/\

61 = 0.4999999

A

Then using 691 and (4.17) the estimate ofc—§ is obtained as

/\
2

¢€V= 1.0

A

Substituting€51, the estimated model is obtained as
/\

§£ = at - O.4999999at_l (4.19)
Table 4.4 displays_the difference between the original

values of<31 and<r§ and their estimates respectively.

§xample_4.2

An MA(2) model is taken as the second example.
The model used isN 7 0 1 ( ')
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Tables 4.5 and 4.6 give the ACF and PACF of xt represented
by (4.20). Fig.4.2(a) is the correlogram and fig.4.2(b) is
the graph of the PACF. Fig.4.2(a) shows that the ACF has a
cut off after the second term and fig.4.2(b) shows that its
PACF tapers off. So the upper bounds for p and q are taken
as P = 0 and Q = 2. Using (3.39) and (3.40) the initial
estimates of the rational forms of the spectral density
function are obtained as

Té(cos >\) = 0.5 - 0.5211379 cos(7\) (4.21)
and

T€(cos>~) = 0.5 - 0.5211379 cos(>\) + 0.079768 cos(2%)
(4.22)

A

Substituting the values of Pk's in the expression of s(>\),
the expected spectral density function, and using (4.22)

it is seen that f(cos>\) - Ti(cos>\) = 0 for all values of.A.
The differences of T(1)(cos >\) and Ti (cos >~) from f(cos >\)

are given in.table 4.7. Since f(cos >1) - Tg(cos 7\) = 0
for all values of >\, 2Tg(cos7\) is selected as the initial
rational approximation of s(IA) and further we see that no

improvement is needed for Tg(cos)\), since the maximum error

is zero, i.e., 2Ti*(cos7\) = 2Tg(cos>\). Equation (4.21)
determines p = O and q = 2 and the following equations:
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22 2aoc_x6-a = —---. (4.23)2 2
1+61+ 62

91 = 0.52113'79(1 +e-95+ ea)». 6192 (4.24)

and

92 = -0.079766(1 +9i+ E53) (4.25)

Table 4.8 is the iteration table for 91 and ('32. The
estimated values of 9 1 and $2 are

A

61 = 0.6999997
/\

6->2 = -0.1199999

From (4.23) estimate of<r€ is obtained by substituting/\ A
61 and S2 and it is given by

A

G-<2 = 1.0000002

Hence the estimated model is given byA 9
xt = at - O.6999997at_1 + O.l199999at_2 (4.26)

Table 4.9 is the error table of the estimated MA(2) parameters
from their respective original values.
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Exampley4.3

An MA(3) model is considered as the third example

and the model used is given by

xt = at - O.4at_1 + O.2at_2 - O.15at_3 (4.27)

Tables 4.10 and 4.11 give the ACF and PACF of the model

given by (4.27). From the correlogram (fig.4.4(a)) and the
graph of the PACF (fig.4.4(b)) the upper bounds of p and q

are obtained as P = 0 and Q = 3. Hence Té(cos7\), Tg(cos7\)
and Tg(cos7\) are considered for initial rational approxi
mation of the spectral density function. The initial forms
are given by

Tg')(cos7\) = 0.5 - 0.4171779 cos(7\) (4.28)

Tg(cos7\) = 0.5 - 0.4171779 cos( >~) + 0.2125789 cos(2>\)and (4.29)
Tg(c0s7\ )1 = 0.5 - 0.4171779 cos(>~) + 0.2125789 cos(27\)

- 0.1225993 cos(37\) (4.30)

Now g()\), the expected spectral density function is given by

A

s(7\) = 1 + 2 [-0.4171779 cos(% )-+ 0.2126789 cos(2% )
- 0.1226993 cos(37\ )1 (4.31)



Table 4.12 gives the differences of Té(cos7\), Tg(cos
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/\)

and Tg(cos7\) from f(cos>\) and it gives that Tg(cos7\)
has got the minimum maximum error. Since the difference
f(cos7\) - T3(cos7\) = O for all A, we get T3*(cos>\) = T3 (cos 7\O O O
i.e., the estimated rational form is T3(cos>\) itselfo

Equation (4.30) determines the order of the model as
p = O and q = 3. Further (4.30) determines the following
equations:

2

2 _ pg °_x _o_ _ W 3,- _
a 1+6€+6g+®€

e = 2 2 2 e ee1 0.4171’/79(1 +61+ 62+63)+ 162+ 2 3

Q5 = _ 2 2 2 ‘s2 O.2126789(1 +@1+ ©2+63)+ C91 3

63 = 0.1226993(1 +ei+e§+o§>

(4.32)

(4.33)

(4.34)

(4.35)

The method of iteration is applied to equations (4.33).
(4.34) and (4.35).= Table 4.13 gives the iteration table

for 61, C92 and 63. The estimated values of €Dl,€2 and53
obtained from table 4.13 are:

/\

91 = 0.3999999
A

62 = -0.2000000

6 3 = 0.1499999
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/~ A A "
Substituting@1, 52 and 53 in (4.32) 6'51 is obtained as

/\

G-5 = 1.0000001

A /\ A A
Table 4.14 gives the differences of 61, 62,633 and <5-Z
from their original values.

Example 4.4

The model used in this example is given by

Iv
xt = at + O.7at_1+ O.25at_2 — O.O8at_3+ O.O5at_4

(4.35)

Table 4.15 gives the ACF and table 4.16 gives the PACF
of the series represented by (4.36). From the correlogram_
(fig.4.6(a)) and the graph of the PACF (fig.4.6(b)) the
upper bound Q = 4 and the upper bound P = O. The initial
rational approximations of the spectral density function
are given by

Té(¢5s>~) = 0.5 + 0.5501473 cos(7\) (4.37)

Tg(cos7\) = 0.5 + 0.5501473 cos()\) + 0.1152410 cos(27\)
(4.38)

Tg(cos7\) = 0.5 + 0.5501473 cos(7\) + 0.1152415 cos(2% )
- 0.07355 cos(37\) (4.39)
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and Tg(cos7\) = 0.5 + 0.5501473 cos(7\) + 0.1162418 cos(2% )

- 0.07365 cos(3/\) + 0.032025 cos(4 >()

(4.40)

Now substituting Pk, k=1,2,...in the expression of s(7\).
the spectral density function, we get §(>() = 2T:(cos7\)
Table 4.17 represents the differences of Té(cos7\), Tg(cos7\)
Tg(cos)\) and T:(cos>\) from f(cos)\). Fig.4.7 is the graph
of the differences given in table 4.17. From table 4.17 we

get the maximum error corresponding to T:(cos>\) is zero and
it is minimum when compared to the maximum errors due to

T1')(cos 7\ ), T€(cos R) and Tg(cos A ) . In this case we get

§(>(> = 2T:(cos'%) which implies no improvement is needed
for T:(cos>\). i.e., the rational approximation of s(>\) is
T:(cos7\)given in (4.40). From (4.40) we get the order of
the ARMA(p,q) model as p = 0 and q = 4 and also the following
equations.

(\)

**“4»>fi~
“<0
i-" l\)

(4.41)0-a=  it
1+

49 __ 21 - -0.5501473(1 +Z 6i)+01 o2+e2 o3+03o4 (4.42)
i=1

4_ 292 _ -0.11s2418(1 + Z G3 i)+<-)1 e3+o2 e4 (4.43)
i=1
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4_ 2633 _ -0.073s5(1 +Z® i) +®1e4 (4.44)
i=1and 4

94 = -0.032025(1 + Z 6?) (4.45)
i=1

Table 4.18 is the iteration table, obtained by applying
the method of iteration to the equations (4.42). (4.43),
(4.44) and (4.45). The estimates of the MA(4) parameters
obtained from table 4.18 are

A

61 = -0.6999992
A

<52 = -0.2499962
/\
63 = 0.079943
A

94 = -0.0500037

and the estimated value of<r§ using equation (4.41) is
5

6% = 1.0000002.

Table 4.19 gives the errors between the original values and

the estimated values ofel, 62, 63, 54 and o-Z respectively

Example4.5

An AR(1) modellis considered here. The model



88

used is given by

Iv Q}xt = -O.35xt_1 + at (4.46)
The ACF and PACF of the model given in (4.46) is given in

table 4.20 and table 4.21 respectively. Fig.4.8(a) is the
correlogram and fig.4.8(b) is the graph of the PACF. From
these two figures we take P = 1 and Q = 2. Various initial
rational forms for the spectral density function for pE.1
and q 5. 2 are given as

T})<¢6s>~> = 0.5 - 0.35 cos(7\) (4.47)

Tg(cos7\) = 0.5 - 0.35 cos(7\) + 0.1225 cos(2>\)
(4.48)

6 _ o,390e6s6g:T1(°°s>‘) " 1‘+"0.62360s cos(>\) (4'49)

1 _ 0.441667 -_o.3256334 ¢6§(>~)T1(cOs X) "* 15% 0.3333333 6657?»? 5 (4'5O)

T2(coS7\) _ g.390s701-4.3sE-06605(>)+3.7ss-06668(2))1 ' 1 + 0.6235991 ¢6s(% 7
(4.51)

Equations (4.49) and (4.51) show that T? (cos B) 21 'I€(cos >\ ).
Hence we need not find the errors of T€(cos7\) from f(cos>\)
Table 4.22 gives the differencesof various initial rational
forms from f(cos7\) and column 3 of the table shows the
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differences f(cos'A) - T$(cos7\) = O, for all values of)\.
which gives that 2T§(cos)\) is the initial rational approxi
mation of s(7\), the spectral density function. Since the

error of 2T§)(cos 7\) from s( )~) is zero for all values of>\

in [—Ti,fl] we get T‘1)*(cos7~) is equal to T(f(cos 7\). Hence
the estimated rational form of the spectral density function
is

2T°*(cos7\) = 6= 26$ O'3?Q8656 (4.52)1 1 + 0.623608 cos (R)

From (4.52) the order of the ARMA(p.q) model is obtained as
p = 1 and q = 0. Further (4.52) determines the following
equations:

4;-Z = 2 x 0.390866 q-3 (1 +<bi) (4.53)
and

.6 608‘(>1 = - 9——%§——-(1 +4>i) (4.54)

Table 4.23 is the iteration table for(¥ 1, obtained using
equation (4.54). The estimated value of ¢ 1 obtained from, \



table 4.23 is
A

(bl = -O. 3499999.

Substitutingégl in (4.53) the estimate of 6~§ is obtained as
A

67$ = 0.9999993.
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Hence the estimated model is given by

xt = —0.3499999Xt_1 + at (4.55)
A /\

Table 4.24 gives the errors of $1 and q-Z from (bl and <5";
respectively.

Example 4.6

The modelflconsidered is given by

It = o.5>'E't_1 + at (4.56)
The ACF and PACF of (4.56) is given in table 4.26 and
table 4.27 respectively. From the correlogram (fig.4.1O(a))
and the graph of the PACF (fig.4.1O(b)) of (4.56) the upper
bounds for p and q are obtained as P = 1 and Q = Here

toON

we have to find Té(cos7\), T§(cos7\), Ti(cos7~), T (cos7\)
and T?(cos7~)

Tg(cos7\) = 0.5 + 0.5 cos(% ) (4.57)

DO
(Du:
O

T€(cos7~) = 1 ; 5 5“bs($f) (4.58)
ml _ 0.3 +_O x cos(% )
‘1(c°s>‘) ‘ "12 -loss ¢‘<>s"(>iY
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QC)one
WU)

O

1 __.- 6,6- asi.e., T1(cos7\)-1_ osvx)

i.e., ‘I‘?£(cos7\) = T€(cos7~) (4.59)

'I'c2)(cos7~) = 0.5 + 0.5 cos(l7\) + 0.25 cos(27\) (4.60)

and
_ 9.3 + Ox cos( >\) + 0x cos(2 X)" 1 - 0.8 cosF>\§Ti (cos )~ )

i.e.¢ T§(COS>~) =  0.g.goS(>\)

i.e., T€(cos>\) = T§(cos>\) (4.61)

Table 4.27 gives the differences of Ti (cos>\ ), 'I‘€(cos7\)
and 'I‘g(cos7\ ) from f(cos7\) and it shows -that column 2, the
error column corresponding to T({(cos7~) has got minimum of
maximum errors. From table 4.27 we obtain the maximum value

of f(cos7~) - T5 (cos7*) is equal to 0.3E-5 and the points
at which the error zattains the extremum values are -\\ , 0 and“
Hence substituting E(O) = 0.3E-5 in the equation

f(O)(cos>~i) — [I'€(cos>~i)] (O) = Em) (4.62)

(the suffice '(0)' stands for the initial iteration and

>1 =-7“, 0 and“) and solving (4.62) we get ao- = 0.3‘.
-.1.
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bi = -0.8 and E(1) = O.3E-5. This solution gives that

[T]C_)(COS A   =  *_ O?é3cOs(7\)

Now from (4.58) and (4.63) we see that the iteration converges
at the first step itself. Table (4.28) gives the iteration
values for T€*(cos>\) and we get the estimated rational form
of the spectral density function is given by

2T§_)*(cos>~) = 2[T€(cos>~)] (1) (4.64)

which implies
AS(7\) = 2 X *1 _  (4.65)

QQ0 0
(Du)
Q

Using (4.65) the order of the ARMA(P,q) model is determined
as p = 1 and q = O. Also (4.65) gives the following equations

Q": = 2 X 0.3 0';€(1 +¢i) (4.66)
and ¢1=<L4u.+¢§) (457)
Table 4.29 is the iteration table forlbl obtained using
(4.67) and the estimated value of¢>1 is given by

/\

$1 = 0.4999999.
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l\

Then from (4.66)cr§ is obtained as

A

Q“; = 1.0001249.

Table 4.30 gives the error between the estimated and original
values of the parameters.

gxample 4.7

An AR(2) model is considered here. The model

considered is given by

Ek = 0.75£;_1 - 0.14§;_2 + at (4.88)

The ACF and PACF of (4.68) is given in table 4.31 and

table 4.32 respectively. From the correlogram (fig.4.12(a))
and the graph of the PACF (fig.4.12(b)) the upper bounds of
p and q are obtained as P = 2 and Q = 1. So the initial

rational approximations 'I‘i(cos >~ ). O S 1 é. 1 and O 5- k 1‘. 2 are
considered. The initial rational forms are given by

Té(cos>\) = 0.5 + 0.6578947 cos(A.) (4,69)
Q Q
I

O _ _ 0.1801988 gT1(°°S") ' 1 - 0.9721956 cos(A) (4'7°)
1 _ 0.2201512 + 0.082198 cos()~)T1(°°S") ' "1 - 0.8507403‘¢¢s(>§) 9 (4'71)
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To(cOs>\) _ _ W g H 0.175j34lgg g g pg2 - ‘ 1 - 1.080842 cos(>\ Y+ 0.17698 cos(2>\)
(4.72)

T1(cOs M _ W p 0.1757336 - 0.00051858. cos(>~ ) g 3. _2 ' 1 - 1.080842 ¢6s?>~) + 0.1769795 cos(2>\)
(4.73)

Table 4.33 gives the differences of Ti(cosh )'s given by
(4.69). (4.70). (4.71). (4.72) and (4.73) from f(cos7\) and

it shows that the maximum error corresponding to T§(cos7s)
is minimum when compared to the maximum error due to other

rational forms. Hence 2Tg(cos>\) is taken as the initial
rational approximation of the spectral density function.

Here we get the maximum value of |f(cos>\) - T;(cos>\)I at
A== 0 and the maximum value is equal to 0.000599. From the

graph of the errors (fig.4.l3) of the rational forms from
f(cos>\), we find that the errors have alternative signs at
4V, -0.9“, -0.8U.....-0.1“, O, 0.1W,...f“. The algorithm
for obtaining the improved form of the R-spec is applied_
here. E(O) is taken as 0.0002 which is less than the maximum

value obtained in table 4.33. To solve for ao, bl and b2
we need three equations. Here we select the points 0, 0.5T
and T’ and E(O> = 0.0002 to start the algorithm. Table 4.34
gives the values obtained. The maximum error is now at 0.IV
and the value of the maximum error is 0.000586. Table 4.34
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also shows that the coefficients bl, b2 and ao are converged
upto four decimal places. Hence the converged rational form
is given by

0* _ g g gO,1757 Z‘ *H_ g_T2 (°°S") "' 71"l1.07009 cos(/\) + 0.1770 cos(27\ Y “'74)

The estimated rational form of the spectral density function
given in (4.74) determines p = 2 and q = O, the order of the
model. Also (4.74) determines the following equations:

()1 = l°—O-g9-9-(1 + <bf+4>g) +<I>l¢2 (4.75)

492 = - 9%-7-7-9(1 +<bi+¢§) (4.76)
and

26-8 = 2 x 0.1757 xo-i(l +¢i+ 49;) (4.77)

Table 4.35 gives the iteration for<P1 and<b2 using the
equations (4.75) and (4.76). The estimated values of¢>1
and ¢>2 are given by

/\

<\>1 = 0.7500839

and A
432 = -0.1400271
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AA A 2
Then using (1)1 and CD2 in (4.77), 8-a is obtained as

A

G-S = 0.9998082

and the model estimated is

A\ \ '\J
Xt = O.75OO8xt_1 — O.14OO2xt_2 + at (4.78)A A A

2The differences of¢ , ¢ and <s— from 4? Kb and <5-21 2 a 1 2 a
are given in table 4.35.

§xample 4.8

An ARMA(1,1) model as given by

xt = O.43xt_1 + at - O.O5at_1 (4.79)

is considered here. Table 4.36 contains the ACF and table
4.37 contains the PACF of (4.79). The correlogram (fig.4.14(a))
and the graph of the PACF (fig.4.14(b)) shoh that P = 1 and
Q = 2. The various initial rational forms are

\

Té(cos7\) = 0:5 + 0.3875247 cos(X ) (4.80)

Tg(cos7\) = 0.5 + 0.3875247 cos(7\) + 0.1888358 cos(2%.)
(4.81)8 _ 0.489918 Hg ,T1(°°s7‘) ' 1 - 0.5712808 ¢8s(x ) (*'82)
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1 _ 0.3591675 1- 0_.035a47”co_s<>~ )T1(°°s7‘) " 1 - 0.7257995 cos(7\) 3 “'83)

2 _ Q.359366-0.03585 cos(7\)+1.6E-O6 cos(27\)T1(°°s7‘) " 1 - 0.7258066 cos(7~ )
(4.84)

Expressions of T%(cos>~) in (4.83) and Ti(cos7\) in (4.84)
show that T?(cos7\)== T%(cos7\). So T%(cos7\) need not be

considered. Table 4.38 gives the differences of Té(cos>\),
Tg(cos7\), T?(cos7\) and T%(cos%.) from f(cos7\). The graph
of these errors are given in fig.4.15. Table 4.38 shows

that the maximum error corresponding to T%(cos>~) is minimum
when compared to the maximum errors of other columns. Hence

T%(cos>~) is taken as the initial rational approximation.
Further the maximum error corresponding to T%(cos>~) is equal

to 0.000001 which is very small. So T%(cos7~) is taken as
T%*(cos'X). Hence the estimated rational form of the spectral
density function is given by

'5 < x > = 21} (¢<>$>»>

, \

. '* _ 2- [0.3591675 1- 0.035847 cos(7\ )]1'e"s(>‘) '3 1 - 0.72”5.7995”cos(7\*i)*  “'85)
\

Equation (4.85) determines that the order of the ARMA model
is p = 1 and q = 1. Comparing the coefficients in (4.85)
with the corresponding coefficients of the theoretical
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rational form of the spectral density function of an
ARMA(1,1) model, the following equations are obtained.

2 2.;-10 a-i(1 +<I>i)4- = as  9 (4.86)3 2
(1 +651)

<91 = O-"2§7995<1 40%) (4.87)
and

_ 0.035947 g_ 261 " 2><0.3591e75(1 “'91) “'88)

The method of iteration is applied to (4.87) and (4.88).

The iteration table oftbl is table 4.39 and that of591 is
table 4.40. The estimated values ofcbl andel are

A

$1 = 0.4299997

A

el = 0.0499997.

A A
Substituting Q31 and 91 in (4.86) the estimate of <3-5 is
obtained as

/\

T5 = 1.0000027

Now the estimated model using R-spec procedure is given by
A&l &I
Xt = O.4299997xt_l + at - O.O4999997at_1 (4.89)
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Table 4.41 shows the error between the estimated values

and the original values of the ARMA(1,1) parameters.

Example 4-2

The model used is ARMA(2,1) given by

xt = -O.8xt_1 - O.12xt_2 + at - O.O2at_1 (4.90)

The ACF and the PACF of (4.90) are given in table 4.42

and table 4.43 respectively. The correlogram (fig.4.l6(a))
and the graph of the PACF (fig.4.16(b)) show that P = 2
and Q = 2. The initial rational forms obtained are given by

'r1')(¢<>s>~) = 0.5 - 0.725941 cos(>\) (4.91)

Tg(cos>\) = 0.5 - 0.725941 cos(7~) + 0.4607528 cos(27\)
(4.92)

T€(cos7\) = fr 2O'1392337 4 (4,93)1+O.9939272 cos(>\)

1 _,0.1679876 - 0.0575591 cos(7\)T1(°°s)‘) " 71 + 0.914709 ¢os(7~) 0 0 “'94)

T<>(cOsM = _. _ or  0.1358323 _ p2 1 + 1.1097737 cos(>~) + 0.1679748 ‘cos(27\)
(4.95)
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T1(cOS>\) _   ._0.1402517- 0.0078743 cos(7\) .4 424 " 1 + 1.0832257 cos(>~ )+ 0.1451134 cos(27~)
(4.96)

2 0.1402997- 0.0079631 cos(/\ )+ 0.000015 cos(2>\)
T2(°°S 7‘) = 1+i‘.‘0s29709 cos(7\§+ 0.1449202 ¢<>sT2>\7)7 7

(4.97)

Considering Té(cos>\) and Tg(cos>~) we see that a2==O and

all other corresponding coefficients in Tg(cos7\) is equal
to T;(cos W) upto three decimal places, which implies that
T§(cos7\)¢= T%(cos K). Table 4.44 gives the differences of
Tg(cos7\), ‘I'%L(cos7\ ), T€(cos>\), Tg(cos7~) and T%(cos >~) from

f(cos7\). Since (f (cosh) - T(1)(cos>. )) and (f(cos7~)- Tg(cos7\
are considerably large for all points, f(cos>\) - Té(cos7\)
and f(cos3%) - Tg(cos> ) are not included in table 4.44.
From table 4.44, it is obtained that the maximum error

corresponding to Tg(cosT%) is minimum and that maximum is
O.5E-5, which we take to be equal to zero. Hence we obtain
the rational approximation as the initial rational form and
no further improvement is needed. The following equations
as well as the order p = 2 and q = 1 are obtained from (4.96).

2 2><0.1402s17 4-in +<I>%+<X>?>)9-a = 3 I 2  we 3° (4.98)
(1 +91)
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$1 = -1.08322:-37(1 +<bi+¢§) +<b1¢>2 (4.99)

-0.1451134(1 +<bi+ dvg)432 = 8 ~ 2 8 8 (4.100)
0.0078743 _ 2and 61 " 2 x 0.1402517“ +61) (4'1°1)

The method of iteration is applied to obtain (bl, $2 and G-)1.
Table 4.45 gives the iteration values of (bl and <b2 and
table 4.46 gives the iteration values of€51. From these two
tables we obtain the estimated values of (bl, $2 and (-31 as

,/\

¢1 = -0.7999845/\ .
q>2 = -0.1199973

/\

G->1 = 0.0278288

Then Q-Z is estimated as

A

G-Z = 1.0365793

The errors of the estimated values of the parameters from their
original values are shown in table 4.47.
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Note 4.1

Examples 4.1 through 4.9 show that the order of
the ARMA model determined using R-spec technique is same as

that of the original model used in each example. Further,
the differences between the estimated values and the original
values of the parameters are very small.

4.2 Analysis of Simulated Series

In this section, the R-spec technique is applied to
three simulated series. Standard normal deviates are used

as at's, the white noise. The random numbers used for
simulation are given in the appendix. Certainly, distri
butions other than N(O,1) could have been applied, but these
would only affect the estimates of the ACF. This thesis is
concerned only with model selection once the ACF have been
estimated. Thus for simplicity only N(O,l) deviates have
been used.

gxample 4.1Q

The analysis of a simulated series using an MA(2)
model is given in this example. The model used for simulation
is,

The estimated ACF and PACF of the simulated series are given
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in table 4.48 and table 4.49 respectively. The correlogram
(fig.4.18(a)) and the graph of the PACF (fig.4.18(b)) Show

that P = 0 and Q = 2. Hence Té(cos>\) and Tg(cos‘x) are
considered for initial rational approximation of the spectral
density function. The initial rational forms are given by

T:(C0s7\) = 0.5 - 0.42597 cOS(7\) (4.103)
and

Tg(cos'%) = 0.5 - 0.42597 cos(7\) + 0.12042 ¢Qs(2x )
(4.104)

Table 4.50 shows the differences of Té(cos7\) and Tg(cos) )
from f(cos X) and it shows that the maximum absolute error

corresponding to TZ(cos7\) is minimum.when compared to that

of Ti(cos7~). So T2 (cosv\) is taken as the initial rational
approximation of f(cos7§). The maximum value of

lf(cosTA) - T3(cos7\)| is equal to 0.0031 and the extremum is
attained at the point 0. The improved rational approximation

is obtained by taking Tg(cos7\) as the initial form. Table 4.51
gives the maximum absolute error as well as the coefficients
in each iteration. The improved rational approximation is

*

T:(cos>\) = 0.49833 - 0.42351 cos(7\) + 0.12757 cos(2X )
(4.105)
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Hence the estimated rational form of the spectral density
function is

§( >~) = 2T_§.*(cos>~) (4.106)
Equations (4.105) and (4.106) determine the order of the
model as p = 0, q = 2 and the following equations2 2 ,<91 = 0.42493(1+e1+ e2)+ elez (4.107)

e2 = -0.12799(1+®i+eg) (4.108)
2 2

2 Zad )6_x
1+®%+®g

The method of iteration is applied to equations (4.107) and

(4.108) to obtain the estimates of61 and®2. Table 4.52 is
the iteration table for91 and 6.). From table 4.52 we obtain

/\
('31 = 0.45096
A

l\ I‘
Substituting6l and®2 in (4.109), the estimate of vi is
obtained as

l\J>

<r- = 0.99483.8
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The differences of the estimated values of the parameters
from their corresponding original values are given in table
4.54. The estimated model, using the R-spec procedure, for
the simulated series is,

xt = at- 0.45096at_1+ O.15719at_2 (4.110)
Q

and its residual variance is<ra = 0.99483.

Example 4.11

Analysis of AR(l) series is given in this example.
The model used for simulation is

/\Jxt = 0.74§£_1 + at. (4.111)
The estimated ACF and PACF of the simulated series are given

in table 4.54 and table 4.55 respectively. From the correlogram
(fig.4.2O(a)) and the graph of the PACF (fig.4.2O(b), P = 1 and
Q = 1. The initial rational forms are

Ti(¢osv~) = 0.5 + 0.7256 cos(>~). (4.112)
0 u.15329 5 H 5

1

and 1( >\) _ 0.1549-0.0025 ¢Qs(% )T1 °°S ' 1-0.95111 cos(k 5 (4'114)
From (4.113) and (4.114) we get T1'(cos>\ )2 T'f(cos>\ ). {The-1
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differences of 'I'é(cos7\ )EndT({ (cos 7~ ) from f(cos \) are given

in table 4.56. The maximum value of |f(cosv~) - T€(cos'%)| is
minimum when compared to that of Té(cos7\). Table 4.56 shows
that |f(cos7\) - Tf(cos7\)| attains its maximum value at 2.: 0
and the maximum value is 0.08102. Taking T?(cos>~) as the
initial rational approximation, the converged rational approxi

mation T$*(cos7*) is obtained. Table 4.57 gives the differences
(f(cos R) - T§(i)(cos'\)), i being the number of iteration and
7\='3‘,-0.9V...,0,...0.9“,F . Table 4.58 gives the maximum1'.) - (i) (i)absolute error, , the coefficients ao and bl in each
iteration. The rational approximation obtained is

0* fq0.15513 _qqT1 (°°S7‘) " 1‘-00.95056 cosh) (4'115)

Hence the estimated rational form of the spectral density
function is

2(1) = 2T‘{*<¢0s> >. (4.116)
Equations (4.115) and (4.116) determine p = 1, q = 0 and the
following equations

$1 = 0.4752s(1 +¢§> (4.117)
and

<=-Z, = 2 X 0.15513(1 mf>.~f( (4.118)
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Applying the iteration procedure to (4.117), the estimate

ofCb1 is obtained in table 4.59 as
A

¢ = 0.72532.1

A

Then from (4.118) ¢§ is obtained as

>

= 1.00963.

JR,

Hence the estimated model is

A» A)xt = 0.72532xt_1 + at (4.119)
/\

with residual variance <r§ = 1.00963. Table 4.60 gives the
differences between the original values and their estimated
values of the parameters.

§Xample_4.12

An ARMA(1,1) series simulated using the model

"\" ‘NIxt = 0.68xt_l+ at - 0.09at_1 (4.120)

is considered in this example. The estimated ACP and PACF
of the simulated series are given in table 4.61 and table 4.62
respectively. From the correlogram (fig.4.22(a)) and the graph
of the PACF (fig.4.22(b)) we take P = 1 and Q = 2. The initial
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rational forms Ti(cos7\ ), O 5 l '5. 2 and O £ k 2 1 are

Té(cos7~) = 0.5 + 0.62537 cos(>~) (4.121)

Tg(COS7\) = o.5+o.62s37 cos( X)+O.42323 cos(2'%) (4.122)

O 0.21374 HT1(¢°s x) ' 1-0.90012 cos?) ) (4'123)

1 _ 0.21059-O.O3327_cos(7 )T1(°°S7‘) ' 51 - 0.92556 coélx Y (4'124)

2 _ 0.20888-0.03717cos('>\)-0.0025 cos(27§_g)T1(°°s x) ' 5 5 1 4 O.93103lcos('X3 “
(4.125)

The differences of Ti(cos A ), O 5. l S. 2, O §kS. 1 are
calculated. Table 4.63 gives the differences of T§(cos7\),
Ti(cos7\) and T§(cos7\) from f(cos7\). The differences of
Ti(cos7~ ) and Tg(cos 7\) are considerably large, and therefore
(f(cos7~) - Té(cos7\)) and (f(cos>~) - Tg(cos‘>)) are not
included in table 4.63. Further, table 4.63 shows that the

maximum value of lf(cos% ) - T§(cos7\)| is minimum. Hence

Ti(cos7\) is selected as the initial rational approximation
of f(cos>\). Table 4.64 gives the differences

f(cos 7x) - Ti“) (cos7\ ), where i stands for the number of
iteration. Table 4.65 shows the convergence of the maximum
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absolute error as well as the coefficients agi), afi> and(i) '
bl . The converged rational approximation is given as* .

Tl (COSA ) = _9_.21115—Q.Q34U1COS(7\ ) (4.126)1 1-0.925687 cos(7\ >

Hence we_get

A
m1*s(‘*) = 211 (cosl ) (4.127)

Equations (4.126) and (4.127) determine p = 1, q = 1 and the
following equations

$1 = 0.46264(1 +05) (4.126)
91 = 0.08053(1 +95) (4.129)

2 _ 2 X 0.21116(1+ <)>i)<:—,€and 93 -  2 22 2 222- 2-  (4.130)
1 +-6%

Applying the method of iteration to equations (4.128) and

(4.129), the estimates 66 cp 1 and G 1 are obtained in table 4.66
and table 4.67 respectively. The estimated values ofCb1 andC)1
are

/\

oi = 0.67162
A

61 = 0.0809
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A

Then <ri is obtained using (4.130) as

A

6'2 = 0.9959.a

Hence the estimated model is given by

A. ~.
xt = O.67162xt_1+ at - 0.0809at_1 (4.131)

The differences between the original values and the estimated
values of the parameters are shown in table 4.68.

4.3 Analysis of Observed Time Series Data

The R-spec technique is applied to three observed
time series data. Example 4.13 is the analysis of series C,
from Box and Jenkins [8]. Example 4.14 is the analysis of
series D from Box-Jenkins [8]. The analysis of Indian
population data is given in example 4.15. The data are given
in the appendix.

Qxample 4.13 (Analysis of series C)

The estimated ACF of the series is given in table 4.69
Figure 4.24 (the correlogram) shows that series C is non
stationary. So the ACF of the differenced series (table 4.70)
is estimated. The correlogram (fig.4.25(a)) of the differenced
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series shows that the ACF die out and hence the differenced

series is stationary. The PACF of the differenced series
is given in table 4.71. From the correlogram and the graph
of the PACF (fig.4.25(b)) we take P = 1 and Q = O. In this
case there is only one initial rational form given by

0 O 112121x -I; ; t t *' t _~ _T1(°°s ) 1-0.9697 cos(7\) (4-132)

Differences of T€(i)(cos>~), i=O,1,2,3 from f(cos)-) are
given in table 4.72. Table 4.73 shows the convergence of
the rational approximation and we obtain,

o* _ _ 0.11668 {pgT1 (°°s7‘) 7 1-0.96626 cos(>\ ) (4'133)

Equation (4.133) implies

s"(>~) = 2T1 (cosh) (4.134)
Equation_ (4.133) determines p = 1, q = O and the following
equations

431 = o.4a313(1 +42%) (4.135)2 2 2and ¢-a = 2 X ao >< <=—X(1 +<X>1) (4.136)

Applying the method of iteration to equation (4.135) the
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estimate e£<b 1 is obtained in table 4.74. The estimated
value of ¢ 1 is

A

$1 = 0.78
AA

Using (4.136) and $1, o—: is obtained as

A

e-Z = 0.0178

The estimated model for series C is

Awt - 0.78wt_1 + ag (4.137)
where wt =Y7§£. Substituting wt = §t J§t_l in (4.137) the
model becomes

AIU vv ~xt = 1.78xt_1 - 0.78xt_2 + at (4.138)

and the residual variance is

nfi~>

= Q.Ul78.

ExamPle4.14 (Analysis of series D)

The estimated ACF and PACFof series D are given in

table 4.75 and table 4.76 respectively. The correlogram
(fig.4.27(a)) shows that the series is stationary. The

correlogram and the graph of the PACF (fig.4.27(b)) show
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that P = 1 and Q = O. In this example also there is only
one initial rational form given by

0 0 07494 4>\ = 4 2 2-2_1 as 111»T1(°°s ) 1-0.98950 cos( w) (4'139)

Table 4.77 gives the differences f(cos7\) - T€(i)(cos'>)
i=O,1 and 2 and table 4.78 shows the convergence of the
rational approximation. From table 4.78 we obtain

T§*(cos7\) = T€(2) (cos 7\ ).

. 0* _ _ 0.61100_Le" T1 (°°S7‘) ‘ 1-0.98972 ¢os"‘(“>4) (4'14°)

So the estimated rational form of the spectral density
function is

2(1) =T?*(cos'>\) (4.141)
Eguation (4.140) determines p_f 1 and q {_0. Also_ye get the
following equations

¢1 = 0.494ee(1 +<bi) (4.142)2 2 2and Fa = 2 X 0.0e11(1 +¢1)a-X (4,143)

Applying the method of iteration to (4.142) the estimated Q31
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is obtained in table 4.79 and the estimated value is

A

$1 = 0.8611

‘ .

Then using (4.143) <r§ is estimated as

A

Q“; = 0.07695

Hence the estimated model for series D is

/\Xt = 0.s611§;_l + at (4.144)
with residual variance equal to 0.07695.

Example 4.15 (Analysis of Indian Population Data)

The population data from 1947 to 1980 is taken as
the series and the R-spec technique is used to identify the
model.

The estimated ACF of Pt, Pt being the population
at time t, is given in table 4.80. The correlogram (fig.4.29)

shows that the series {Pt§ is non-stationary. Table 4.81 and
Table 4.82 are the ACF of <7Pt and '$2Ptrespectively.
Correlogram of VPt (fig.4.30) shows that VPt is also non
stationary while figure 4.31(a), the correlogram of <;Pt
shows that zgPt is stationary. The estimated PACF of v2Pt
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is given in table 4.83. The correlogram and the graph of
the PACF (fig.4.31(b)) show P = 1 and Q = 1. The initial
rational forms are

-rt(¢<>s>~) = 0.5-0.5266 cos(>\) (4.145)

0 p ,,O.23427MT1<°°S") " 1+1.o0922 ¢<>s(><> W146)

1 _ 0.4756896-0.514119,cos(7\)T1(°°S7‘) " if 1+0.163702 ¢<>s<">~T ‘ “'14”

The differences of Té(cos>\) and T%(cos>~) from f(cos>\) are
given in table 4.84. Since the difference f(cos?\) - T€(cos%
for >~6 [‘“»“] is very large, these differences are not

included in this table. From 4.84, Ti(cos>\), having the»
minimum of maximum absolute error, is selected as the initial

rational approximation of the spectral density function.(i) (i) (i) (1)
Table 4.85 shows the convergence of ‘E2 I, ao , al and bl
i being the number of iteration. The converged rational
approximation is

1* __ 0.45631-0.439_95,_,¢o,s( >~)T1 ("°S7‘) ' 1+o.ii6736 cos(7\) (4448)

Hence we get
/\s(>~) = 2T1*(¢os>~). (4.149)
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Equation (4.148) determines p = 1, q = 1 and the following
equations

CD1 = -0.08:-sa2(1 +45) (4.150)

61 = 0.4s20e6(1 +95) (4.151)d 2
an 2 X 0.45631 x (1+<bi) c-22 _ <7Pt<ra - ~..~ 4 4  2. .~ ~54 ;~ (4.152)1 +E9

1

The estimate of ¢>1 is obtained in table 4.86, applying the
method of iteration to (4.150) and the estimate of G91 is
obtained in table 4.87 using the equation (4.151) and then
<3; is obtained using (4.152). The estimates are

A

¢H = -0.004

A

31 = 0.762

/\

and oi = 0.4514

The estimated model for the Indian population is given as

'\wt _ -0.0s4wt_1+ at -O.762at_1 (4.153)

where wk: w2P+. Substituting wg = ‘72P+ and rearranging
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the terms, the model (4.153) becomes

' A
Pt = 1.916Pt_1-0.832Pt_2-0.O84Pt_3+at-O.762at_1 (4.154)

/\

and the residual variance er: = 0.4514.

§ote 4.2

The R-spec technique is applied to three observed
time series, series C, series D and the Indian population
data. Series C gives observations on chemical process
temperature readings made at every minute and series D
gives observations on chemical process viscocity readings
made at every hour. The census figures published by the
Central Statistical Qrganisation is taken as one possible
realization of the process namely, human population growth
of the nation.

Note 4.3

The model estimated for the Indian population

data is given by (4.154). Taking ao. al and a2 equal to
zero and using (4.154), we can calculate a3, a4,...,a33.

1

Now the estimate of the population for 1981 can be obtained

from (4.154) using the data of 1980, 1979, 1978 and a33.
The estimated value is



/\

p34 = 67.663,
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which means the estimated population for 1981 using the
identified ARMA(1,1) model is 0.677k10
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Table 4.3

It

Table 4.4

Parameter Original value Estimated Difference(1) (2) (3)
61 0.52 1 0 0 0 0 3
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Iteration table for MA(l) Parameter 6‘

/‘\Number of 61eration

0.2
0.464
0.4861184
0.49455244
0.4978217
0.4991305
0.4996524
0.499861
0.4999441
0.4999777
0.499991
0.4999964
0.4999985
0.49999985
0.4999997
0.4999998
0.4999999
0.4999999

O

1

2

3

4

5

6

7

8

9

1O

11

12

13

14

15

16

17

Errors of the estimated parameters of MA(1) model

of the parameter value (2) . (3)
0.4999999 0.0000001U-a . 1. .
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Table 4.7

Errors in various Initial Rational Approximations to féwfi)k E1 E2
-1.0
-o.9
-0.8
-o.7
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

______ -3.
E1

E2 = £(cos)>- [o.5 - 0.52113"/9 cos(>\) + 0.0"/9766 cos(2>~fl

* The errors E1 and E2, are calculated for 201 points in EM“
and twentyone values are given in this table.

0.079766
0.0758619
0.064532
0.0468852
0.024649
0.00000
0.024649
0.0468852
0.064532
0.0758619
0.079766
0.0758619
0.06532
0.0468852
0.024649
0

0.024644
0.0468852
0.06532
0.0758619
0.079765

= fGW$)— {0.5 - 0.5211379 cos(>fl
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Table 4.8
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Iteration table for MA(2) Parameters 61 and(-92

Number of
Iteration

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14
15

16
17

18

19

20

21

22

23

/\ A51 62
0.5211379
0.6244177
0.6660923
0.684458
0.6928119
0.6966622
0.6984473
0.6992769
0.699663
0.6998429
0.699912
0.6999568
0.6999758
0.699988
0.6999932
0.6999965
0.699998
0.6999987
0.6999992
0.6999994
0.6999995
0.6999996
0.6999997
0.6999997

-0.079766
-0.1019367
-0.1116954
-0.1161516
-0.1182111
-0.1191673
-0.1196122
—0.l198193
-0.1199157
-0.1199816
—0.1199897
-0.1199949
-0.1199971
—0.1199985
-0.1199991
-0.1199995
-0.1199997
-0.1199998
—0.1199998
-0.1199999
-0.119999
-0.1199999
—0.1199999
-0.1199999
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Table 4.9

Errors of the estimated parameters of MA(2) model

Parameter Original Estimated Differencevalue value(1) (2) (3) (2) - (3)
1

‘ 1

61 0.7 0.6999997 0.0000003
02 -0.12 -0.1199999 -0.0000001
G-Z 1.0 1.0000002 -0.0000002

Table 4.10

Theoretical ACF of the MA(3) model

it = at — O.4at 1 + O.2at 2 — 0.15at 3

P1 = -0.4171779; fa = 0.2126789; P3 = -0.1226993; Pk=0, k
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E1 =

E2 =

Table 4.12

Approximations to f(CO-SM
Errors in Various Initial Rational

1* 1 1 1 1 i 111

126

1< E1 E2 E3

'_‘@®@@@@@@@@CD@cD@@@@@@'_‘ooooooooooooooooooooo
@\0@Qo\U'|v§(.\Jl\)i"-‘QI-*l\JUJ\§U'|o\\J(D\0@

W= kx“'

E3 = f(cos)> 

£ (w$)> 

f (605)) 

0.3353782
0.2441816
0.0278052

-0.1824153
—0.2713266
—0.2126789
-0.072795

0.0509725
0.1036375
0.09994
0.0899796
0.09994
0.1036375
0.0509723

-0.072795
-0.2126789
-0.2713266
—0.1824153

0.0278052
0.2441816
0.3353782

0.1226993
0.0721208

—0.0379161
-0.1166939
-0.0992658

0
0.0992658
0.1166939
0.037916

—0.0721208
-0.1226993
-0.0721208

0.0379161
0.1166939
0.0992658
0

-0.0992658
—0.1l66939
-0.0379161
0.0721208
0.1226993

‘[o.5-0.4171779 cos(\ )1

OOOOOOOOOOOOOOOOOOOOOOOOOI OOOOCOOOOIO OOQOOOOOOOOOOOOOOOOOOOOOOO

$0.5-0.4171779 cos(7~) + 0.2126789 cos(27\ )1

10.5-0.41"/1779 cos()\ ) + 0.2126789 cos(27\)
- 0.1226993 cos(3/\ )1

* The errors E‘, E2 and E3 are calculated for 201 points
in [ffijf] and twentyone values are given in this table.



Table 4.13

Iteration
Number

l—*l-4
1""O\OCD\1G\U'\4>~(.dl\)i—*CD

Table 4.14

Parameter

(1)

51

62

es
2

97a

127

Iteration of the MA(3) Parameters 01, 62 and 03
A A ----- 7- ~NE31 <32 (D3

0.4171779
0.4001125
0.3956033
0.3991807
0.4000157
0.3999756
0.3999797
0.3999963
0.399999
0.3999997
0.3999999
0.3999999

Original
value

(2)

0.4

'-002

0.15

1.0

-0.2126789
—0.2113274
-0.2005058
-0.1997475

0.2000899
—0.2000438
-0.2000025
—0.1999998

MA(3)

0.2000005
0.2000001
0.2000000
0.2000000

model

Estimated
value

(3)

0.3999999

0.200000

0.1499998

1.0000001

0.1226993
0.1514504
0.1506362
0.149619
0.1498931
0.1500019
0.1499997
0.149998
0.1499994
0.1499998
0.1499998
0.1499998

Errors of the estimated parameters of the

Difference

(2) - (3)

0.0000001

0

0.0000002

0.0000001



821©m@¢NOOO_O N@§@OOD_O| P@P@OO@_O W¢@POOO_O @¢mQ@GO_O| @H|HH@m®m@mOO_Q HP¢®®HNOQ_O ®PNmHO_Ol HH¢®HO_O HH¢P@©HOO_O OH'©®NNNmmO_Q' ©©NO©@0.0 m@@PPHH_O| @O@@F®N_O| mF¢HO@@_O @|H\llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll@ ¢ M N H mama¢'PwmO_O +m'Pm®O.O ' N'PmmN_O + H|Pm§_O + Pm H PMHQUOE A¢v<2 MO MU4@®H_¢ wHQmB@Anx _O " xm “@NONmO_O nfim “@©mPQ_Q|"mm “®H¢N@HH_O "Nu “mP¢HO@@_O "flu¢'PmAmo_O +m'PwwO_O 'N|PmmN_O +H'Um§_O +Pm "UmHMUOE A¢V¢z W0 MU4 HmUHUmHOw£HmH_q wfinmfi



Table 417*

k

P*C)CD@@@@@@CD@@@CD@C)@@@@F'0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
CD\QQ)\JU\U'|r§U)l\)i—*(Dl-*f\)LOrP~U'|C\\1@\0C)

Errors in Various Initial Rational
Approximations to f(C05))

9

0.1578693
0.1274364
0.0390683

-0.0800592
-0.1635211
—0.1482643
-0.0443526

0.0600313
0.0845865
0.0606467
0.0105693
0.0606467
0.0845865
0.0600313

-0.0443526
—0.1482643
—0.16352l1
-0.0800592

0.0390683
0.1274364
0.1578693

%= kx“

E1=
E2 =

E3 =

* The errors El, E2, E and E4 are calculated for 201 points

0.0416275
0.0333948

-0.0320225
—0.0098954

0.00314764 0.0259067
-000441385
-0.0694795
-0.0320225

0.0496887
0.095952
0.0486658

-0.0333948
—0.1056725
-0.0333948
0.0486658
0.095952
0.0496887

-0.0320225
-0.0694795

0.0259068
-0.0098954
-0.0320225
—0.0098954
0.0259067
0.0259067
0.0098954

-0.0320225
0.0098954
0.0259067
0.0259067

-0.0098954
-0.0320225
-0.0098954

0.00441385 0.0259068
0.00314764 0.0259067
0.0333948
0.0416275

£<cos»- [0.5+o.5501473 cos(7\ )1
fflOSD- {O.5+O.5501473 cos(>\)+0.1162418 cos(2>\fl

3

-0.0098954
-0.0320225

£<cos))- [o.5+0.5so1473 cos( >. )+0.11e241s cos(2>\-0.07365 cos(3>\)
E4 = £(¢os»- [o.5+0.55o1473 cos(7~ >+o.11e241s cos(27\)

-0.0"/365 cos(3>\) +0.032025 cos(4>\ >]

in [JWJK] and twentyone values are given in this table.

OOOOOOOOOOOOOQOOOOOOOQ IO.IO0.00QCO..Q.QCQQ
OOOOOOOOOOOOOCJOOOOCDOO
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Table 4.18

Iteration
Number

0

1

2

3

4

5

6

7

8

9

10
11

12

13
14

15

16

Iteration Table for MA(4) Parameters

A A ./\ A5 1 92 es 94
-0.5501473 -0.1162418 0.07365 -0.032025
—0.669890S -0.1979851 0.0797927 —0.042357
-0.7028718 -0.2357332 0.0818141 -0.0479129
-0.7071291 -0.2499725 0.0811133 -0.0499137
-0.7040698 -0.2510077 0.0794945 —0.0499137
—0.7015573 —0.2507108 0.0803058 -0.0502001
-0.7005041 —0.2507278 0.0799709 -0.0500873
—0.7000006 -0.250203 0.0799898 —0.0500382
-0.6999264 -0.2500247 0.079978 -0.0500071
-0.6999494 -0.2499708 0.0799889 —0.0500008
-0.6999804 —0.2499767 0.0799926 —0.050001
—0.6999957 -0.2499876 0.0799944 —0.0500025
-0.7000003 -0.2499941 0.0799946 -0.0500034
—0.7000005 —0.2499963 0.0799944 —0.0500037
—0.6999998 -0.2499966 04999943 —0.0500037
-0.6999992 -0.2499962 0.07999943 —0.0500037
-0.6999992 -0.2499962 0.0799943 -0.0500037



Table 4.19

Parameter
(1)

91

92

93

64

2
G_aa
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Errors of the estimated paramters of
the MA(4) model

Original Estimated Differencevalue value
(2) <3) _ <2) - <3)

-0.6999992 -0.0000008-0.7

-0.25 -0.2499962 —0.0000038

0.08 0.0799943 0.0000057

-0.05 -0.0500037 0.0000037

1.0 1.0000002 -0.0000002
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Table 4.20

Theoretical ACF of the AR(l) modeli

Lags 1 2 3 4 5
1-5 -0.35 0.122502 -0.042875 0.0150062 -0.0052521
6-10 0.0018382 -0.0006433 0.0002251 -0.0000787 0.0000275

11-15 -0.0000096 0.33E-5 -0.11E-5 0.3E-5 -0.1E-6

Table 4.21

Partial Auto Correlations of the AR(1) modelUI

xt = -0.35xt 1 + atLags 1 2 3 4 5
1-5 -0.35 -0.596E-7 -0.22E-7 -0.19E-7 -0.74E-7
6-10 -0.13E-7 -0.67E-7 -0.35E-7 0.75E-7 -0.174E-7

11-15 0.l05E-7 -0.58E-7 -0.38E-7 -0.75E-7 -0.28E-7



Table 4.2 2
‘A’
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**
Errors in various rational approximations to fflkfix)

k E1 E2 E3 E4
_ -0.096169

H<3c>o<3c>oc>c>oc3c>oc3c>o<3c>o<DH. . . . . . . . . . . . . . . . . . .
o\oaJqcnuh>u»m+» H»ouJ¢¢no\qcnmfi3

'>= kxfi

0.074248
0.049262
0.022981

00.003019

0
0.027365
0.048890
0.066634
0.079847
0.087990
0.097403
0.087990
0.079847
0.066634
0.048890
0.027365
0.003019
0.022981
0.049262
0.074248
0.096169

0.023540
0.032865
0.036138
0.033437
0.025654
0.014292
0.001221

-0.011575
-0.022246
-0.029297
-0.031759
-0.029297
-0.022246
-0.011575

0.001221
0.014292
0.025654
0.033437
0.036138
0.032865
0.023540

OOCDOCDOOOOOOOOOOOOOOOO

-0.026438
0.005785
0.035821

00.063005
0.086920
0.107318
0.124067
0.137108
0.146421
0.152005
0.086875
0.152005
0.146421
0.137108
0.124067
0.107318
0.086920
0.063005
0.035821
0.005785
0.026438

E1 = flees»)-(0.5-0.35 cos(>~ )), E2 = £(¢¢>»-(0.5-0.35 cos( )+o.1225 cos(2> >

E3 = f(¢°5>*)—(0.3908686 /(1+0.623608 x cOs(7\ ))

E4 = fGwwO—(O.44l667-0.3258334 cos() >>/(1+0.333333 cos() ))

* Errors E1, E2, E3 and E4 are calculated for 201 points in[4l“]
and twentyone values are given in this table.

** Initial



Table 4.23

Iteration table for AR(1) parameter ¢>1

Number of ‘$iteration 1
0 -0.34211811 -0.3482992 -0.34962963 -0.34991914 -0.34999235 -0.34999616 -0.34999917 -0.34999978 -0.34999999 -0.3499999

Table 4.24

Errors of the estimated parameters of
the AR(1) model 1

134

Original Estimated DifferenceParam t (3)e er value value (2) (1) (2)_ (3)
$1

6_: 1.0 0.9999993 0.72-6
-0.35 —O.3499999 -0.000000l



Table

Lags

1-5
6-10

10-15
16-20

Table

Lags

1-5

6-10

ll-15
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4.25
Theoretical ACF of the AR(1) model-11

xt = O.5xt_l + at1 2 3 4 5
0.03125
0.0009765
0.0000305
0.0000004

0.5 0.25 0.125 0.0625
0.01525 0.0078125 0.0039062 0.0019531
0.0004882 0.0002441 0.0001221 0.000061
0.0000152 0.0000076 0.0000038 0.0000019

4.26
PACF of the AR(1) modelil

xt = O.5xt_1 + at1 2 3 4 5
0.5 0 -0.89E-7 -0.89E-7 -0.8193-7

-0.81956E-7 -0.80E-7 -1.48E-7 0.9l7E-7 -0.5704E-7

-0.3911E-7 0.§539E-7 0.6495E-7 -0.996E-7 0.3337E-8

-1111ijii-iuiiiiiiii111111111111-jiljijjijijiijii--"Ii



E

Table 4.27*

Errors in various rational approximations to f(co5),)

136

k E1 E2 E3

PQQQQCDQQQQQQQQQQQQQQF0000000000 0000000000
@\0Q)\JC\U"|IPLAJl\)l-‘ I-*l\JUJ\BU'\U\\J@\D@

>\= kx-IT

E2

E3

* Errors El, E2, E3 are calculated for 201 values of )\ 5
and twentyone values are included in this table

0.225358
0.250077

-0.258960
0.246435
0.206033
0.131008
0.016542
0.134743
0.303093
0.443806
0.499995
0.443806
0.303093
0.134743
0.016542
0.131008
0.206033
0.246435
0.258960
0.250077
0.225358

OOPOOOOOOOOOOOOOOOOOOI O00 O O O Q00 O OLu H k*PbQ H 0: +4 MFJP* +4 wF1 P1 t*1l"1t=1 I31 P1 F1 tlitltltd L11 I31
m U1 cnuww U1 tn m u1mLn tfl U1

1 = f(¢057*) - [O.5+0.5 cos(~;
= £(cos))- (0.3 /(1-0.8 cos} ))

= f(cos1)- (o.5+o.__5 cos(7\) + 0.25 cos(2>\ ))»

0.018948
0.031481
0.084676
0.131296
0.159838
0.157688
0.113828
0.024867
0.094741
0.204446
0.249995
0.204446
0.094741
0.024867
0.113828
0.157688
0.159838
0.131296
0.084676
0.031481
0.018948

\.1i,'\T]



Table 4.28

Iteration
Number

Iteration table for the convergence of
the coefficients of the R-spec estimate

as well as the error

EI'IO_I'
LI)la) E

0

1

137

\U (Uao bl
O.5E-5 0.3 0.8
0.5E—5 0.3 0.8



Table 4.29

Iteration table for the AR(1) parameter ¢:l

Number of
Iteration

(D\1O\u14>u:l\)|->Q

9
10
11
12
13
14

Table 4.30

Errors of the estimated parameters
of the AR(1) modelll

Parameter Originalvalue(1) (2)
9 0.5
6- 1.0

$1

0.464
0.4861184
0.4945244
0.4978217
0.4991305
0.499861
0.4999444
0.4999777
0.499991
0.499994
0.4999985
0.4999997
0.4999998
0.4999999
0.4999999

Estimated
value

(3)

0.4999999

1.0001249

of

138

Difference
(2) - (3)

0.0000001

-0.0001249
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Table 4.31

Theoretical ACF of the AR(2) model

it = 0.75xt_1 —O.l4Xt_2 + atLag 1 2 3 4 5
1-5 0.657895 0.353421 0.172961 0.080241 0.035967
6-10 0.015741 0.006771 0.002874 0.001208 0.000737

11-15 0.000384 0.000185 0.000085 0.000038 0.000016
16-20 0.000007 0.000003 0.000001 0.0 0

Table 4.32
PACF of the AR(2) model

kt = 0.75xt_l - o.14§t_2 + atLag 1 2 3 4 5
1-5 0.657895 -0.139999 -0,298023E—6 0.745058E-7 -0.249594E—6
6-10 0.242l44E—6 -0.819564E-7 -0.628643E-7-0.6419624E-7 0.419581E-7

11-15 0.586908E-7 -0.3368l9E-7 0.351705E-7 0.669625E-7 0



Table 4.33*
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Errors in various initial rational

.k El
- 0.076406- 0.067190- 0.037156- —0.014302- -0.069975— —0.108099- -0.107925- -0.059861- 0.02461- 0.10858

0.14425
0.10858
0.02461

-0.059861
-0.107925
—0.108099
-0.069975
—0.014302

0.037156
0.067190
0.076406

POOOOOOOOOOOOOOOOOOOH0000000000 0000000000
C)\O®\1O\U14>~L»)t\)l-—' I-—*t\>UJ~§U1O\\J®\OO

'{';'L'{ """"" '

approximations to f (C099

E2 E3 E4
-0.005068

0.000016
0.008722
0.021148
0.036766
0.051666
0.053971
0.023906

-0.051870
-0.149289
-0.197065
—0.149289
-0.051870

0.023906
0.053971
0.051666
0.036766
0.021148
0.008722
0.000016

-0.005068

0 2201512+0 082198 c0S(A
E2 = f(cosx)  1-0 8507403 cos(% )

0.1757341

0.0001980 —0.00013
-0.0001241 0.000276
0.0001265 0.000717

-0.0001297 0.000757
0.0001393 0.000842

—0.0001544 0.001741
0.0001838 0.003013

-0.0002398 0.003554
0.0003517 -0.003846

—0.0005288 0.005064
0.00059911 0.005968

-0.0005288 0.005064
0.0003517 -0.003846

-0.0002398 0.003554
0.0001838 0.003013

-0.0001544 0.001741
0.0001393 0.000842

-0.0001297 0.000757
0.0001265 0.000717

-0.0001241 0.000276
0.0001980 -0.000130

i
E3 = £(c<>s>~) —\

E1 = gm») - Lo.5+0.657s947 cos(>\ )1

L1-1.0807642 cos*(7>\ 55507. 17698 ¢¢§‘(‘2u 1

“ _o,17s.733a-9.op051ass cos(7§.)
E4 = f(c°sA) _‘Ll—l.080842 COST) )7-ill-0.1769795 c6s”(2>\ Q

* The errors El, E2, E and E4 are calculated for 201 values3

of >~e[-TLTI] and twentyone values are given in this table.



Table 4.34
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Iteration table for the convergence of the coefficients
of the R-spec estimate as well as the error

Iteration
Number

0

1

Maximum of

f (cosp -T; (cosh ao bl b2

0.000599 0.1757341 1.080842 0.17698

0.000586 0.1757 1.0809 0.1770



Table 4. 35-6
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Iteration table for the AR(2) parameters q>1 and ¢2

Iteration
Number

@\1O\U'\4>Udt\)l—*C)

9
10
11
12
13
14
15
16

Table 4.35.},

Errors

Parameter
(1)

$1

$2

2
G_a

0.540
0.654
0.703
0.727
0.738
0.744
0.747

45
711
945
2363
6525
3372
189

0.7486249
0.749
0.749
0.749
0.749
0.750
0.750

3492
7149
8996
9929
0401
0639

0.7500759
0.750 0801
0.7500838

-0.0885
—0.1150427
-0.1276065
—0.1337962
-0.1368895
—0.1384446
-0.1392386
-0.1396243
—0.1398241
—0.1399251
-0.1399761
-0.1400019
-0.1400149
-0.1400215
-0.1400264
—0.1400264
—0.1400271

of the estimated parameters of the AR(2) model

Original
value

(2)

0.75

-0.14

1.0

Estimated
value

(3)

0.7500838

0.1400271

0.9998062

Difference
(2)7 — (3)

-0.0000838

0.0000271

0.0001938



Table 4.36

Lags

1-4
5-8
9-12

13-16
17-18

Theoretical ACF of the ARMA(1,1) model

xt = 0.43§£_1 +at -0.05at_1

1

0.3875247
0.0132486
0.0004529
0.0000154
0.0000005

Table 4.37

Lags

1-4 0.3875247 0.0380184l 0.004453 0.0005l972

2

0.1666356
0.0056968
0.0001947
0.0000066
0.0000002

3

0.0716533
0.0024496
0.0000837
0.0000028

PACF of the ARMA(1,1) model

xt= O.43xt_1 +at - 0.05at_l

143

4

0.030809
0.0010533
0.0000359
0.0000012

1 2 3 4
5-8 0.60683E-4 0.703E-5 0.83E-6 0.32E-6
9-12 -0.2E-7 —0.5E—9 -0.4E—7 -0.2E-7

13-15 -0.3E-7 -0.5E—7



T

A .kn
E1 = f(cos‘A) - l0.5+0.3875247 cos(AZ]
E

able 4.38

3; ____ ____

HOOOOOOOOOOOOOOOOOOOHI O O - O 0 0 0 0 O O O 0 0 0 0 0 0 0 0
O\O(I)\1O\U1»¥>-wwr-= I-~l\Jw»I>-U\O\\1CD\OO

2:

Errors in various initial rational
approximations to f(cos X)

E1

0.131051
0.141864
0.142363
0-129705
0.101146
0.054745
0.009204
0.085851
0.163339
0.222976
0.245643
0.222976
0.163339
0.085851
0.099204
0.054745
0.101146
0.129705
0.142363
0.141864
0.131051

E2

0.005840
0.019378
0.044706
0.065189
0.075262
0.069695
0.045308
0.003584
0.046594
0.088855
0.105561
0.088855
0.046594
0.003584
0.04508
0.069695
0.075262
0.065189
0.044706
0.019378
0.005840

0 4069919

-__?2-__

0.029716
0.035253
0.038977
0.039267
0.033901
0.02027
0.003741
0.03785
0.076766
0.109182
0.121991
0.10918
0.076766
0.03785
0.003741
0.02027
0.033901
0.039267
0.038977
0.035253
0.029716

E3 =' “COS M " [T-0.5712608 b<>s(7\ Y]

_ C Zo.359K1e75.-7-0.035847 CQS( ME4 ‘ “CO” 4) "[ 1-0.7257995 cos( A)

144

E4

0.00001
0.00002
0.00001

-0.000001
-0.000001
—0.00001

0.000001

OOOOOOO

0.000001
—0.000001
-0.000001
—0.000001

0

CDC)

f(cos A) - [0.5+0.3875247 cos(A)+0.1666356 cos(2,\i]



Table 4.39

Number of
Iteration

0

1

2

3

4

5

6

7

8

9

10
ll
12

13

Table 4.40

Number of
Iteration

b0l\)l—*CD

Iteration table for the parameter ea
of the ARMA(l,1) model

A

91

0.3628997
0.4106921
0.4241092
0.4241092
0.4294311
0.4298223
0.4299444
0.4299824
0.4299943
0.429998
0.4299992
0.4299996
0.4299997
0.4299997

Iteration table for the parameter 91
of the ARMA(l,l) model

Q1

0.0498751
0.0499991
0.0499997
0.0499997

145



Table 4.41
I\ 

146

Errors of the estimated parameters of the

OrigiParameter Value(1) (2)
Q1 0.43
el 0.05

25% 1.0

nal

ARMA(1,1)'model

Estimated
value

(3)

0.4299997

0.0499997

1.0000027

Difference
<2) - <3>_

0.0000001

0.0000003

-0.0000027
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Table 4.42
Theoretical ACF of the ARMA(2,1) model

it = -0.8§t_1-0.l2§£_2+at -0.02at_lLags 1 2 3 4 5
1 -5 -0.725941 0.4607528 -0.2814893 0.1699011 -0.1021421
6-10 0.0613255 -0.0368034 0.0220837 —0.0132505 0.0079504
11-15 —0.0047703 0.0028622 -0.0017173 0.0010304 -0.0006183
16-20 0.000371 -0.0002227 0.0001336 -0.0000801 0.000048
21-25 -0.0000288 0.0000173 -0.0000105 0.0000064 -0.39E-5

Table 4.43
PACF of the ARMA(2,1) model

§t= -O.8§t_l-O.l2it_2+at -0.02at_l

Laqs 1 Q. 3 4- 5
1 -5 -0.725941 -0.01400337 -0.003941655-0.000l1l103 -0.00000316
6-10 -0.00000015 -0.00000018 -0.000000022 0.000000152 0.00000022
11-15 -0.000000027 -0.000000058 0.000000098-0.000000069 0.0



Table 4.44*
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Errors in various initial rational approximation
to f(cos 7\)k E1 E2 E3

- 0.017281 -0.004259 0.579387E—3- 0.009345 —0.004050 0.37536E—3_ 0 82 0 181213E 3

I-*@@C>@@@@@@@OcD@@@@@@©|-‘0000000000 0000000000

- —0.007976- -0.003952
- —0.006259
- —0.007917
— -0.009081- -0.0098474
- —0.0l0281

—0.010425
-0.010281
-0.0098474
-0.009081
—0.007917
-0.006249
-0.003952
—0.007976

)= k'H

0.002481
0.0015034
0.5644E—3
0.276432E-3
0.009630
0.001472
0.001785
0.001887
0.001785
0.001472
0.009630
0.276432E—3
0.5644E-3
0.0015034
0.002481

0.0030098 -0.003382
0.009345 —0.004050
0.017281 —0.004259

0.1392337

0.52E-5
-0.14682lE—3
—0.2803E-3
-0.383243E-3
-0.46584E-3
-0.523046E-3
—0.555083E-3
-0.569031E-3
-0.5550833-3
-0.52304E—3
—0.46584E—3
-0.383243E—3
-0.2803E—3
-0.146821E—3

0.52B-5
0.l81213E-3
0.375316E-3
0.579387E—3

E1 = f(°°s M ' i+0.99392772 cos()\)
p 1679876-0 0578591 ¢os( A)

E2 = f(°°s 4) ' 3' 1+0.914759 cos(‘h7

0 1358823

E4

-0.23E—5
0.11E—5
0
0
0.16E—5
0.l5E-5
0.12E-5
0

-0.5E-5
0.l4E-5

-0.13E—5
0.14E—5

-0.5E-5
0
0.12E-5
0.15E—5
0.16E—5
0
0
0.l1E—5

-0.23E-5

E3 = f(°°s ”) ' 1+1.1097737.cos(A)+0.167974cosY2h )

E4 = f(cos )) 

* The errors E1,E2, E3 and E4 are calculated for 201 values
of )\Q[JLT] and twentyone values are given in this table

0.1402517-0.0078743 cos(7\)
1+1}os32257 ¢os1%)+o.I4511340é6s(2z )



Table 4.45

Number of
Iteration

149

Iteration table for the parameters qa and Q2
of the ARMA(2,1) model

\ .$1 $2

CD\1O\U1»-§b)(\Ji—-‘O

9
1O
11
12
13
14
15
16
17
18
19
20

-0.5415856 -0.0725339-0.6640067 -0.0941907-0.7226349 -0.1051579
—O.7544004 —O.1112132-0.772612 —O.1147115—O.783373 -0.1167859
—O.7898419 -0.1180352
—O.7937703 -0.1187947-0.7961702 -0.119259-0.797642 -0.1195438-0.7985466 -0.1197188-0.7991033 -0.1198266-0.7994462 -0.119893-0.7996575 —O.l199339-0.7997878 —O.1l99591
—O.7998681 —O.1199747
-O.7999176 —O.l199843
-0.7999482 —O.1199902-0.7999671 -0.1199938-0.7999769 .-0.1199961-0.7999845 -0.1199973



Table 4.46
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Iteration table for the parameter 61
of the ARMA(2,1) model

Number of
Iteration

b

1

2

Table 4.47

0.0281297
0.0281519
0.0281519

Errors of the estimated parameters of
of

OriginalParameter Value(1) (2)
(pl 0.8
411 -0.12
81 0.02

2ya 1.o;_

the ARMA(2,1) model

Estimated
value

(3)

0.7999845

.—0.1199973

0.0281519

1.0365793

Difference
(2) - (3)

0.0000155

-0.0000027

-0.0081519

-0.0365793
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Table 4.48
Estimated ACF of simulated MA(2) Series

using the model §£ = at-0.5at_1+O.2at_2

Lags 1 2 3 4 5
_—-—-m-___’iij_—"-“_j_i—l- i-i—___-—__’i—-“--_——

1-5 -0.4260 0.1284 -0.0001 -0.0030 -0.0441
6-10 0.0551 -0.0575 -0.0129 0.0756 -0.0017
11-15 -0.0153 0.0813 '0.0223 0.0879 0.0344

Table 4.49

Estimated PACF of simulated MA(2) Series

using the model §£ = at-O.5at 1+ 0.2at 2Lags 1 2 3 4 5
1-5 -0.4260 —0.0648 0.0375 0.0225 0.0520
6-10 0.0284 0.1259 0.2534 0.2877 0.1835
11-15 0.1518 -0.1272 0.0275 0.1821 0.1267



Table 4.50*

Errors in various initial rational
approximations to f(cos7\)k E1

— 0.1463719- 0.1030306- 0.0420845- -0.0373564- -0.1049159- -0.1314295- -0.104727- —0.0371476- 0.042454- 0.1028974
0.1252918
0.102894
0.042454

-0.0371476
-0.104727
—0.l3l4295
-0.1049159
—0.0373564
0.0420845
0.1030306
0.1463719

1-\C)@@@@@@CDCDCD@CDC3@C)C)CD@@""0006000000 000900090;

7\= k1?

__—q-""
E2

-0.002696
-0.0008629

0.002400
0.002327

-0.001023
-0.003011

0.0006342
0.002536
0.002463

-0.0009945
-0.003126
-0.0009945
0.002463
0.002536
0.0008342

-0.003011
-0.001023

0.002327
0.002400

-0.0006629
-0.0026961

E1 = f(cos)~) — [O.5-0.425975 cos(% )]
E2 = f(cos7\) — [0.s;0.42s975 cos(5\)+0.1284185 665(2) )

* The errors E1 and E2 are calculated for 201 values
of >\ €\'_-17$] and twentyone values are included lI'l this
table.



Table 4.51

i E(i) aéi> 3:1) aéi
0 0.0031 0.5 -0.4259758 0.1284185
1 0.0026 0.4982572 —0.4236072 0.1271667
2 0.00258 0.498328 —0.4235113 0.1275661

Table 4.52

Number of
Iteration

l~—*

O\OCD\lO\U'\»PuJl\Jl-‘CD

. 2*
approximation To (cos7\)

‘ .

153

Iteration table for the rational

Iteration table for 61 andG2

el e2
0.4249322
0.4542337
0.4529915
0.4513533
0.4509743
0.4509486
0.4509591
0.450963
0.4509636
0.4509636
0.4509635

-0.1279941
-0.1532025
-0.157407
—0.1574299
-0.1572412
-0.1571898
-0.1571848
-0.1571858
-0.1571863
-0.1571864
-0.1571864



Table 4.53
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Errors of the estimated values of the
parameters from their original values

Parameters sgigénal
(2)(1)

91 0.50
e2 0.20

Estimated
value

(3)

0.45096

0.15719

0.9948319

Error
(2) - (3)

0.04904

0.04281

0.00517
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Table 4.54

Estimated ACF of the simulated AR(1) Series

using the model §t = O.74§t_1+ at
4. 0‘ QLags 1 2 3 4 5

1-5 0.7256 0.5311 0.3912 0.2714 0.1890
6-10 0.1552 0.1004 0.0682 0.0570 0.0490
11-15 0.0341 0.0218 -0.0350 0.0099 0.0131

Table 4.55

Estimated PACF of simulated AR(1) Series

using the model §t = O.74§£_1 + atLags 1 2 3 4 5
1-5 0.7256 -0.1143 -0.0328 0.0064 —Q.05598
6-10 -0.1140 -0.1099 0.0021 0.0591 —0.0959
11-15 0.0321 0.0252 0.0380 -0.0878 -0.0136



Table 4.5s*

Errors in various initial rational
approximations to f(cos7\)k E1 E2

HOOOOOOOOOOOOOOOQOOOP0000000000 0000000000
O\OG)qchUMboJw+~ HrouJ@LnO\qCDK>O

'h= kU'

0.3251 0.020860.22969 —0.040660.0349 -0.010610.0507992 0.02600—0.14109 0.01623-0.3739 -0.02719-0.50222 0.00485-0.55227 -0.030850-0.37141 0.04925940.36716 —0.0088440.38400 -0.081020.36716 —0.008844—0.37141 0.0492594-0.55227 —0.030850-0.50222 0.00485-0.3739 -0.02719-0.14109 0.016230.050799 0.026000.0349 -0.010610.22959 -0.040660.3251 0.02086

E1 = f(cos)\) - [O.5+0.7256 cos(7\ )1
0 15329

E2 = f(cos) ) - [ . 23>“ ~-~s— ]

* The errors E1 and E2 are calculated for 201 values
of >\<;_[-11,11] and twentyone values are included in this
table.

1-O 95172 cost?)



Table 4. S7
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Errors of Tgu) (cos >~ ) from f(cos X ),
i being the number of iteration

k Ego)
- 0.02086- —0.04066- -0.01061- 0.02600— 0.01623- -0.02719- 0.00485— —0.03085- 0.04926- -0.00884

-0.08102
-0.00884
0.04926

—0.03085
0.00485

-0.02719
0.01623
0.02600

- -0.01061
-0.04066
0.02086

|"'Q@@C3CDC)C)QC)@QCD@C§C)@QCDCDl—-‘0000000000 0000000000
CD\QG)\1U\U'l\§»l.»Ul\Jl—-‘ I-‘l\)UJvPU'lC\\1(D\QC)

>\=kJ-(W

Eél) E52)
0.02002 0.01987-0.04151 -0.04167

—0.01153 —0.011690.02497 0.024780.01501 0.01478-0.02874 -0.029030.00277 0.00236-0.03387 -0.034480.04499 0.043990.00948 -0.00819-0.04499 -0.043990.00948 —0.008190.04499 0.04399-0.03387 -0.034480.00277 0.00236-0.02874 —0.029030.01501 0.014780.02497 0.02478-0.01153 -0.01169-0.04151 —0.04l670.02002 0.01987

f(cOS)) _ ~~  ;._1-0 95172 ¢Qs(3~)

0 15484

0 15513

(1>_ 0 0 0. 0 0E2 " f(°°s") ' 1-0.95067 ¢¢s(> )

(2)_ . 0 0 _WE2 " f(°°s4>) " T;o.95o5e cos(>~)



Table 4.58

i

0

1

2

Iteration table for the rational. . 0*
approxlmatlon T1 (C0s7\)

|Eéi)’ aéi) bfi)
0.08102 0.15329 —0.95l72

0.04499 0.15484 -0.95067

0.04399 0.15513 —0.95056

158



Table 4.59

Iteration table for CI) 1
_____T,7_i Q]

CD\JO\u14>~wl\.>|—~Q

9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

Table 4.60
Errors of the estimated values of the parameters

Parameter ggiginal(1) (2)
$1 0.74

2$5 1.00

Estimated
value

(3)_ji--“-_
I

1.00963

l

0.4752824
0.5826455
0.6366292
0.6679128
0.6873094
0.6998031
0.7080397
0.7135511
0.7172749
0.7198072
0.7215369
0.7227217
0.7235351
0.7240942
0.7244788
0.7247436
0.7249261
0.7250517
0.7251384
0.7251981
0.7252392
0.7252676
0.7252871
0.7253006
0.7253099
0.7253163

from their original values

Error

159

(2) - (3)

0.0147

-0.00963
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Table 4.61
Estimated ACF of the simulated ARr-iA(1,1)

series using the model xt = O.68xt_1+at-O.O9at_1Lags 1 2 3 4 5
1-5 0.62537 0.42323 0.28917 0.19795 0.13035
6-10 0.09061 0.05982 0.04210 0.01987 0.01638
11-15-0.09233 0.05863 0.01525 0.018976 0.02977

Table 4.62
Estimated PACF of the simulated ARMA(1,1) series

using the model §t = 0.es££ 1+at -0.09at 1Lags 1 2 3 4 5
1-5 0.62537 0.01458 -0.08115 -0.07035 -0.00849
6-10 -0.02119 -0.06611 0.06957 -0.00805 -0.03455
11-15 0.02708 0.04077 -0.06091 -0.01867 -0.01199

Q-"—_——--“_aiii-fli--I__iji—_nuiiiiii
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Table 4.e3*

k

|"‘@@CDC)@@@@C)@@C)CD@CD@C)C)@l-'0000000000 0000000000
@\0CD\]U\U'1Il>UU[\)l—* I-—*[\.)(.O>l>U10\\](D\-QC)

7x

E1

E2

E

* The errors E1, E2 and E3 are calculated for 201 values of

3

7\G[-18"] and twentyone values are included in this table

Errors in various initial rational
approximations to f(cos7\ )

.-.D"u“-j__—j—_n_--—D_i-n_—_li—i"--—-_----_—_-—E1 E2, E3
0.03669 0.02253 0.02306-0.00322 —0.01689 -0.016520.01892 0.00679 0.006760.00614 -0.00313 -0.003690.00422 -0.00030 —0.00125—0.10064 0.01562 0.01483-0.04213 -0.02658 0.02599-0.00903 0.02588 0.03003-0.10834 -0.05308 —0.049620.08610 0.07662 0.073660.21863 -0.02340 -0.094930.08610 0.07662 0.07366-0.10834 -0.05308 -0.04962-0.00903 0.02588 0.03003-0.04213 -0.02658 -0.02599-0.10064 0.01562 0.014830.00422 -0.00030 -0.001250.00614 -0.00313 -0.003690.01892 0.00679 0.00676-0.00322 -0.01699 -0.016520.03669 0.02253 0.02306

=k'\T

= f(°°s )‘ ) ' 1-Og001272os()\)
| I' _ X

= » - ii85Z2§;23ZiZ<°§§"
0.20888-0.03717cos(7\)—0.0025cos(27\)"0 0 1-0.925587cos('X§= f(cos )\) 



Table 4.64

Errors of T%(i)(eos7\) from f(cos"%)
i being the number of iteration

"""""""""""""""  E;1>(0k E2
— 0.02253- -0.01689- 0.00679- -0.00313- -0.00030— 0.01562— -0.02658— 0.02588— -0.05308- 0.07662

-0.02340
0.07662

-0.05308
0.02588

-0.02658
0.01562

-0.00030
-0.00314

0.00679
-0.01689

0.02253

F‘OOOQOQOO@OOOOC)OO@OOF_‘0000000000 0000000000
@\Q@\JO\U'|4>UUl’\)l-* l-*l\)U0>P~U'|C"\\'l(D\0CD

>~=kn'
(6) 0.21059-0.03327 cos(% )

E2 = f(°°S7‘)"fT1-0.92556 6
E(1>_.F4 .%) 0.21155-0.03401 cos(7\)2 ' - COS ' 6 1-O;9256e7i¢osK>MY’7

0.02165
-0.01778

0.00589
-0.00405
-0.00124

0.01463
-0.02766

0.02460
-0.05494

0.07271
-0.03087

0.07271
-0.05494

0.02460
-0.02766

0.01463
—0.00l24
-0.00405

0.00589
—0.01778

0.02165

162
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Table 4.65

Iteration table for the rational
*

approximation Ti (cos7\)

i |Efi)| agi) afi) bii)
0 0.07662 0.21059 —0.03327 -0.92556

1 0.07271 0.21158 —0.03401 —0.925687



Table 4.66

i

\OCD\JO\U"l4>LOl\Jl—-‘(D

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

Iteration table for¢ 1

'E1§IZ'§""
1

0.4628435
0.5619957
0.6090276
0.6345189
0.6491909
0.6579083
0.6631822
0.666407
0.6683915
0.6696175
0.6703768
0.6708477
0.67114
0.6713216
0.6714344
0.6715045
0.6715481
0.6715752
0.671592
0.6716025
0.671609
0.671613
0.6716156
0.6716171
0.6716181
0.6716187
0.6716191
0.6716193
0.6716195
0.6716195
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Table 4.67

Table 4.68

Parameters
(1)

$1
91

2
6_a

Iteration table for $1

i (9(i)
1

65

1

2

3

4

5

Original Estimated
value

(2)

0.68

0.09

1.000

0.0803714
0.0808906
0.0808973
0.0808974
0.0808974

Errors of the estimated values of the
parameters from their original values

value Error(3) (2)-(3)
0.6716 0.0084
0.0809 0.0091

0.9959 0.0041



Table 4.69

Lags 1
1-5 0.98
6-10 0.75
11-15 0.47

2

0.94

0'69

0.41

Estimated ACF of Series C

3

0.90

0.64

0.36

4

0.85

0.58

0.30

166

5

0.80

0.52

0.25

Table 4.70

Estimated ACF of the differenced Series<?xt,0

where {xt}is Series CLags 1 2 3 4 5
1-5 0.80 0.65 0.53 0.44 0.38
6-10 0.32 0.26 0.19 0.14 0.14
11-15 0.10 0.09 0.07 0.07 0.07

Table 4.71
Estimated PACF of the differenced series wrxt,

where {xt§ is Series CLags 1 2 3 4 5
1-5 0.80
6-10 -0.03
11-15 -0.14

-0.01 -0.01 0.06 0.03-0.01 -0.08 0.00 0.100.10 -0.05 0.05 0.02



Table 4.72

k

""'C)@C>@©CD@@C) @@@C>@@C)@@""0000000000 0000000000
@\o@\IO~\U1\§(JJf\.)P""C)l-‘l\)(.U\§U'|o\\1(D\O@

7\=k1T

E§0>

Bil)

Biz)

= f(cos7\) —

167

Errors of T€(i)(cos7\) from f(cos7~), i being
the number of iteration

---- -Y0;-—--—'-'__—_--‘Y1?’-----_‘---"_____Y2§-_—E1 E1 E1
0.024477 0.0225291 0.02205550.0095755 0.00755103 0.0070990.0297554 0.0275275 0.02710930.0110529 0.00554012 0.005052590.0320509 0.0291747 0.02545910.0105757 0.0059275 0.00501910.0519093 0.0459252 0.04555050.0773335 0.0599959 0.05799590.0541914 0.0445903 0.03991940.0391157 0.0473502 0.0409147-0.3091911 -0.0599933 -0.057990.0391157 0.0473502 0.04091470.0541919 0.0445903 0.03991940.0773335 0.0599959 0.05799590.0519093 0.0459252 0.04555050.0105757 0.0059275 0.00501910.0320509 0.0291747 0.02545910.0110529 0.00554012 0.005052590.0297554 0.0275275 0.02710930.0095755 0.00755103 0.0075990.024477 0.0225291 0.0220555

= f(CoS7\) _ 2 { 0.11212121-0.9595959 ¢5s?vC)

0.11577 5
1;0.95555 ¢5s(7\)

= f(cOS>\) _ 0.115551-0.95527 ¢55(7~)



Table 4.73

168

Iteration table for the rational
approximation Ti*(cos7~)

Iteration
Number

0

1

2

|E{i)| aéi) bfi)
0.3091911 0.1121212 -0.9696969

0.0699933 0.1157724 -0.9665475

0.0679969 0.1166809 -0.9662654



Table 4.74

Iteration
Number

m\JO\U'\~§UJl\)l—'O

9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35

Iteration table for¢1

¢>{i)

-0.485
-0.5990841
-0.6590673
—O.6956693
-0.7197185
-0.7362275
—O.747885
-0.756276
-0.7623974
-0.7669061
—O.7702503
-0.7727435
-0.7746092
-0.7760094
-0.7770624
-0.7778556
-0.7784538
—0.7789053
-0.7792463
—O.779504
—O.7796988
-0.7798462
-0.7799576
-0.7800419
-0.7801057
-0.780154
—O.7801905
-0.7802181
—0.780239l
—O.7802549
-0.7802669
-0.7802759
-0.7802828
-0.780288
-0.7802919
—O.7802949

169



Table 4.75

The estimated ACF of Series D

Lags 1 2
1-5 0.86 0.74
6-10 0.41 0.35
11-15 0.22 0.20
16-20 0.13 0.16

Table 4.76
The estimated

Lags 1 2
1-5 0.86 -0.02
6-10 0.03 -0.02
11-15 0.05 0.01

3

0.62

0.31

0.18

0.19

PACF of Series D

4

0.53

0.27

0.15

0.21

3 4
0.00

0.01

0.01

0.00

170

5

0.46

0.24

0.14

0.23

5

0.03

0.01

0.07



Table 4.77

k

|"‘CJQQQC)@CD@@@@@@Q@@QQC)V“0000000000 0000000000
CD\Om\'|U\U'|\§UJl\)!--' l—*l\JU-1%-U1O\\1®\DQ

A==

171

o(i)Errors of Tl (cos 7\) from f(c0s \), i being
the number of iteration

"" "YET"'""'"?I§"""""'""""'Z53'E 1 E 1 E i
0.050708
0.005374
0.073708
0.042683
0.068036

0.050147
0.001112
0.074327
0.043386

-0.0671880.079363 0.07890.1409047 0.1393410.201523 0.1990040.079542 0.074697-0.189056 —0.1985930.005712 0.18795-0.189056 -0.1985930.079542 0.074697
0.2015230.1662093 ' 0.1990040.1194575 0.1409047 0.1393410.0650575 0.079363 0.0789-0.0786528 0.067188 0.0680360.0339101 0.043386 0.0426830.0659981 0.074327 0.073708—0.006616 0.001112 0.005374-0.0576878 0.050147 0.050708

-0.0576878
-0.006616

0.0659981
0.033901

-0.0786528
0.0650575
0.1194575
0.1662093
0.00706135

-0.4100499
—0.3599708
-0.4100499

0.00706135

0 0749425
E(0)= f(°°s7‘) —”1—0.9885057COSY)‘)

0 060637E(1)= f(cos7\) -4 4 ° 4»1-0.9902507 cos( X)’

0 061100;
E(2)= f(°°S‘”) "1;o 98972383c0s(>~)



Table 4.78
Iteration table for the rational approximation

Iteration
Number

0

1

2

Table 4.79

|E(i)|

0.41005
0.201523
0.199004‘

\T°* (cos 7\ )

aé1> hi1)

Iteration table for CI) 1

Iteration
Number

m\1O\U'l»bUJt\)i-‘O

9
10
11
12
13
14
15
16
17
18
19
20
21
22

‘$1

0.494862
0.6160479
0.6826696
0.7254863
0.7553229
0.777187
0.7937684
0.8086588
0.8168679
0.8250702
0.8317347
0.8371989
0.8417118
0.8454612
0.8485916
0.8534235
0.851216
0.8552856
0.8568602
0.8581944
0.8593266
0.860289
0.861108

172

0.0749425 -0.9885057
0.060637 -0.990250
0.0611002 —0.989724
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Table 4.80

Estimated ACF of the population data

Lags 1 2 3 4 5
1

‘ u

1-5 0.9150 0.8287 0.7450 0.6604 0.5762
6-10 0.4920 0.4096 0.3280 0.2475 0.1678
11-15 0.0893 0.0132 -0.0518 -0.1133 0.1700

Table 4.81

Estimated ACF of the first differenced
population data

Lags 1 2 3 4 5
1-5 0.7425 0.6296 0.5690 0.52190 0.4819
6-10 0.4111 0.1519 0.0672 0.0490 0.1740
11-15 0.1503 0.0298 -0.0410 —0.0302 —0.0555
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Table 4.82

Estimated ACF of -2Pt, §P£}being the
population data

Lags 1 2 3 4 5
1-5 -0.52661 0.0436 —0.0064 -0.0084 0.0012
6-10 0.0069 -0.0276 0.0370 -0.1273 0.1389
ll-15 0.0199 0.0409 -0.0439 0.0273 -0.0763

Table 4.83

Estimated PACF of w?PtLags 1 2 3 4 5
1-5 -0.5266 —0.3234 —0.2261 —0.1815 -0.1497
6-10 -0.1135 -0.1337 —0.085l -0.0431 —0.0205



E2

Table 4.e4*

Errors in various initial rational
approximations to f(cos7\)k El E2

HOOOOOOOOOOOOOOOOOOOH0000000000 0000000000
O\OCD\1O\U14>wt\Jl-\ |—'t\>Lu4>U'IO\\J(D\OO

7\=

x 0 4569-0 44119 cos(7\)

0.0436
0.0415
0.03527
0.02563
0.01347
0
0.01347
0.02563
0.03527
0.0415
0.0436
0.0415
0.03527
0.02563
0.01347
0
0.01347
0.02563
0.03527
0.0415
0.0436

E1 = f(cos'7) - [0.s-0.52661 cos( >)]

= f(°°S ) ' ,i+0.163§0 ¢os(“>)

-0.00364
-0.00198

0.00144
0.00358
0.00260

-0.00053
—0.00315
-0.00325
-0.00083

0.00218
0.00352
0.00218

—0.00083
-0.00325
-0.00315
-0.00053
0.00260
0.00358
0.00144

-0.00198
-0.00364

* The errors E1 and E2 are calculated for 201 values
‘xclkhfil and twentyone values are included in this

table
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Table 4.85

Iteration
Number

0

1

2

Iteration table for the rational
*

approximation Ti (cos7\)

|E(i)| aéi) aii) bii)
0.00358 0.456896 —0.441190 0.163702

0.003 0.456314 -0.4399473 0.1676337

0.003 0.456314 -0.4399473 0.1676337
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Table 4.86

Iteration table for CD 1

Iteration Cb 1(1)Number

_-0.0838168
"—0.0844056

-0.0844139
-0.0844141
—0.0844141

abb-ll\Jl-‘(J

Table 4.87
Iteration table £or6 1

Iteration (.9 (1)
1Number

(I)\JO\U'l>>UOl\)|-‘CD

9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

0.4820664
0.5940928
0.6522099
0.6871267
0.7096707
0.7248507
0.7353482
0.7427375
0.7480027
0.7517864
0.754522
0.7565085
0.7579555
0.7590118
0.7597844
0.76035
0.7607644
0.761084
0.7612913
0.761455
0.7615751
0.761728
0.7617756
0.7618105
0.7616633
0.761728

1111-1111
\
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Chapter 5

RESULTS on MULTIVARIATE TIM sERI§s

5.1 Results on the relation between the ACF and
the ARMA(p,q) parameters

In chapter 3 the main theorem is obtained by
applying the Chebyshev minimax rational approximation

theory. If f(x) G C§a,b1 and
a +a (cos(") +...+a cos(l*)l . _ _o_ 1 H l g_ N _ . .

Tk(c0S X) _ l+blcos(‘*§+... +bk cos(k>JTi ls the ratlonal

approximation of f(cos'\), then the error function is
given by

12(1) = f(cos7\) - ‘I‘i(cos7~) (5.1)

The rational approximation theory is based on the fact

that the approximating function Ti(cos>\) of f(cos7>) will
be the one which minimises E(‘>). If E( b) = O, ,then

f(cos w) = Ti(cos‘>). (5.2)
It is shown in Rslston K31} that if Ti(cos A) is that
rational approximation, which gives E(*\) = O, , then

the coefficients ai, i=O,l,...,l and bi, i=1,...,k

210
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satisfy the following equations

a=l[(’b+ Pbo 2 o 0 1 1 +....+ Fkbk] (5.3)
where

f(¢os>~) = Z {’iTi(>~)i=0

= Z Picos(i7\) (5.4)i=0

k_.1. Z -_
ar _ 2 i=1bi(F\r_i\+ Pr+i > , l-l,...,l (5.5)

P-M W
I-4

U‘
|_-.

and 0 =% = (°\r_i\+Pr+i) , i=l+1,...,l+k (5.6)

The equations defined in (5.3), (5.5) and (5.6) will help
to prove the following results, connecting the ARMA para
meters and their autocorrelations.

Besylt 5;1

The autocorrelations of an MA(1) model given by

\'\)xt = at -@1at_l (5.7)
can be expressed in terms of the MA(l) parameter €)l, as

_c-51P = -—1 1 +621 (5.8)
and fk=0, 1<;~2
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PrQ°f.9f.5:l
I

r'\l

Let the MA(l) model be xt- at -6lat_l and let
s(7\) be the spectral density function. The rational
form of the spectral density function is given by

1
'/~l\.)OJt\)

s(/\) = - [1+ef-ze1¢os<>\>] (5.9)
O” _

The estimate of the rational form of the spectral density
function will be

12TO(C0S7*) = 2 [ac +al cos(X)] (5.10)

Equations (5.9) and (5.10) give

Q
§‘[\)QJI\J

2&0 = -c_— [1 +e§ (5.11)
a1 -61and 55- = -_-5 (5.12)

o 1+@1

Now substituting ao and al obtained from (5.3) and (5.5)
respectively in (5.11) and (5.12) the following equations
are obtained.

2

1 = jig [1+<D§] (5.13)
c~p

2’.
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and
6P1 = -l—§ (5.14)

1+d1

Further for k > 1 we get

1
O - 5-l2Pk

i.e., Pk = 0, k> 1 (5.15)
Equations (5.14) and (5.15) determine

-9--% k=lP =k 1*61 (5.16)
5 O }<>1

Hence the result.

Besult 5.2

The autocorrelation function of an MA(q) model

given by

xt = at - @lat_l—...-C'5qat_q (5.17)
can be expressed in terms of the moving average parameters,

6]-;e2poo0leq;
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q-is

—C)£* %gl3jE%+k_Gk T. ‘ i, 5 "Li  K”, ",1
( 1-+ 2: C)?

l=1

0 . kI>q
L

Proof of Result 2

The rational form of the spectral density function
of an MA(q) model is given by

q-i

s(>\) = :— 1+  = (-61+ JE.l6J.6j_|_i)cos(i>~)] (5.19)

q
')4'l'\)QJ ('\)

r"__""_\

|..|.
0-Q

|—*

+
[\)

|_¢. Mn
l-4

and the estimate of the rational form of the spectral density
function is given by

2Tg(cos>\) = 2 [ao +al cos7\+...+aq cos(q7~)J (5.20)

On equating coefficients in (5.19) and (5.20) the
following equations are obtained.2 q<5-' 2

2a =—9[1+ Z61]O c~2 i=1A (5.21)

+

M¢2

0)»-'
LJ.0

-3. -. .__ai = 1 i=1 3+22a q° 1+ ref

|..|.

+-'

izlpooopq
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Then substituting ai, i=1,...,q and ao given in (5.5) and
(5.3) respectively, the following equations are obtained.

q—'1

P = *9?“ €1@j@j+i1 ,5 Jq e ~51 . i=1,...q (5.22)
1 + Z9?i=1

and ?i = 0, i><'-I (5.23)
Hence the proof of the result.

Result 5.3

The autocorrelations of a series represented by
an AR(l) model given by

xt =<$1xt_l + at (5.24)
can be expressed in terms of the AR(1) parameter as

P1=¢1

and Pk = Plcpifl (5.25)
°r Pk=<p];, 1<;1 (5.26)
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Proof of Result 5.3

The rational form of the spectral density function
of an AR(1) model is given by

2s = s s ' ‘.<7~> $6 <5 27>
[1+d>§ -zcbl coax]

The estimate of the rational form will be of the form

q 2a5' - 1. Q. so '2T*(cos)\) - 1+blcoS(} ) (5.28)_fi _
where ao = é-[1+bl§l] and bl =-TI7%; . Comparing the
corresponding coefficients of cos(i% ),in (5.27) and (5.28)
the following equations are obtained.

2
6"’2aO=  3 

<=-3[1+<¥>i]
(5.29)

_2¢>
b=————1
1 1+¢%

Substituting ao and bl obtained from (5.3) and (5.6) respectively
in (5.29), we get

“Q

->1-(\)QJ!\)

I-'

<-2Fl> Q“
1 +-F-1+ 2 1 = ;- ----H43; (5.30)
-2F -24>1 1 ~and —-;— = ——— (5.31)...1+ 2 1+ (bf 1-1



Simplifying (5.30) and (5.31) it is obtained that

P1=¢1

and. F2 = Plffil

i.e.. (k= ¢1(’ fork=2k—1

Similarly, we get Pk = ¢>1(’k_1, k >2.

Hence the proof of the result 3.

Resulty5.4

The autocorrelations of an AR(p) model can be
expressed in terms of the AR(p) parameters as

217

Pk = ¢1Fk_1 +cb2Fk__2+...+<]>p()k_p (5.32)

groof of Result 5.§

Proof of this result when k = 1 is given in the
proof of result (5.3). The method is same, as in the case
of k = 1. for k.>1 also. The rational form of the spectral
density function is given by

3
S('7\) = t

UJl\J

3 3 31 3 3
Q5‘.

(‘Q

K 15 2 11> q—i
1 +  + 2 -2-_-'(-Q>i+ E:1¢.(pJ.+.)cos(i>\)Ji=1 1 i=1 '= 3 1

(5.33)
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and the estimate of s(7~) is given by

A o
s(7\)=2T1(cos7\)

Zao=   (5.34)
l+b1 cos>~+...+bp cos(p%~)

Equating the corresponding coefficients in (5.33) and (5.34)
we get

$722a = 7» a  (5.35)O P
<3-5 [1+iél1<b:2.Lj

p-i

-¢i. a>J.¢J.+ib. =  ml?‘ 5  (5.36)_5i p
” 1 + if Q3?i=1

Substituting ao and bi, i=1,...p obtained from (5.3) and (5.6)
in (5.35) and (5.36) and on simplification we get

Pk = c1>1Pk_1 +...+c1>pPk_p. k> 0

Result 5.5

The autocorrelations of a series represented by an
ARMA(l,1) model given by

X: = Q) 1X1:-1 + at" @181;-1 (5.37)
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can be expressed in terms of the ARMA(1,1) parameters as

1 1+e~f - mlel

and fk=Q31fk_1 kZ2

Proof of Result 5.5

The rational form of the spectral density function
of an ARMA(1,l) model is given by

(1+G§)— 2@lcos1s(7\) = --— " s2   t* (5.38)
c~ l+Q>1 -2¢& COS}

4
}~wOJw

and the estimate of the rational form of s('>) is given by

A aO+ a1cos>\s('%) = 2 s_  assets (5.39)
1+ bl cos7*

Equations (5.38) and (5.39) give

sq '1r4.l\.)Q!l\J

1 +6522a = -- ---lo 2
1 +<#1

(5.40)
El = -261
ao l+E-Bi
b - -2¢1and 1 - --5

1+®1



Equations (5.3). (5.5) and (5.6) give the following

2P2
and bl = —————

r’ r3

For an ARMA(l,l) process 5-3 is given by

a Z:
Q

a :2
1

2G‘ '.=
PK

.1.
2

1.
2

(H b1F1.(

[2f1+ b1(1 + F2)]

1
+

2
1+-Cl -2@l¢l 2

G‘

1- <13; a

Using (5.40). (5.41) and (5.42) we get

and

112 1
- ‘°1*P3(= (Lei -25¢ )(1+q:2)

-12-=[2P1

2P2P1 (1-<bi)(1 +65)
1 1 1

2P2(1+ P2)
' P1+P3 H 1 -261
2(~1f>2  _ 1+ 6%

'§'(1'?l—-W31

-2P2 -251
(=1+r3 l+<Q€

2201

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)
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Simplifying (5.43), (5.44) and (5.45) we get

f <1-<1>1e1> <c1>1-61>1 =  2 4  (5.46)1+e cb1 ' 2 19.1

and P2 = Cblpl

Then using (5.45) and (5.46) we get

P3 = d>1P::.

which implies

Pk = ¢1(>1<-1 ' kzz

Hence the proof of the result.

5.2 Bivariate time series modelling

So far we were considering the model identification
of a univariate tie series. In this section we consider
the analysis of a bivariate, stationary time series. A uni
variate time series is considered as a realization of a
stochastic process. In the bivariate case, there will be two
time series, usually one is considered as the input series
and the other as the corresponding output series. Then the
pair of time series is regarded as a realization of a hypo
thetical population of pairs of discrete time series, called
a bivariate stochastic process.
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Qefinition 5.; Crosscovarianceand cross correlation
functions

A bivariate stochastic process need not be stationar

we assume that the appropriately differenced process (xt,yt),
where xt = <vdXt and yt = <vdYt, Xt and Yt being the given
input andoutput series respectively, are stationary. The

stationarity assumption implies that the process xt and yt

have constant mean,/“X and f*y_and constant variance cri
and Q"; respectively. The autocovariance coefficients of
each constituent series at lag k are defined by the usual
formula

Yxxno = EY(Xt—]'*X)(Xt+k—/‘;<)‘:\
(5.47)

and Vyyuo = E[(yt-/~y> (yt_|_k-/*Y)_§

where we now used the extended notation“YXx(k) and'Yyy(k)
for the autocovariances of the x and y series. The cross

covariance coefficients between yt and xt at lag k are
defined as

Yyxuo = E {wt *"/‘*Y)(Xt+k-/4-kx)-S , 1<=o..+.;1,:2,.. (5.48)

and the cross covariance coefficients between xt and yt at
lag ik are

\

YXY<1<> = 1: [mt -/~X><yt+k-/3)] , 1<=o,_~;1,¢z,... (5.49) 2



In general \)yx(k) is not equal to ‘YxY(k). The set
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{YXY(k), k=O,i1,...} is called the cross covariance function
of the bivariate process. The cross correlation coefficient
at lag k is defined as

' (k)
F XY(k) = ;Z§z——— , k=0,i1,i2,... (5.50)GTx5'y

Since ()XY(k) is not in general equal to Fyx(k), the cross
correlation function, in contrast to the ACF, is not symmetric
about k = O. The cross correlation function is zero over
some range -J“ to i or i to@=. This property of the cross
correlation is used to determine the lag of the delayed period
of the input series.

Definition 5.2 gstimates of the cross covariances and
cross correlations

After differencing the original input.and output
series d times to obtain stationarity there are N-d pairs

of values (y1,x1), (y2, x2)...,(yh,xn), available for analysis
Then the estimate cXY(k) of the cross covariance coefficient
at lag k is provided

cxY(k) =

l
n

l
n

by

Drrpqtl d;:~ ‘M"‘ Q
Ff

l—*i-—'

k;-OI]-’2[IIO
k=Ol_]-0-2100

(5.51)
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where y and x are the means of the y series and x series

respectively. Similarly the estimate ‘TXY(k) of the cross
correlation coefficient FXY(k) at lag k is defined by

c (k)
‘rXy&k) = -51é- , k=O,il,i2,... (5.52)SS

X Y

sx and sy being estimates of Wx and c-Y respectively.

2efinitiong5.§p Transfer function models

If xt and yt are the stationary series, then the
output series yt in terms of the input variable xt is given
by

yt = voxt + vlxt_l+ v2xt_2+.... (5.53)

This model is defined as the transfer function model.
Then

v(B) = vo + v1B +.... (5.54)
‘M .

1
i.e.,v(B) = 31 viBi=0

is called the linear filter or transfer function. The system
is said tohstable if the infinite series v(B) converges for
\BlS 1. In this thesis we are considering only stable systems
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It would be often unsatisfactory to parameterize

the system in terms of v's. So the transfer functions are
parsimoniously represented by

v(B) = (5.55)
Then the model becomes

5<B)yt = C» (B)xt. (5.56)
The delayed transfer function model is given by

¢'S(B)yt = ¢->(B)xt_b (5.57)

The condition for stability of v(B) =<§%%% is that
the roots of the characteristic equation 5(8) = O must lie
outside the unit circle.

5.3 Estimation of the transfer function

Given the stationary series yt and xt we want to
determine the transfer function model

yt = A(B)xt_b (5.58)
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Q-e

@|;.:

where A(B) = , where Q0(B) and.<§(B) are polynomials
in B, the backward shift operator. Now the problem is to
obtain A(B).

Definition5.§y gpectraldensityfunction of_a transfer
functionmodel

The spectral density function of a transfer
function model given by (5.58) will be of the form

fYy<>~> =1<lA<ei‘>\2 fXX<>>. (5.59)

where fYY(7\) is the spectral density function of the
univariate time series yt and fXX(>\) is the spectral
density function of the univariate time series xt.
From equation_(5.59) we get

\A( i*)l 2 —k‘-117-1-f (I) (5 60)e - fxx h .
The relation obtained in (5.60) is used to estimate the
transfer function A(B). The steps are given by (i) obtain
the estimates of the rational forms of the spectral densities

fYY(>\) and fxXf'%). Suppose

ao +al cos>\+...+al cos(l,A)f (A) = 2 _. _W gigrcg _ ._r-l... _ 1L
YY 1+b1cos>~+...+bk1cos(k‘> $5 (5'61)
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and \ ‘ '
ao +a1cosA +.;.+al2cos(lé*)fxX(%) = 2 * g = *i j eeii no (5.62)l+b cosA +...+b cos(k % )1 k2 2

Then

) [aO+a1cosA +...+al1cos(l1Z)][1+b&cos7\+...+Bk2cos(k2\)]f (x
%i"<*

) [1+b1cos>~+...+bklcos(kfW][ao+aicos>-+...+ai2cos(lé%)]

On simplification we get

k’ jaw A + Alcos7\+...+ A.Lcos(L>\)_-=1:-= 9 he  e H» e  _~ (5.63)
39$, BO + B1cos>\ +...+ BKcos (K2)

where L = ll+k2 and K = l2+k1. Considering the transfer
function A(B), if the degree of numrator is r and that of
the denominator is s then A(B) is given by

A(B) = n n» ‘en~ 5 n~ (5.64)
1+ 513+. . .+ $58

Then r r-1
Z Q? + 2 E: Qiwi+l cos7\+...+z<-°0°5rcos(r>~).7\ 2 ‘=0 1 ‘i i ‘:0 fig? i W W f  ff\A(el >\ = 1 S  ;_1e» e <1  e  e

5?.

l+i_’§i+2[f§‘ 5* +§i:\cos7\+...+2$Scos(s>\)i=1 i=1 i i+1
(5.65)
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I

Using (5.63) and (5.65) we obtain the following equations:

r = ll +k2 = L\ (5.66)
s = 12 +k1 = K

P-P4 Ho
8

A _ 2o _ i

r/13
8

Aj =  _].=-’l,2,...,I‘
i=0

S_ 2Bo - 1 + Eféii
i=1

5-JF .
and BJ. = 2[f ¢Si§i_|_J. +§i} J=1,2...s (5.68)

i=1

Applying the method of iteration given in chapter 3 to the
systems of equations (5.67) and (5.68) the values of

Qk, i=0,...,r and ¢Ti, i=1,...s can be determined.

Here the application of the rational approximation
of the spectral density function simultaneously determine
the order of the rational form of the transfer function as
well as its coefficients. The estimated transfer function
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model is

/\Qt =_A(B)xt___b (5.69)
where “ A r

A “*0 +w1B +...+oJrBA(B) =   s ~ A ass ~ (5.70)
1+ 6‘lB+...+c$ SB

4

5.4 Estimation of transfer function noise model

In practice the output yt could not be expected
to follow exactly the pattern determined by the transfer
function model, even if that model were entirely adequate.
Disturbances of various kinds other than X normally corrupt

the system. A disturbance might originate at any point in
the system, but it is often convenient to consider it in
terms of the net effect on the output Y. If we assume

that the disturbance or noise Nt is independent of the
level of X and additive with respect to the influence of X,
then we can write

Yt = A(B)Xt_b+ Nt (5.71)
If the noise model can be represented by an ARIMA(p,d,q)
process, then

<1><Bmt = o (B)at, (5.72)
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where at is the white noise. Then the transfer function
noise model can be written as

Yt = A(B)XtJc+ <1>'1 (B) B(B)at (5.73)

The transformed stationary noise process will be

nt = 'vdNt (5.74)
then the estimated values of nt are obtained as

nt = yt — A(B)xt (5.75)
Then using R-spec technique, the ARMA(p.q) model representing

nt can be estimated. Hence we obtain

Q»

'6-56

nt = at (5.76)
Using (5.69) and (5.76) the estimated transfer function
model is

Qt = A(B)xt_b +&,—l(B) é (B)at (5.77)

The identification procedure of the transfer function noise
model can be summarised as follows.

1. Estimate'FyY(k),'rxX(k) and ~;yx(k). k=0,i1,.,,
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(i) Use the estimated values 7~YY(k).-rxx(k) and'YyX(k)
to test whether the given series are stationary.
If the series is non-stationary obtain the transformed
stationary series by differencing d times d = O or 1 or 2

(ii) From the estimated values of P (k). i.e., "r (k)YX YX
k = O i1,i2,..., find the cut off point, which will
give the number of delayed lags. Suppose the delayed
lag is b, b = O or i1 or i2,....

(iii) Using *Yy(k>, k = 0, i1.i2,...ana rxX<1<>, 1<=0,i1,i2,...
estimate the rational form of the spectral density

functions fyY(%) of yt and fXX(\) of xt respectively,
using the method developed in chapter 3.

2. Determine the coefficients of A(B). using the relation

\A<ei">\ 2 -‘QEXQ;_ fxx X '

3. The estimated transfer function model is
A A
yt = A(B)xt:b

4. Find the deviations

A /\nt - yt -A(B)xt (5.78)
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Estimate the ARMA model for nt using the R-spec

procedure, taking fit as the observed series. Let
the ARMA model be

/~

3 =€>(B) at ¢’ZB5 t’

The transfer function noise model estimated is

given by

§t = £<B>><t +3>"1<B> 6‘(B)at

[bx

IDKD

A +'§ B + +=3 Br

Yt ‘c c  S ><t.:- ZTT at
1+-5lB+..¢+§sB

,>

Q)
wE§

i e. § = u(B) x + a‘ ' t é‘zB) t4» t
which can be written as

¢§<B>5<B>§t = 35(8) ‘S(B)xt_-!;¢5(B)@(B)at (5.19)

i.e., §(B)§'t = ¢\>*(B)x£_b+ 6*(B)at (5.80)
* A A

where 5 (B) = €b(B)c$‘(B)

¢§‘<B> = <x§<B>$<B>

and gm) = <§<B>$<B>.
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Result 5.5

If xt and yt are two jointly stationary time series
and fYX(*) is the cross spectral density function, then
|fYx(%)\2 can be approximated by a ratio of polynomials
in cosh .

Proof of Result 5.6

The proof follows from the following facts.

Wrfly

~;

IE

(i) Since xt and yt are jointly stationary zqx yx
is convergent.

(ii) [£Yx(xM 2 is an infinite polynomial of the form

cO+c, cos>\+ c2cos(2\)+...

(iii) Since \fYX(%)\2 is continuous in {4nfi]and bounded
because of (i). \fYX(3)\2 can be approximated by a
ratio of polynomials in cos)\.

5.5 Analysis of Multivariate time series

The application of result 5.6 is very useful
in multivariate time series analysis. In this section we
consider the modelling of multivariate time series of the
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= A (B)x +A@x +....+Amx , (5.81)Y _ _ _t 1 1t bl 2 2t b2 n nt bn
where x , x ,...,x are pairwise uncorrelated andlt 2t nt
A1(B),...,An(B) are ratios of polynomials in B.

\

i.e., Efx. x. ] = O, i fi jit Jt

Then spectral density of (5.81) and the cross spectral
densities will be given by

and

f (X)

ix 2 ii 2
fYY<>> = [A1(ea >\ fx1Xl<>>+ \A2(€ H fx2X2<>>+....

+|An<ei”fl 2 fx X <\>DD

=k: . ix f >
Yxl LA1(e > X1X1< >

-. ‘x
Yx2<>> =k1A2(el >fX2X2<»>

I%X(*)-YA @”W£ <»>"' ~v\ 1'1 X XI1 1'1 1'1
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Or in the matrix form we can write

9 % 0 ........0 1*) "f (>97kf"‘1"1() , e  | Y"1

_____ __|

i *1
11>‘

I-4
f"\

J’f\
(D 0

’ i> V0 kLfx2x2(>\)00000O ) ' 0000
f00000  ': 0000 ,

|
\

QOQOOOOOOOOOQOOQOOOOOOOQOI  ‘

-l at-1

00000 *0000i ix I I0 0. . . . . knf cw (e ) ‘* f (1)_ xnxn* n i yxn E

.-Q:
o

(5.82)

Solving (5.82) we get

_ ‘f (\)
A (elk) =lc_Zil__1 fx X (>)1 1

(5.83)

Pm <ei*> =\<l fyxn Mf__"I7~'7x xn n
0 ' % Q

Now to obtain the coefficients of Ai(el ), i=1,2,...n,

estimate the rational form of \fYx (%)\2, i=l,2,..n. and1

f,<*_(\) using the R-spec procedure, then equate the
coefficients in the equation

\£ (\)\2( i">\ 2 -‘<'*——“ (5 84)
i 1

| L 1  A
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Then using the method of iteration to the non-linear
equations obtain the estimates of the coefficients of/\ A AA.(B), i=1,2,...,N. If A (B), A (s),..., A (B) are the1 1 2 n
estimated transfer functions then the transfer function
model is given byA /'\ /\ A

yt = A1(B)x1t+fA2(B)x2t*;...+An(B)xnt_h1 (5.85)

Then the noise series is obtained using

H'vls
I-4

’ “(> (586)nt ‘ Yt ' = A1 B xit-bi '
and estimate the ARMA model representing the noise series

nt using the R-spec procedure. The model will be of the
form A A

4>(B)nt = € (B)at

_A-1i.e., nt - q; (B)@(B)at (5.87)
Using (5.85) and (5.87) we obtain the multivariate transfer
function noise model asA 4‘ A A_ A

yt = A1(B)x1t*;...+An(B)xnt+: :5 1(B)5(B)at (5.88)
1

and the variance of the white noise<v§, which we obtain
along with the noise model.



Note 5.1
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The transfer function modelling of multivariate
time series can be extended to the general case, in the
same manner, provided the series are pairwise jointly
stationary.



Chapter 6

COMARISON OF R-SPEC TECHNIQUE

6.1 Introduction

This chapter is completely devoted to error
analysis of R-spec technique in comparison with other
techniques. For this purpose time series of chemical
process concentrations given as series A in Box and
Jenkins [8] is presented here., The analysis of the
series is done by Box and Jenkins, Mclntire, Akaike
and others. We selected this series so that we can give
a comparison of the R-spec procedure with other prominent
techniques.

6.2 Analysis of series A using R-spec technique

The actual data of series A, taken from Box and
Jenkins [81 is given in the appendix. A plot of the actual
data of series A is given in fig.6.1. ACF of series A is
given in table.6.1 and PACF is given in table 6.2 From the
correlogram (fig.6.2) and the graph of the PACF (fig.6.3)
the upper bounds P and Q are selected as P = 2 and Q = O.

238
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The initial rational forms are

0 _ 0.2834T1(cOS>\) — 1-0.76 cos(7\) (6'1)

To   = ~ ____ 1;  _*____.______ .——_* ~_2 1-0.518167 cos( M-0.373969 cos(27\)
(6.2)

where >~€ ["T\',\T:I. The differences of Ti) (cos7~) and

Tg(cos>\) from f(cos7\) are given in table 6.3. Table 6.3
shows that the maximum absolute error corresponding to

Tg(cos>\) is minimum when compared to that of T€(cos>\).
So T3(cos7\) is selected as the initial rational approxi
mation of f(cos'%). Table 6.4 gives the differences of

T;(i)(cos7\). i being the number of iteration, from f(cos>~)
The convergence of |Eéi)l, agi), bfi) and bgi) are shown in
table 6.5, which gives Tg*(cos >~) = Tgu) (cos >\). Hence0* 
T2(cos'h) is given as

0* _ Kg .Q.2588 H _ pg g
T2 (COS>\) — I-0.51839 cos(ik)-D.3738 cos(§'%) (6'3)

The estimated rational form of the spectral density function
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is /\ 0*s(7\) = 2T2 (cos?) (6.4)
From equation (6.3) the order of the ARMA model representing

xt is obtained as p = 2 and q = O. Further from (6.3) the
following equations are obtained:

$1 = 0.2592(1 +4>f+ ¢>§)+<1>1<\>2 (6.5)

CD2 = 0.1e69(1 +¢§+q>§> (.6.6)
and 2 2 2 2<,—a = 2x0.2588(1 +¢1+<{>2)<s—x (6.7)

The method of iteration is applied to equations (6.5) and

(6.6) to obtain the estimates of Q51 andcpz. The iteration
values are given in table 6.6. The estimated values are,

ACpl = 0.41 (6.8)
and AQ2 = 0.23 (6-s)
Then the residual variance q—§ is estimated using (6.7)
and the value obtained is

Avi = 0.094 (6.10)
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Hence the model representing series A is obtained, using
\

the R-spec technique as

'§t = o.41§£_1 + 0.23§t_2 + at (6.11)

6.3 Models identified using other methods

Box and Jenkins [8] estimated two models for

series A. The models suggested by them are

xt = 1.45+0.92xt_1+at-0.58at_1 (6.12)

and xt = xt_l+at-0.70at_1 (6.13)

The residual variances of (6.12) and (6.13).are 0.097 and
0.101 respectively.

The R and S procedure due to Mclntire [28] also
suggests two models for series A. The models are given by

xt = 0.42xt_1+0.l7xt_2+0.26xt_7+a -0.26at_1 (6.14)
u

and

xt = 0.32xt_1+0.18xt_2+0.50xt_7+at (6.15)

with residual variances 0.098 and 0.097 respectively.
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Box and Jenkins as well as Mclntire suggests
two different models for series A, wnereas the R-spec

I

technique determines a unique model.

Table 6.7 gives models identified for series A
using different identification techniques.



Table 6.1

The estimated ACF of Series A

Lags 1 2 3" 4
1-5 0.57 0.50 0.40 0.36
6-10 0.35 0.39 0.32 0.30
11-15 0.19 0.16 0.20 0.24

Table 6.2

The estimated PACF of Series A

Lags 1 2 3 4
1-5 0.57 0.25 0.08 0.09
6-10 -0.15 0.19 -0.03 0.01
11-15 -0.09 -0.04 0.0A~ 0.08
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0.33

0.26

0.14

5

0.07

-0.10
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*Table 6.3

Errors in various rational approximations
to f(cos7\)k E1 E2

- 0.05098 -0.01423- 0.07741 -0.02443- 0.02450 0.00144- 0.00706 0.02068- —0.00406 0.04847- -0.0434 0.05160- -0.12657 0.01724- -0.04579 0.14724- -0.22976 -0.05036- 0.36240 0.083860.61970 0.028250.36240 0.08386—0.22976 -0.05036-0.04579 0.14724-0.12657 0.017247 —0.0434 0.05160-0.00406 0.048470.00706 '0.020680.02450 0.001440.07741 -0.024430.05098 -0.01423

POOOOOOOOOOOOOOOOOOOP0 0.0 0 O 0 0 0 0 O 0 0 O 0 0 0 0 O 0 O
O\O(I)\lO\U4>wt\J+—* I-—‘t\)uJ»I>U1O\\J(I)\0O

7\= kfl

E1 : f(cOs7\) _ 14- 0.28340.76 cos( X4

2 1-0.518167 cos(7~7-0.373968 cos(2>\)

* The errors E1 and E2 were calculated for 201 values
of A 6[}WJfl and twentyone values are included in
table



Table 6.4

k

|"'*C)@C)CDCDOC)CDCDCDCDCDCD@CC)CD@CDl-*Q Q Q Q O I Q O I Q Q I Q I I QII I Q Q
O\OOZ)\1O\U'l4>~U0(\)l—-* I--\t\)UJ4>U'1O\\lU)\OCD

>= kfl'

Ego)

-0.01423
-0.02443

0.00144
0.02068
0.04847
0.05160
0.01724
0.14724

-0.05036
0.08386
0.02825
0.08386

-0.05036
0.14724
0.01724
0.05160
0104847
0.02068
0.00144

-0.02443
-0.01423

Errors of T26‘) (c0s7~ ) from £(c0sx), i belng
the number of iteration

E51)

-0.01410
-0.02454
0.00151
0.02073
0.04849
0.05161
0.01724
0.14697

-0.05037
0.08361
0.02748
0.08361

-0.05037
0.14697
0.01724
0.05161
0.04849
0.02073
0.00151

-0.02454
-0.01410

(0) N .3 0.25885_
E2 = f(c°S‘A) ' 1;0;51818 ¢6s(>§)-0.3740 ¢66<2>~>

(1)_ -3 H0.2588 8 9E2 ' f(°°s>‘) ' 1-0.51839 ¢6s(6J);0.3738 ¢6s(2>\>



Table 6.5

lEéi)| a(i) bfi) béi)
O

Iteration
Number

1

2

Table 6.6

Iteration
Number

CD\'lO\U'l4>U0l\.)l~—*CD

9
10
11
12
13
14
15
16
17
18
19
20

Iteration table for the rational
o

approximation T;(cos7\)

246

Iteration table for $1 and CD2

0.14724 0.25885 -0.51818 -0.3740
0.14697 0.2588 -0.51839 -0.3738

¢1 ¢2
0.2592
0.334113
0.3679551
0.3657161
0.3956165
0.4013031
0.4046249
0.4065636
0.4077455
0.4064366
0.4066466
0.4090944
0.4092412
0.4092924
0.4093622
0.409401
0.4094244
0.4094364
0.409447
0.4094519
0.4094549

0.1869
0.2059855
0.2156941
0.2208999
0.2238268
0.2255155
0.225043
0.2270882
0.2274347
0.227641
0.2277639
0.2277373
0.227812
0.2279015
0.2279169
0.2279289
0.2279359
0.22794
0.2279425

2279441
2279449

CDC)
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Chapter 7

C ONCLUS ION

A new technique for ARMA(p}q) model identification

of stationary time series, using the rational approximation
of the spectral density function is presented in this thesis.
Analysis of a number of stationary time series are carried
out. Table 6.7 shows that the R-spec procedure is equally
good as any other prominent techniques used for the analysis.
It has got the additional advantage that this procedure
determines a unique model for a given series. Moreover,
the order of the model is determined more scientifically
since it is obtained by computation.

In chapter 5 the method is extended to multivariate
series provided the component series are pairwise jointly
stationary. This result has wide applications in the analysis
of industrial data. The estimation solutions of multivariate
time-series analysis appears’to be an interesting application.

Some more work can be done in the multivariate time

series analysis like the error analysis, the case of non
stationary components etc.
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APPENDIX

A.1 PROOF OF LEMMA 3.1: (See Blum [7] page 313)

Consider R; [a,b] to be a subset of the metric
space C[a,b], with the uniform metric. Let d be the

distance from f to Rg[a,b] such that Hf-Ri“._§ d.

Hence |Ri“h ‘.4.  f-Rina + ”f”n$ l+d+Pfl.fl[:.<= ,-_- k for
all i sufficiently large. Now, R1 = 6% , where1\

\

deg PiS.n and deg Qi$_m. Furthermore by dividing numerator
and denominator by "Oi" , which is non-zero by virtue ofOQ

Qi(x) > O, we may take “Oi” = 1. Therefore, theW

coefficient vectors bi = (b0i,...,bmi) of Oi lie in some
closed bounded,hence compact set in (m+1)-dimensional
space. Also

'Pi(x)I = 'Qi(x)IIRi(x)[ < "Oi" x H R1“ '< k.QQ \-D

Therefore {HPifl;} is a bounded set and the same holds for
¢

the coefficient vectors ai = (aOi....,ani) of the Pi.
By sequential compactness, there exist subsequences of

(bi) and (ai) which converge. Taking a common subsequence

and reindexing, we may write Pi—+ P and Qi—+ Q. Since
all HQ.“ = 1 it follows that aQ|ka = l. If Q(x) # O,l w
then R(x) = is the limit of Ri(x). Suppose Q(xj) = O

XXK’)\|’U
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for some xj in [a,b]. (There are atmost m such points
because |QHp = 1). Since Ri(x) -=> R(x) for any x such that
Q(x) # O, it follows that for such X, |P(x)| ‘E k|Q(x)

Now by the continuity ofP and Q at xj, this inequality must
remain valid at xj. This implies P(xj) = 0. Thus the
linear factors (x-xj) may be cancelled from both P and Q,it

yielding a rational function E: which is equal to R andQ itL
Q"):. . . P

lS in R3 [a,b] and “E - -1 I = lim Hf _ R,“ = d,Q us 1 0°
such that Q*(xJ > 0 for all x in [a,b]. Therefore

~k

i.e.. g; is the best approximation which proves the lemma.

A.2 PROOF OF LEMMA 3.2

Sufficiency is established first. Suppose R*
is not the best approximation. Then there exists

5 = R 6 R2 [a,bQ such that

Hf-Rn» 5 f-R*“;° . Let E = six] |r(x)| = ‘If-R*”b°%

For xé E, (sgn r*{x) = f-R* and

sgn r*(x) (f(x)—R(x)) 5 “f_R|L < Sgn r*(x)(f(x)-R*(x)

Hence sgn r*(x) (R(x)-R*(X))> 0 on E, so that r*(x) and
Q(X)(R(x)-R*(x)) have the same sign on E, (Q(x)> 0), But
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we have seen that* * *
QR-QR = P-R Q<E VP+R VQ has atmost* ~k

max {n+deg Q , m+deg P } changes of sign in [a,b]. Therefore

r*(x) changes sign on E atmost that many times i.e., has less
than l+max {n+deg Q*, m+deg P*} successive changes in sign
on E. This completes the proof of sufficiency.

To prove the alternating sign condition is
pt

necessary, let R* = 6; GI R;(§,bl be such that the residual
r* = f-R* does not satisfy the condition. We shall show that
this implies the existence of a better rational approximation

in Rg[a,b]. In fact, such an improved approximation will be
found in the family

-k d . .R = E——i——B , where O4 is a positive real parameter°‘ 0* -do ‘
and deg P 5 n, deg Q 3 m. To determine the value of o(,
we compute the residual,

r = f-R = £-R* +R*-R = r*+(R*-R )¢( pg a< Ok
~k

Now R*-R = ‘°i(P+RQ) = _:2L2_ (1)<=< Q -<>(Q 0*-o(Q

where the function g = P+R*Q is an arbitrary element of

VR* = VP+R*VQ. For any Q we can choose O< sufficiently
small so that Q*(x) -<%Q(x) > O on [a,b]. For such o< the
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sign of R*(x)-Rojx) is opposite to the sign of g(x). There
fore, if we could find P and Q such that g has the same

Sign HS r*. then l€*\ < \Ij\. Actually something less
suffices.

Since r* does not satisfy the necessary condition,
the maximum number, k, of points in E on which r* assumes

its extreme values with alternating sign must satisfy the
inequality,

1 $_k 4 2 + max €n+deg Q*/m+deg P*}= 1 + d (2)
Hence, there exists x1;»a such that r*(x) has the same
sign for all x€'E r\[a,x1) (otherwise, r* (x) alternates
infinitely many times). If r*(x) has the same sign for all

XE E, take xl = b. Otherwise, let

x* = Sup§jx : r*(x) has constant sign in Ef\[a,x1)'}1 - .
Let yl = Sup {x < x*: r*(x) = O}

Then r*(y‘) = O and r*ix) has constant sign for all
Jcglin [a/yl). Continuing in the same way with the interval
[y1,bJ, we find yz such that r*(Y2) = O and r*(x) has constant
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Sign in [y1,y5xP\E, this being opposite to the sign in
[a,YL). Since there are k points in E on which r*(x)
alternates in sign, the above process yields a partition

a<y\<...<yk_1<b such that r*(yi) = 0 (15 i S.k-1) and
r*(x) changes sign only on those points of E in successive

subintervals. We can now show that there exists gwe VR*
which agrees in sign with r* on the set E. From (1), the

dimension, d, of VR* is greater than k-1. Hence there is
basis §g1,...gd}. Furthermore, we have seen that any
function in VR* has atmost d-1 zeros. But {g1,...ga}
satisfy the Haar condition, which implies any lineard ,
combination g = <7 aigi is determined by its values at d

'""r
I-*

distinct points. Choose points yl,...,yk_l to be zeros
of g. Choose any Yk,...,yd_1 to be zeros of g outside of
{a,b], but within an interval in which Q*(x)>'0. Finally,

choose yd E, E<\[a,b] and set

g(Yd) = sgn r*(Yd).

The function g so defined has sign changes at

and only at the points yi; 1S is d-1. Since it agrees in
sign with r* at ya, it must agree on all of E. We take
this g in (1). It remains to chooseeq . Let ‘M

= inf {lg(x)| : x Q  Since g(x) ;! O for x€E, it
follows (E being closedand hence compact) that rA>'0.
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Now define the open set

1

F = §x: (sgn r (x))g(x) 7 I‘/2 and

\r*(x)\ > \r*\\,,./2

Clearly, E C F. Let G = [a,b] - F. Since G is closed,
!r*(x)\ < |[r*||w — E for some Q >0. Hence, for =4 sufficiently
small, and all x€ G.

\rN(x)\ 5 \r*(x)\ + \R*<><> - R°((X)‘$ u r*\|N

Finally, choose o<>O so small that r,__< (x) and r*(x) have the
same sign on F. For x e F, this yields

\r“(x)\ = (sgn r*(x)r°<(x) = (sgn r*(x))r*(x)

- (sgn r*(x)) °"9"‘)
Q*(x)-o( Q(x)

< * P°‘ p *
‘ “r “es _ 2 |Q*(x)-o<Q(x)| < “r “M

Hence Rm is a better approximation than R*'. This completes
the proof.

A.3 PROOF OF LEMMA 3.3

Let f eC[a,15] and suppose R* and R = -3 are best
approximations in R?n[a,b] . The function g = .Q(R-R*)

= P-R*Q is in VP +R*vQ. Furthermore, g = Q (£-R*)-(£-R))
= Q(r*-r). On set E, r* assumes its extreme values, we
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have g(x) = Q(x)(sgn r*(x) H f-Rx» -r(x)). Since
Q(x‘) > 0 and \r(x)\ s I\f-R\\M , it follows that g(x)
and r*(x) have the same sign on E whenever g(x) # O.

By lemma 3.2, r*(x) must alternate in sign on atleast 2+max§n+
deg Q*,m+deg P*}==d+1 points of E. This implies that

g has atleast d zeros, counting multiplicities. (IfQ u 0 *x., x, , x, are three successive points on which r1 1+1 1+2
alternates in sign say r*(xi) >_O, r*(xi+1)< O,
r*(xi+2) > O, and g(xi+l) = 0, then either g(x) changes

sign at xi+l, in which case there are atleast two distinct
zeros in xi, xi+2 or xi+1 is a zero of multiplicity
two). Since the degree of Q*g is atmost d-1, this implies
that g is identically equal to zero. Therefore, R = R*,
establishing uniqueness.



4.69
4.25
3.29
0.50
3.16
1.73
7.70
9.81
5.24
4.91
7.98
8.31
0.74
0.05
4.23
1.38
9.71
1166
4.55
2.01

are used as white noises in simulating MA(2), AR(1) and
ARMA(1,l) series considered in examples 4.1O,4.l1 and 4 12
respectively.

4.42
7.19
9.65
7.78
5.37
6.71
0.29
7.97
8.77
3.48
1.10
5.22
0.76
0.40
0.19
9.20
6.17
7.33
4.21
2.67

1.24
9.69
1.04
3.58
4.53
0.97
3.36
0.50
3.93
5.58
8.63
3.32
0.79
3.72
2.43
7.93
4.74
0.50
2.07
7.46

A 5 WHITE NOISE FOR SIMULATION

RANDOM NUMBERS 11880 FOR SIMULATION*

3.86
1.46
5.32
6.76
4.07
9.51
2.25
4.36
9.34
5.37
2.78
1.38
7.69
4.57
5.91
9.00
4.37
8.45
5.66
6.82
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5.155

7.41
0.52
2.33
0.10
3.51
1.52
2.08
0.50
8.53
1.94
3.02
7.48
1.33
7.59
7.93
2.45
3.27
2.82
5.78

* Random numbers are selected from Fisher and Yates [13],
pp.134-137.

The random numbers given in A.4 are transformed to
N(O,1) deviates, using the transformation yt = 523$", whl¢h61



EVERY MINUTE*

26.6 22.4 19.7 26.0 24.0 21.3 21.7 24.5
27.0 22.2 19.9 25.8 23.9 21.2 21.8 24.5
27.1 22.0 20.0 25.6 23.7 21.2. 21.9 24.5
27.1 21.8 20.1 25.4 23.6 21.1 22.2 24.5
27.1 21.4 20.2 25.2 23.5 21.0 22.5 24.4
27.1 20.9 20.3 24.9 23.5 20.9 22.8 24.4
26.9 20.3 20.6 24.7 23.5 21.0 23.1 24.2
26.8 19.7 21.6 24.5 23.5 21.0 23.4 24.2
26.7 19.4 21.9 24.4 23.5 21.1 23.8 24.1
26.4 19.3 21.7 24.4 23.7 21.2 24.1 24.1
26.0 19.2 21.3 24.4 23.8 21.1 24.6 24.0
25.8 19.1' 21.2 24.4 23.8 20.9 24.9 24.0
25.6 19.0 21.4 24.4 23.9 20.8 24.9 24.0
25.2 18.9 21.7 24.3 23.9 20.8 25.1 23.9
25.0 18.9 22.2 24.4 23.8 20.8 25.0 23.8
24.6 19.2 23.0 24.4 23.7 20.8 25.0 23.8
24.2 19.3 23.8 24.4 23.6 20.9 25.0 23.7
24.0 19.3 24.6 24.4 23.4 20.8 25.0 23.7
23.7 19.4 25.1 24.4 23.2 20.8 24.9 23.6
23.4 19.5 25.6 24.5 23.0 20.7 24.8 23.7
23.1 19.6 25.8 24.5 22.8 _20.7 24.7 23.6
22.9 19.6 26.1 24.4 22.6 20.8 24.6 23.6
22.8 19.6 26.3 24.3 22.4 20.9 24.5 23.6
22.7 19.6 26.3 24.2 22.0 21.2 24.5 23.5
22.6 19.6 26.2 24.2 21.6 21.4 24.5 23.5

* 226 observations (Read downwards).

A.6 SERIES C — CHEMICAL PROCESS:TEMPERATURE READINGS

23.4
23.3
23.3
23.3
23.4
23.4
23.3
23.2
23.3
23.3
23.2
23.1
22.9
22.8
22.6
22.4
22.2
21.8
21.3
20.8
20.2
19.7
19.3
19.1
19.0
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18.8
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A.7 SERIES D — CHEMICAL PROCESS VISCOSITY READINGS
EVERY HoUR*

260

8.0 8.9 8.4 9.5 9.0 9.5 9.4 9.6 9.6 9.8 9.6 8.4
8.0 9.1 8.3 9.5 8.8 9.3 9.4 9.6 9.8 9.8 9.2 8.8
7.4 9.5 8.3 9.9 8.6 9.5 9.0 9.2
8.0 8.5 8.1 9.5 8.6 9.5 9.4 9.2
8.0 8.4 8.2 9»7 8.0 9.1 9.4 9.0
8.0 8.3 8.3 9.1 8.0 9.3 9.6 9.0

10.2
10.0
10.0
10.0 9.2 9.6

8.0 8.2 8.5 9.1 8.0 9.5 9.4 9.0 9.4 9.0 9.6
8.8' 8.1 8.1 8.9 8.0 9.3 9.2 9.4 9.2 9.4 9.6
8.4 8.3 8.1 9.3 8.6 9.1 8.8 9.0 9.6 9.6 9.6
8.4 8.4 7.9 9.1 8.0 9.3 8.8 9.0 9.7 9.6 9.6
8.0 8.7 8.3 9.1 8.0 9.1 9.2 9.4 9.7 9.6 9.6

~.8.2 8.8 8.1 9.3 8.0 9.5 9.2 9.4 9.8 9.6
8.2 8.8 8.1 9.5 7.6 9.4 9.6 9.6 9.8 9.6
8.2 9.2 8.1 9.3 8.6 9.5 9.6 9.4 9.8 9.6
8.4 9.6 8.4 9.3 9.6 9.6 9.8 9.6 10.0 9.0 10.4
8.4 9.0 _8.7 9.3 9.6
8.4 8.8 9.0 9.9 10.0 9.8 10.0
8.6 8.6 9.3 9.7 9.4 9.6 10.0
8.8 8.6 9.3 9.1 9.3 9.6 9.4

10.0
10.0
10.4

10.2 9.8 9.6 10.0 9.4 9.8
9.6 8.6 9.4 9.0

10.0
10.0

9.0 9.4 9.6
9.4 9.6 9.8

8.6 8.8 9.5 9.3 9.2 9.4 9.8 9.6 9.4 9.4 9.6
8.6 8.8 9.3 9.5 9.5 9.4 9.8 9.2 9.4 9.6 8.6
8.6 8.6 9.5 9.4 9.5 9.4 8.8 9.2 9.4 9.6 8.0
8.6 8.6 9.5 9.0 9.5 9.4 8.8 9.2 9.0 9.8 8.0

I8.6 8.4 9.5 9.0 9.9 9.6 8.8 9.0
8.8 8.3 9.5 8.8 9.9 9.6 9.6 9.0

* 310 Readings (Read downwards).

10.0 9.8 8.0
10.0 9.8 8.0

9.7 9.6 8.4
9.6 9.2 8.4
9.4 9.2% 9.0

9.0
9.4

10.0
10.0
10.0
10.2
10.0
10.0
9.6
9.6
9.6
8.6
9.0
9.6
9.6
9.0
9.0
8.9
8.8
8.7



A.8

Year

1947
1948
1949
1950
1951
1952
1953

1954
1955
1956
1957
1956
1959
1960
1961
1962
1963

Data in
millions

33.9
34.2
35.4
35.8
36.3
36.8
37.2
37.7
38.2
38.7
39.2
39.8
42.4
43.2
44.2
45.2
46.2

POPULATION DATA* (INDIA)

Year

1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980

Data in
millions

47.2
48.3
49.3
50.4
51.5
52.7
53.9
55.1
56.2
57.4
58.6
60.1
61.3
62.6
63.8
65.1
66.4

261

* The data is taken from census figures published by
the Central Statistical Organisation.



A.9 SERIES A — CHEMICAL PROCESS CONCENTRATION READINGS
*

EVERY TWO HOURS

17.0
16.6
16.3
16.1
17.1
16.9
16.8
17.4
17.1
17.0
16.7
17.4
17.2
17.4
17.4
17.0
17.3
17.2
17.4
16.6
17.1
17.4
17.4
17.5
17.4

17.6
17.4
17.3
17.0
17.8
17.5
18.1
17.5
17.4
17.4
17.1
17.6
17.7
17.4
17.8
17.6
17.5
16.5
17.8
17.3
17.3
17.1
17.4
16.9
17.3

17.6
16.9
16.7
16.8
16.8
17.2
16.8
17.6
17.2
16.6
17.1
16.9
16.6
18.0
17.2
17.3
17.0
16.9
17.3
16.8
17.3
17.4
17.7
16.8
16.9

17.0
16.9
17.0
16.6
16.7
16.6
16.7
16.4
16.5
16.4
16.6
16.5
16.7
16.4
16.4
16.2
16.4
16.3
16.4
17.0
16.9
17.1
17.1
16.7
16.9

16.5
17.2
16.4
17.0
17.0
16.7
16.2
16.6
16.9
16.5
16.6
16.6
17.0
17.1
17.1
16.7
16.8
16.3
16.6
16.8
16.9
17.1
16.8
17.0
17.2

* 197 Observations (Read downwards).

17.3
17.2
17.3
17.2
17.2
17.5
16.9
16.9
16.9
17.0
16.5
16.7
16.8
16.7
16.7
16.6
16.5
17.0
16.7
16.7
16.9
17.4
17.1
17.0
16.8

17.2
17.2
17.4
17.2
16.9
16.8
17.0
17.4
17.2
17.2
17.1
17.1
17.1
17.4
17.2
16.9
16.9
17.0
16.7
16.9
17.3
17.8
17.8
17.6
17.5

262

17.0
16.9
17.1
17.2
17.4
17.5
17.9
17.0
17.0
17.0
17.2
17.3
17.4
17.4
17.0
18.0
18.2
17.6
17.8
17.7
17.2
17.4
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